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We present a new formulation for a class of structural optirnization problems with 
reliability constraints, which makes it possible to use a new outer approximations algorithm 
for their solution. Our numerica! results support the viability of our approach. 

1. INTRODUCTION 

This paper deals with the problem of minimizing the initial cost of a structure subject 
to a minimum reliability requirement. As a measure of reliability we make use of the first
order reliability index, i.e., the minimum distance from the origin to the lirnit-state surface 
in the standard normal space [8]. This measure is readily applicable to component reliabil
ity problems governed by a single, nearly !lat lirnit-state surface, and this case is the main 
focus of this paper. However, the proposed formulation is also applicable to series system 
problems that are governed by a multitude of nearly !lat limit-state surfaces, provided the 
reliability constraint is expressed in terms of separate constraints on each failure mode. 

Structural optimization problems with a reliability constraint of the type described 
above have been studied in numerous previous papers (see [10] for a comprehensive 
bibliography). However, in virtually all of these previous studies a straightforward 
approach is used with "off-the-shelf' algorithms. 

In most cases a two-level optirnization problem is solved (see, e.g., [1]). For a given 
value of the design parameters, the reliability index is obtained by rninimizing the distance 
from the origin to the limit-state surface, and its gradient with respect to the design parame
ters is computed. These are used in an outer algorithrn to guide the search for a new value 
of the design parameters that attempts to rninimize the cost function while satisfying the 
reliability constraint. To our knowledge, no proof of convergence of such algorithms has 
been presented. An alternative approach has been to replace the minimization in the com
putation of the reliability index with first order optimality conditions, as a constraint. 
Unfortunately, this approach requires second derivatives of the limit-state functions. Furth
ermore, as far as we know, no serious attempt has been made to take advantage of the spe
cial form of the structural reliability problem. 

In this paper we present a new mathematical formulation of the optirnization problem 
with a reliability constraint and propose an "outer approximations" algorithrn for solving 
it. The algorithm does not require repeated computation of the reliability index or its sensi
tivities, nor does it require the second derivatives of the cost or limit-state functions. Most 
importantly, the algorithm has proven convergence properties, which include an accounting 
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for approximations in the various steps of the algorithm. 

Initially, the formulation is presented for a component reliability problem. The for
mulation is then extended to a series system problem with a separate reliability constraint 
on each of its modes. Numerical results highlight the efficiency and robustness of the pro
posed algorithm. 

Given x E 1Rn, n > l, we denote its components by x 1 ,x2 , · · · ,xn. Subscripts are 
used to denote elements of a sequence, as in { xi } i':o· 

2. STATEMENT OF THE PROBLEM 
We begin by developing two alternative mathematical formulations of the simplest 

structural optimization yroblems with reliability constraints. Let j 0:1Rd ~ 1R be a cost 
function, and g :1Rn x 1R ~ 1R be a limit-state function defined on the n -dimensional stan
dard normal space, obtained by transforming the basic random variables of the problem, 
and parametrized by a vector p E 1Rd of design parameters. We assume that f 00 and 
g ( · , ·) are twice continuously differentiable, and that the design variables must be chosen 
so that they satisfy m constraints of the form 

(2.1) 

where the fi :1Rd ~ 1R are twice continuously differentiable functions, and for any positive 
integer m , m ~ { 1 , ... , m } . 

For each design vector p E 1Rd, let ~(p) denote the corresponding first-order reliabil
ity index, i.e., 

~(p)~ min {lullg(u,p)S:O}. (2.2) 
u e IR" 

Let r > O be a required lower bound on the first order reliability index. Then the sim
plest formulation of an optimal design problem, subject to a reliability constraint bas the 
form 

(2.3) 

For each design vector p E 1Rd let FP denote the corresponding failure domain, i.e., 

FP@ {u E 1Rn 1 g(u ,p)S:O}. (2.4) 

In view of (2.2), we have that 

~(p) ~ r if and only ifFP n B, = 0, (2.5a) 

where B, denotes the open ball of radius r and center at the origin. To obtain a mathemati
cal reformulation ofP1 using (2.5a) we introduce the following technical assumption which 
rules out a most unlikely situation: 

Assumption2.1 Forallp E 1Rd andu E 1Rn suchthatg(u ,p)=O, Vug(u ,p)'*O(i.e., 
for ali points on the limit-state surface, the gradient ofthe limit-state function is nonzero).D 

When Assumption 2.1 is satisfied, F P n B, = 0 if and only if 

m4! g(u ,p) ~O, (2.5b) 
u e B, 

where B, denotes the closed ball of radius r centered at the origin. Hence problem P1 is 
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equivalent to the following mathematical alternative 

P1,co min{f0(p)l IDI!!g(u,p)S:.O, fj(p)S:.O, jEm}, 
u E B, (2.6) 

where g(·, ·) ~ -g(·, ·). 

