
Three-Dimensional Grid Drawings of Graphs 

J&nos Pach*, Torsten Thiele ~ and G~za T6th ~-~ 

Courant Institute, New York University 

Abstract.  A three-dimensional grid drawing of ~, graph G is a placement 
of the vertices at distinct integer points so that the straight-line segments 
representing the edges of G are pairwise non-crossing. It is shown that 
for any fixed ~" >_ 2) every ~'-colorable graph of ~ vertices has a three- 
dimensional grid drawing that fits into a box of volume O(n~). The order 
of magnitude of this bound cannot be improved. 

1 Introduction 

In a grid drazuir~g of a graph, the vertices are represented by distinct points 
with integer coordinates and the edges are represented by straight-line segments 
connecting the corresponding pairs of points. Grid drawings in the plane have 
a vast literature [BE]. In particular, it is known that every planar graph of rt 
vertices has a two-dimensional grid drawing that fits into a rectangle of area 
O(~2), and this bound is asymptotically tight [FP],[S]. 

The possibility of three-dimensioned representations of graphs was suggested 
by software engineers [MR]. The analysis of the volume requirement of such 
representations was initiated in ICE], where the following statement was proved. 
Every graph of r~ vertices has a three-dimensioned grid drawing in a rectangular 
box of volume O(r~s), and this bound cannot be improved. To establish the 
first half of the statement, it is sufficient to consider representations of complete 
grap/~. Cohen et ed. used a generalization of a well-known construction of Erd6s 
showing that the vertices of a complete graph K~ can be placed at the points 
(i, i 2 mod p, i s mod p), 1 < i < r 4 where iv is a prime between n and 2r~. Since 
no four of these points lie in the same plane, the resulting straight-line drawing 
of K~ has no crossing edges. 

A complete r-partite graph is called b=lar~ced, if any two of its classes have the 
same number of points, or their sizes differ by one. Let Kr (n) denote a balanced 
complete r-partite graph with r~ >_ r vertices. That is, the vertex set of Kr(r~) 
splits into r disjoint classes, Vl, V2,. . . ,  V~, such that IVy1 = o r  ~ d  
two vertices are connected by an edge if and only if they belong to different V~'s. 

It was pointed out by Cohen et al. [CE] that K2(u) has a three-dimensionai 
grid drawing within a box of volume O(rr2), and they asked whether this bound 
is optimal. T. Calamoneri and A. Sterbini [CS] proved that any such drawing 
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requires a box whose volume is at least ~2(n3/~). Furthermore, they have shown 
that Ks(n) and K4(n) also permit three-dimensional grid drawings of volume 
O(n2), and conjectured that the same is true for K~(n), for any fixed r > 4. 

The aim of the present note is to answer the question of Cohen et el. and to 
verify the conjecture of Calamoneri and Sterbini. A graph is called r-colorabte 
if its vertices can be colored by r colors so that no two adjacent vertices receive 
the same color. Equivalently, G is r-colorable if it is a subgraph of a complete 
r-partite graph. 

Theorem.  For every r > 2 fized, any r-colorable graph of n vertices has a Shree- 
dimensional grid drawi~tg ~ha~ figs into a rectangular boz of volume O(n2). The 
order of magnitude of ~his bourkd ca~mot be improved. 

2 P r o o f  of the  T h e o r e m  

To prove the second assertion, it is enough to establish an £2(n 2) lower bound on 
b, the number of integer points in a box B accommodating a three-dimensional 
grid drawing of the balanced complete bipartite graph K~(n) with vertex classes 
V1, V2. Clearly, K2(n) is r-colorable for any r > 2. Fix a grid drawing and 
consider the set of all vectors pointing from a vertex of V1 to a vertex of V2. 
The number of such vectors is [-~3 • [-~3 _> ~-~, and no two of them can be 
identical, otherwise the corresponding four points would induce a parallelogram 
whose diagonals cross each other. (In fact, no two such vectors can point in the 
same direction.) On the other hand, the total number of vectors determined by 

two gridpoints in B is smaller than 8b. Thus, 8b > ~ ,  as required. 
The proof of the upper bound is based on the following. 

