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Abstract 
The local and global schemes are proposed for obtaining fair planar curves useful in 
the field of smooth curve fitting, computer graphics and computer aided geometric de
sign. These schemes are based on the B2/ B3-splines, which are embeded in the cubic 
interpolating B-splines and have 2 and 3 cubic segments by knot-insertion in each span 
respectively. The local scheme dependent on data points generates span-by-span a C2 

curve with reasonable locality and fairness. The relevant linear equation system is newly 
derived in symbolic expression for practical use by a symbolic manipulation system. The 
corresponding equation system is also given for obtaining a quartic C2 interpolating fair 
curve (based on the S-splines). A global scheme generates a highly continuous curve of low 
degree polynomial, because the B2/ B3-splines are more flexible than the cubic B-splines. 
The other global scheme generates a C2 curve like a clothoid splines with piecewise linear 
curvature, based on the fact that the numerator of the curvature of a cubic segment is 
not cubic but quadric. 
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1 INTRODUCTION 

We develop local and global schemes for obtaining C2 interpolating fair curves useful 
in the field of smooth curve fitting, computer graphics and computer aided geometric 
design. The schemes are based on the B2/ B3-splines with 2 and 3 cubic segments in 
each span respectively. The local scheme derives a C2 curve with reasonable fairness and 
locality. The global scheme obtains a highly continuous curve of low degree polynomial 
with curvature consisting of the fewer monotone pieces. 

Historically, the B2-splines were introduced to bring the local behavior in the cubic 
C2 interpolating curve (Woodward, 1987). The B3-splines were studied for cubic C2 

interpolating curve with most local behavior ( Chu, 1990). Then, the B.A-splines with 
more flexibility were developed (Krokos et al., 1992). All these splines were proposed 
to be used under the interactive environment. However, we analyzed the B2-splines 
and found that there is an instability of shape control in them for interactive operation 
(Kuroda et al., 1994b ). Therefore, we have developed a locality control system for C2 

interpolating curves (Kuroda et al., 1993, Kuroda et al., 1994a, Kuroda et al., 1994b ). It 
makes the curve converge to the conventional cubic interpolating splines, as the influence 
range of each data point is expanding over the curve shape. The curve (with the global 
behavior) has "the minimum norm property" at the limit, known as the basis of fairness 
of the cubic interpolatory splines (S.Bu-Qing, 1989). On the contrary, the curves with 
full locality do not always have satisfactory fairness (Kuroda et al., 1993), because the 
emphasis is on simple and easy control of the local behavior. Then, we have introduced 
a local minimum property into the quartic C2 interpolating curve, each span of which is 
determined by 6 or 8 neighbouring data points (Kuroda et al., 1994c). 

In this paper, we derive the linear equation system for a local minimum property in the 
B2-splines by a symbolic manipulation system, in Chapter 2. The equations in symbolic 
expression are based on minimizing the integral of square of the second derivative over 
the neighboring 3 spans, and their derivation is quite helpful for practical use. In Chapter 
3, we develop a global scheme for highly continuous curves, based on minimizing the 
summation of square of the third derivative. We also propose the other global scheme for 
obtaining a C2 curve like a clothoid splines with piecewise linear curvature, based on the 
fact that the numerator of the curvature of a cubic segment is not cubic but quadric, 

2 LOCAL SCHEMES 

To start our development, we first review the interpolating curve with controllable locality 
(Kuroda et al., 1993, Kuroda et al., 1994a, Kuroda et al., 1994b) briefly, as the basis of 
our new schemes. 

We use the B2-splines with an additional control point obtained by knot-insertion in 
each span of the uniform cubic interpolating B-splines. The notations are as follows. 

• Given data points: p 0 , ... ,p;, ... ,pn, 

• B-spline control points: d_l, ... , d;, ... , d2n+l> 

• Additional control points: d_l, ... , d2i-1, d2i+l> ... , d2n+1, 
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• B2-spline control points: d_1, p 0, d1, P1, ... , dzn-1• Pn, d2n+l• 

• Knots: uo, ... , u;, ... , Uzn· 

The points P;, dz; and knot Uz; correspond each other. d2;+1 corresponds to u2i+l· We set 
the end conditions with zero curvature by adopting the point-symmetric phantom data 
points around each endpoint. Namely, 

{ do= p0 , d_1 = 2p0 - d1, 
dzn = Pn, d2n+1 = 2pn - dzn-1· 

The additional (odd-numbered) control points are expressed as follows, (Hosaka et al., 
1976) when the corresponding knots are "pseudo-knots" (Riesenfeld, 1973). 

1-a m . 

d2i+l = 1 - m+l L qi,jaJ' 
a i=O 

a= -2 + -/3 = -0.267949, (1) 

_ Pi-i + Pi+1+i 
qi,j- 2 

The other (even-numbered) control points are derived from the following C2 interpolation 
conditions. 

i = 0, ... ,n. 