3. O UTER APPROXIMA TIONS ALGORITHMS 
Problem P1 ,co is a nonlinear programming problem with an infinite number of con

straints, since the inequality 

m3!g(u ,p)S:.O 
u E B, 

is equivalent to the infinite system of inequalities 

i (u ,p) S:. 0, V u E B, . 

(3.1a) 

(3.1b) 

Optimization problems with such constraints are known as semi-infinite optimization prob
lems, because the design vector is finite-dimensional, but the number of constraints is 
infinite. There is a rather large literature dealing with the numerica! solution of such prob
lems (see, e.g., the review papers [3,9]1 A major source of difficulty_ in solving P1 ,co is the 
fact that in structural design the ball B, is high dimensional, i.e., B, c Rn with n large. 
Hence P1 ,co cannot be solved using discretization techniques as in [9]. 

An alternative approach is provided by the method of outer_approximations, see, e.g., 
[2]. First observe that given any set U k ~ { u 1 , u 2 , · · · , uk } c B,, the problem 

Pu min{f0(p)l max g(u,p)s:.O,fj(p)s:.O,jEm}, (3.2a) 
u EU, 

has finitely many constraints. Instead of solving the original problem P 1 • 00, we will sol ve a 
sequence of problems of the form Pl,t· The method is called outer-approximations 
because the feasible set for each P l,k contains the feasible set for P 1 • co· Next, assume that 

fh solves P 1 • k • Then p k also solves P 1 • co if 

max g(u ,pk) =MII! g(u ,pk). (3.2b) 
u E Ut u E B, 

At the start, we do not know how to choose a set Uk such that (3.2b) is satisfied. Hence 
methods of outer approximations accumulate a satisfactory approximation to such a set by 
using points that satisfy approximately the relationship 

uj E argmll!i(u ,pj), 
u E B, (3.2c) 

with Pj an approximate solution to P1 ,co, as we will explain more precisely below by stat
ing an algorithm. In practice, methods of outer approximations have been found to be very 
efficient. 

It is easier to grasp the nature of outer approximations algorithms by first viewing 
them in a simple, "conceptual" form, such as the following algorithm for solving P1,00 • 

We call this algorithm conceptual because it contains steps (Step 1 and Step 2) that can be 
performed only if global optimization techniques are used, which is completely out of the 
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question for most reallife structural optimization problems of the form P 1 , oo· 

Conceptual Algorithm 3.1. 
Data. p 1 E lRd, U0 = (/). 

Step O. Set i = 1. 

Step 1. Compute a maximizer u; for the problem 

m~ g(u ,p;). 
u E B, 

Step 2. Set U; = ui-1 u { U; } , and compute a minimizer Pi+1 for the problem 

min {f 0(p ) 1 i ( u , p ) ~ O , u E U; , f j (p ) ~ O , j E m } . 
pE lRd 

Step 3. Replace i by i + l and go to Step 1. 

Conceptual Algorithm 3.1 has the following convergence property: 

147 

(3.3a) 

(3.3b) 

o 

Theorem 3.2 Suppose that Conceptual Algorithm 3.1 has constructed an infinite 
sequence { P; } t~ 1 . Then every accumulation point of the sequence { P; } ;"~ 1 is a solution 
for P1 ,oo· O 

The next step is to replace the exact maximization (3.3a) and minimization (3.3b) by 
appropriate approximations, so as to obtain an implementable algorithm that retains the 
convergence properties of the Conceptual Algorithm, to the extent that it can be shown to 
compute stationary points for the problem P1 ,oo· We will carry out these modifications in 
two steps. 

First, instead of computing a global minimizer in Step 2 of Conceptual Algorithm 3.1, 
we will compute an approximate feasible stationary point P;+1 for (3.3b). Second, instead 
of computing a global maximizer in Step 1, we will compute an approximate feasible sta
tionary point u; for (3.3a). In view of the flatness of the limit-state surface, prevalent in 
many problems of interest, we introduce the following assumption: 

Assumption 3.3. For ali p E lRd such that f3(p) :?: r, any feasible stationary point of the 
problem minu e B,g (u ,p) is a global minimizer of that problem. o 

It is well-known that in the absence of convexity assumptions, nonlinear programming 
algorithms can only be shown to compute stationary points. Traditionally stationary points 
are characterized by systems of equations (such as the Kuhn-Tucker or Fritz John condi
tions). However, for our purposes it is convenient to characterize stationary points as zeros 
of a continuous, negative-valued optimality function. We will define two farnilies of 
optimality functions. One for the maximization problems (3.3a), and one for the minimiza
tion problems (3.3b). Hence, given p E lRd, the optimality function 8P :lRn ~ lR, for 
(3.3a), is defined by 

8p(u)@- min { -ll2(1ul2 - r 2)+ihlll1Vug(u ,p) +21l2ul2 } -max { O,lul2 - r 2 } (3.4a) 
Il E r., 

where for any positive integer q, I:q is the q -simplex, i. e., 
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Eq ~ { Il = (j.l1 , · · · , llq) E lRq 1 !lj ;;:: 0, j E q, and f !lj = 1 } . (3.4b) 
j=1 

Note that at any u E B,, the minimand in (3.4a) is the sum of two non-negative terms. 
Hence it is zero if and only if both of these terms are zero, which, in turn, implies that the 
Fritz John optimality _ conditions for (3.3a) are satisfied. Next, given a set 
U; = { u 1, · · · , u; } CB" let the functions jl :lR.d -t lR, j = m+l, · · · , m+i be defined 
by 

f m+j(p) ~ -c ) . . = g uj ,p , 1 E 1 . 

Then (3.3b) can be rewritten as min { j 0(p) 1 f j (p) :S: O, j = 1, ... , m+i } . 
optimality function E>u, :lRd -t lR, for (3.3b ), as follows: 

m+i m+i 
E>u, (p) ~ - 0 min { - L llj f j (p) + Vzl L llj V f j (p )12 } - \jf(p )+, 

(l!.ll)EEm+>+t j=1 j=O 

where 
~ . 

\jf(p )+ = max { O ,J J (p) } . 
1$j$m+i 

(3.5) 

We define the 

(3.6) 

(3.7) 

Again, note that at any feasible point p, the minimand in (3.6) is the sum of two non
negative terms. Hence it is zero if and only if both of these terms are zero, which, in turn, 
implies that the Fritz John optimality conditions for (3.3b) are satisfied. 

The key properties of eP O and E>u, O are given by the following result: 

Theorem 3.4 Given any p E lRd and U; = { u 1, u2 , ... , u; } c B,, we have 

(a) The functions eP :lRn -t lR and E>u, :lRd -t lR are well-defined, continuous and take 

values in(- oo, 0]. 

(b) 8P (u) = O if and only if u E lRn satisfies the Fritz John optimality conditions for 
problem (3.3a), that is, eP (u) = O if and only if u is a stationary point for the maximization 
problem in Step 1 of Conceptual Algorithm 3.1. 

(c) E>v,(p) =O if and only if p E lRd satisfies the Fritz John optimality conditions for 

problem (3.3b), that is, E>u,(p) =O if and only if p is a stationary point for the minimiza

tion problem in Step 2 of Conceptual Algorithm 3.1. D 

It is clear from Theorem 3.4 that if the value of the optimality function at a point is 
close to zero, then that point is an approximate stationary point. We use this fact to con
struct the following implementable algorithm: 

Algorithm 3.5. 
Parameters. C 1 , C 2 E (O, 00). 

Data. p 1 E lRd, U0 = rJJ. 

Step O. 

Step 1. 

Step 2. 

Step 3. 

Seti = 1. 

Compute u; E B, such that 8p,(u;);;::- C /i. 
Set U; = U;_1 u { u; } , and compute P;+1 E lRd such that E>u,(p;+1);;:: -C 2/i. 