Therefore, each span is expressed as the uniform cubic B-splines. 
3 

r;(t) = L f;(t)di-l+i• 0::; t ::; 1, i = 0, ... ,2n- 1. 
j=O 

(2) 

(3) 

Since lal «: 1, we can approximate the additional control points with their neighbor
ing data points by cutting off higher order terms and get a curve with the local behavior. 
This is the idea of the locality control system of the cubic C2 interpolating curve. Un
fortunately, this system does not always give a desired curve with the strong locality, 
because the curve lost the minimum norm property for getting the local behavior. Then, 
we developed a new curve (Kuroda et al., 1994c), additional control points of which are 
determined by their neighboring 4 or 6 data points based on the alternative minimiza
tion conditions. We describe the schemes for obtaining the following parameters >.;, /-Li in 
Section 2.1 and Section 2.2. 

(4) 

a;,; = qi,j - qi,O• j = 1, 2, i = 0, ... , n- 1. 

2.1 Scheme independent of data points 

The parameters .A, p independent of data points are determined by minimizing the whole 
integral of square of the second derivative of the blending function with respect to a 
certain data point (Kuroda et al., 1994c). The following table lists .X and p with the 
corresponding values in the conventional cubic curve with controllable locality. 
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Table 1 Lists of parameters A, 1-l 

Schemes New Scheme Conventional Scheme 
Parameters A 1-l A 1-l 

Based on 4 points -0.295455 0 -0.36603 0 
Based on 6 points -0.344011 0.0821727 -0.3333376 0.0893164 

2.2 Scheme dependent on data points 

We try to localize the minimum norm property of the conventional cubic C2 interpolating 
curve and develope a local scheme for determining additional control points adaptively 
to the neighboring data points. Namely, we derive the parameters A; and J-t; from min
imizing the whole integral of square of the second derivative of the neighboring 3 spans 
(Kuroda et al., 1994c). A symbolic manipulation system leads to the following linear 
equation system (5), whose coefficient matrix is symmetric and diagonal dominant. We 
take a pair of {A;, J-t;} and discard {A;_1, Ai+I} after solving these simultaneous equations. 
Now we have got the practical method to obtain a fair curve with the local behavior. The 
resultant curve is not only as fair as the conventional cubic interpolating curve with the 
minimum norm property as shown in Figure 1later, but also locally controllable. In the 
Appendix for practical use, we give the (quartic C2) S-spline (Kawai et al., 1988) version 
of the linear equation system based on the same kind of minimization condition, which 
generates a shape similar to the B2-spline one. 

[ 
46a;_1,1 · a;_1,1 lOa;-1,1 · a;,1 lOa;-1,1 · a;,2 -ai-1,1 · ai+1,1 l 

. . . 54a;,1 · a;,1 54a;,l · a;,2 lOa;,l · ai+l.l 

. . . . . . 54a;,2 · a;,2 10a;,2 · a;+l,l 

. . . . . . . . . 46a;+l,l · ai+l,l 

[ 

a;-1,1 · (5p;_2 + 3p;_1 - 22p; + 15p;+l- P;+2)/2] 
_ a;,1 · (14a;,l- a;,2) 

-- a;,2 · (14a;,l- a;,2) · 
ai+1,1 • ( -p;_ 1 + 15p;- 22pi+1 + 3p;+2 + 5pi+3)/2 

(5) 

Figure 1 shows example curves and their curvature plots. An outlined thick line is a 
cubic C2 interpolating curve for comparison. It is clear that the new schemes improve the 
improper part of (a) the conventional curve with the controllable locality. (b) The new 
scheme based on the neighboring 4 points generates upper-right 3 spans with the smaller 
curvature, but their curvatures do not consist of more monotone pieces than the cubic 
interpolatory splines. (c) The new scheme based on the neighboring 6 points generates 
a shape closer to the cubic interpolating splines, preserving its local behavior. (d) The 
new scheme dependent on data points generates a shape almost as same as the cubic 
interpolating splines, preserving its local behavior yet. 
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Figure 1 Example curves and their curvatures, comparing with the conventional 
cubic C2 curves (outlined line), (a) curve by locality control system, (b) curve by scheme 
on 4 points, (c) curve by scheme on 6 points, (d) curve by scheme dependent on data 
points. 
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Figure 2 Example curves subject to equation (8) and the curvature plots, comparing 
with ones (outlined line) subject to equation ( 6), (a) B2-splines, (b) B3-splines. 

3 GLOBAL SCHEMES 

When we determine additional control points by the following condition, 

12n-l 

min r I: -r;(t)dt, lo 0 
(6) 

the corresponding knots degenerate to the "pseudo-knots". The resultant curve becomes 
the conventional cubic interpolating curve with the minimum norm property, even if we 
use the B3-splines (Chu, 1990, Krokos et al., 1992), which have 3 cubic segments in each 
span, being subject to the following notations. 