Replace i by i + 1 and go to Step 1. D 
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The convergence properties of Algorithm 3.5 are given by the following result: 

Theorem 3.6. Suppose that Assumption 3.3 is satisfied and that Algorithm 3.5 has con
structed an infinite sequence { Pi } i~1 • Then any accumulation point of { Pi } i~1 is a sta
tionary point for p 1 'oo• o 

Algorithm 3.5 is an implementab1e algorithm since there exist mathematical program
ming algorithms capab1e of performing Steps 1 and 2 in a finite number of iterations. In 
Section 5, where we present some computational resu1ts, we use CFSQP ([4]) to perform 
Steps 1 and 2 of Algorithm 3.5. 

4. EXTENSION TOMUL TIPLE LIMIT-STATE FUNCTIONS 

It is possib1e to extend our imp1ementab1e algorithm and the corresponding theory to 
more general prob1erns. In this section we show how to app1y the ideas described above to 
the optirnization of a series system with a separate reliabi1ity constraint on each of its 
modes. 

Let gk :Rn xRd ~ R, k E q, be twice continuous1y differentiab1e lirnit-state func
tions defined in the n -dimensional standard normal space and parametrized by p E Rd. 
Given r E Rq, with rk > O, k E q, we will consider optimal design prob1erns of the fo1-
1owing form: 

P2 rnin {f0(p) ll3k(p) ~rk, k E q, Ji(p) !:.0, j E m}, (4.1) 

where, for each k E q, 13t (p) is the first-order re1iability index for the lirnit-state function 
g k ( • , p ), defined as in (2.2). Each of the q reliability constraints in ( 4.1) can be dealt with 
using the same ideas applied to deal with the unique reliability constraint in (2.3). 

For eachp E Rd, 1et F: denote the failure domain ofthe k-th component, i.e., 

F:~{uERnlgk(u,p)!:.O}, kEq. (4.2) 

Thenwehave 

(4.3a) 

If alllirnit-state functions gk (·, ·), k E q, satisfy Assumption 2.1, then F; n B,, = (/), 
for all k E q, if and only if 

rnin mi!!gk(u,p)~O 
kEQuEB,' 

from which follows that P2 is equivalent to the following prob1em: 

P2 ,oo min{f0(p)l max m~gk(u,p)!:.O, maxfi(p)!:.O}, 
k E q u E B,- j E m 

wheregk(·,·)~-gk(·,·),k E q. 

The following conceptual algorithm so1ves P2,oo: 

Conceptual Algorithm 4.1. 

Data. p 1 E Rd, U~ = (/), k E q. 

Step O. Set i = 1. 

(4.3b) 

(4.4) 

o 
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Step 1. Compute maximizers uik• k E q, for the problems 

m~ gk(u ,pi), k E q. 
u E B; 

(4.5a) 

Step 2. 
- q 

Set U/ = U/_1 u { ul}, U i = u U/ and compute a minimizer Pi+! for the prob-
k=l 

1em 

min {f 0(p ) 1 i k ( u , p ) ~ O , u E U i , f j (p ) ~ O , j E m } . 
pE JRd 

(4.5b) 

Step 3. Replace i by i + 1 and go to Step 1. D 

It can be shown that any accumulation point of a sequence { Pi } /":,1 constructed by 
Conceptual Algorithm 4.1 is a stationary point for P 2 . oo· 

To obtain an implementable algorithm, we follow the pattern set in Section 3 and 
replace the exact maximizations in Step 1 and minimization in Step 2 of Conceptual Algo
rithm 4.1 by appropriate implementable approximations. 

Recall that in Section 3 for a given p E lRd we detined an optimality function ep 0 
for problem (3.3a). In (4.5a) we have q problems ofthe same forrn as (3.3a), and hence we 
detine q optimality functions 0k ,p :lRn ~ lR, k E q, similarly to (3.4a). 

- q - -
Next, given a finite set U i c u Br', we detine an optimality function E>u. :lRd ~ lR 

k=! ' 
following th~ pattern set in (3.6), (3.7). It can be shown that the optimality functions 
ek,pO and E>uJ') have properties similar to those stated in Theorem 3.4 for 0p0 and 

E>u/) respectively. These optimality functions can be used to construct an implementable 

algorithm as shown below. 