• Given data points: p 0 , •.. ,p;, ... ,pn, 

• B-spline control points: d_l, ... , d;, ... , d3n+l> 

• Additional control points: d_l, ... , d3i-1> d3i+l> d3i+2> d3;+4, ... , dan+l> 

• B3-spline control points: d_l, p 0, d1, d2, p 1, ... , dan-2, dan-1, Pn, d3n+l, 

• Knots: uo, ... , u;, . .. , U3n· 

The points p;, d 3; and knot u3; correspond each other. The points d3i+l and d3i+2 

correspond to the knots u3;+1 and u3i+2 respectively. We set the end conditions with zero 
curvature by adopting the point-symmetric phantom data points around each endpoint. 
As in the B2-splines, we eliminate control points d3; by the C2 interpolation conditions. 

i = 0, ... ,n. (7) 

The third derivative of the B2/ B3-splines is constant in each span. When we use the 
following condition to minimize the difference between the 3rd derivatives of 2 consecutive 
spans, 
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Figure 3 Example curves subject to equation (9) and the curvature plots, comparing 
with ones (outlined line) in Figure 2, (a) B2-splines, (b) B3-splines. 

1 (3n-2 

min f L {r;(t)- r·;+l(tWdt, lo 0 
(3 = 2: B2-splines, or 3: B3-splines, (8) 

the condition leads to the linear equation system with respect to the unknown additional 
control points and we can solve it easily and stably. Figure 2 shows an example curves 
with the curvatures, comparing with the curves subject to the minimization condition (6). 

By the way, the resultant curve is similar to the curve subject to the following condi
tion (9), because {r";(t)- ri+1(t)p = :;.·~(t) + r~+l(t)- 2r;(t). :;.·i+1(t). 

1 (3n-1 

min f L :;.·~(t)dt, 
Jo o 

(3 = 2: B2-splines, or 3: B3-splines, (9) 

Figure 3 shows example curves, comparing with the curves subject to the condition {8) 
in Figure 2. 

The curvature "' of the parametric curve is expressed as, 

det[r,r] 
"'= .;.3 . (10) 

Actually, the numerator of"' in a piecewise cubic curve is quadric because the cubic term 
is zero as follows. Any polynomial is expressed by Bernstein-Bezier basis and, 

l r(t) = bo + 3t~bo + 3t2~2bo + t3~3b0 , 
r(t) = 3(~bo + 2t~2bo + t2~3bo), 
r(t) = 6(~2 bo + t~3bo), 

We here try to determine additional control points of the B2/ B3-splines by the following 
condition. 
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kappa 

Figure 4 Example curve subject to equation (12) and the curvature plot. 

1 {3n-1 

min r 2: {coefficient of t 2 of det[r, r'Wdt, {3 = 2: B2-splines, or 3: B3-splines. (12) lo 0 

This condition leads to the simultaneous cubic equation system and it is solved easily by 
Newton-Raphson method although it is not always stable. Figure 4 shows an example of 
the B3-spline curve with the curvature. The curve is like a piecewise clothoid curve with 
the curvature continuity, the curvature of which is piecewise linear. 

4 CONCLUDING REMARKS 

We tried to localize the minimum norm property and have proposed the local scheme for 
obtaining a C2 fair curve. Examples showed that the scheme improves improper behavior 
of the curves with controllable locality and seems to establish a marriage of two opposite
like properties, fairness and local behaviour. The new curves are defined span-by-span 
and locally adjustable without undesired undulations and so these are useful in various 
fields. 

It was shown that one of the global schemes derive a curve with curvature of the few 
monotone pieces and the other gets a curve like a clothoid splines with piecewise linear 
curvature. Further analysis and development of the latter scheme is for future research. 
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Appendix LINEAR EQUATION SYSTEM FOR THE S-SPLINES 

The linear equation system for the interpolating S-spline curve (Kuroda et al., 1994b) is 
as follows, for determining additional control points based on the minimization condition 
dependent on neighboring data points in 3 spans. 

[ 

18a;_1,1 · a;-1,1 2a;-1,1 · a;,1 2a;-1,1 · a;,2 -a;-1,1 · ai+1,1 l 
. . . 22a;,1 · a;,1 22a;,1 · a;,2 2a;,1 · ai+1,1 
. . . . . . 22a;,2 · a;,2 2a;,2 · ai+1,1 
. . . . . . . . . 18ai+1,1 · a;+1,1 

[ 
a;-1,1 · (P;-2 + 3Pi-1 - lOp;+ 7p;+l - Pi+2)/2] 

_ a;,1 · (7a;,1 - a;,2) 
- - a· 2 • (7a· 1 - a· 2) · t, t, t, 

ai+1,1 · ( -Pi-1 + 7p; - 10pi+1 + 3pi+2 + Pi+3)/2 

(13) 