Algorithm 4.3. 
Parameters. C 1 , C 2 E (O, 00). 

Data. p 1 E lRd, UJ = (/), k E q. 

Step O. 

Step 1. 

Seti = 1. 

Compute ul E Br'• k E q, such that ek,pJuh::.?: -C !li' k E q, 

Step 2. 
k k k- qk d 

Set Vi = Ui-1 u { ui } , U i = u Ui and compute Pi+1 E lR such that 
k=1 

eu,(pi+1)::.?: -c 2;;. 

Step 3. Replace i by i + 1 and go to Step 1. D 

The convergence properties of Algorithm 4.3 are given by the following result: 

Theorem 4.4. Suppose that all gk (·, ·), k E q, satisfy Assumption 3.3 and that Algorithm 
4.3 has constructed an infinite sequence {Pi } i'~ 1 . Then any accumulation point of 
{ Pi } /":,1 is a stationary point for P2 ,oo· D 



Algorithms for reliability-based optimal design 151 

5. IMPLEMENTATION AND NUMERI CAL RESUL TS 

We have used Algorithm 3.5 to so1ve the prob1em of determining the depth h, and the 
width b of a short column with rectangular cross section, so that the total mass is minim
ized, while the first-order reliability index for the fully plastic mode of failure is kept 
greater than or equal to 2.5. We assumed that the column is made of elastic-perfectly
plastic material with yield stress Y in both directions. Let M and P denote the bending 
moment and axial force applied to the column. The limit-state function in terms of the 
variables (P , M , Y) is given by 

4M P 2 
G(x ,p) = 1- bh2Y- (bhY)2. (5.1) 

where x ~ (P ,M, Yl. We assumed that (P ,M, Y) has a Nataf-type (see [5]) joint distri
bution with marginals and correlation coefficients as shown in the table below: 

variable statistics correlation coefficients 
p M y 

p N(500,100) 1.0 0.5 0.0 
M N(2000,400) 0.5 1.0 0.0 
y LN(5,0.5) 0.0 0.0 1.0 

We defined the limit-state function on 3-dimensional standard normal space by intro
ducing an invertible transformation T:R3 --? R 3 (see [5] for details), mapping 
x = (P ,M, Y) into the 3-dimensional standard normal space. The limit-state function 
g :R3 x R 2 --? R we obtained is of the form 

g(u ,p)~G(T-1(u),p). (5.2) 

Finally, we assumed that the width b and the depth h had to satisfy 5 :5: b :5: 15 and 
15 s; h s; 25. The mathematical formulation of our examp1e optimal design problem is as 
follows: 

min { bh 1 ~(p) ~ 2.5' 5 :5: b :5: 15' 15 :5: h :5: 25 } . (5.3) 
p=(b ,h) 

We used the program CalRel [7] to implement the transformations T and r-t and to 
evaluate the limit-state function g (·, ·) and its derivatives. We carried out the computa
tions, required in Steps 1 and 2 of Algorithm 3.5, by means of the sequential quadratic pro
gramming software CFSQP [4]. 

To evaluate our algorithm, we solved the design problem using a two-level optimiza
tiau algorithm based on CFSQP, which treats the reliability constraint as nonlinear inequal
ity constraints. Every time CFSQP required the evaluation of the reliability index ~(p) or 
its gradient, it called CalRel to perform this computations using the modified HL-RF algo
rithm [6]. 

Starting from the initial point (b 1, h 1) = (5.0, 15.0), both algorithms converged to 
(b , h) = (8.668, 25.0). Our algorithm took 14 iterations with 98 evaluations of the limit
state function and 77 evaluations of its gradient. The nested optimization algorithm took 
227 evaluations ofthe lirnit-state function and 227 evaluations ofits gradient. 
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We note that our implementation of the outer approximations algorithm did not 
include features such as adaptive precision and constraint dropping schemes (see [2]), 
which should improve its performance considerably. 

6. CONCLUSION 
We have presented a new formulation of certain optimal design problems subject to 

reliability constraints and a new outer approximations algorithm for their solution. Our 
method does not require the computation of second-derivatives of the limit-state function, 
nor does it require repeated computation of the first order reliability index. Our preliminary 
results show that our algorithm outperforms currently used altematives. 
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