Lemma.  For any r > 2 =nd for any n divisible by r, the balazced complete 
r-partite graph Kr (n) has a ~hree-dime~sional grid drawing that fi~s into a rec~- 
angular boz of size r × 4rt × 4rrt. 

ProoL Let p be the smallest prime with p _> 2r - 1 and set N := p- ~. Note 
that p < 4r and thus N < 4m For any 0 < i < r -  1, let 

:=  {( i ,  t, i t ) :  o < + < N ,  - i 2 (mod  p)}.  

N *f~ These sets are pairwise disjoint, and each of them has precisely -- = T elements. 
Connect any two points belonging to different Y~'s by a straig~at-line segment. 
The resulting drawing of K~(n) fits into a rectangular box of size r x 4n x 4rn, 
as desired. 

It remains to show that no two edges of this drawing cross each other. Sup- 
pose, for contradiction, that there are two crossing edges, e and e'. We distinguish 
three different cases, according to the number of distinct classes Vi, the endpoints 
of e and e' belong to. 
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Case 1: The endpoints of e and e' are from four distinct classes, ~ ,  Vi~, V~, and 
~ .  

Let ( i ~ , ~ ,  i~=) ,  1 < a _< 4, be the corresponding endpoints, so that ~= =- :=.2 
(mod p). Then these points lie in a plane, and the determinant 

1 ii tl ~I~I 
i i~ ~ i~t~ 

D= 
1 i~ ta i~ 

1 Q ~4 ~4~4 

vanishes. Therefore, it must also vanish modulo p. However, modulo p this de- 
terminant reduces to the Vandermonde determinant.  Thus, 

D -  i ~  = I I  ( ~ - ~ . ) ,  
l<~<a<4 ~ ~ ~ - _ 

which is non-zero modulo p, a contradiction. 

Case 2: The endpoints of e and e' are from three different classes, Vi, V~, V~. 
Assume without loss of generality tha t  two of these points, (i,~l, i~)  and 

(~, ~, i~) ,  belong to h ,  and the other two are 0, ~, J~) E B and (~, ~, ~ )  E V~. 
These four points cannot be coplanar (hence e and e' cannot cross each other), 
because the corresponding test determinant  

1 i ~I i~I 
1 i ~2 i~2 
l j  s i s  
1/cu /~u 

= (J - ~)(~ - ~)(~2 - ~ ) ( s  - ~)  

is non-zero. To see this, observe that s--u _---- jm--k 2 -- ( j-- /~)(j+k) ~ 0 (rood p). 
This is the point where we use the assumption that  0 ~_ j, k _< r - 1 < (p - !)/2. 

Case 3.: The endpoints of e and e' are from two different classes, Vi and Vj. 
Let these points be (i, ~1, a l ) ,  (i, ~2, i~2) E ~ and (j, sl, js~), (j, s~, is2) e V~. 

Now the corresponding test determinant  

i i ~,i i~i 
1 ~ t2 i~.2 
i j s l  ]sl 
1 j s2 is2 

= 0 - i)~(~ - t~)(s~ - ~) 

does not vanish, therefore e and e' cannot  cross each other. 

This contradiction completes the proof  of  the Lemma.  O 

Now we return to the proof of  the upper  bound of the theorem. In fact, we 
can deduce a more precise statement.  
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Corol la ry .  There ezists a c > 0 such that for any r > 2, any r-colorable graph 
of n vertices has a three-dimensional grid drawing that fits into a rectangular bo~ 
of volume cr2n 2. 

Proof .  Fix an r-colorable graph G with n vertices. We split every color class 
into smaller parts such that  all but one of them have ezactly and the last one 
,.t most [~] points. This defines a decomposition of the vertex set of G into at 
most 2 r -  1 classes, whose sizes do not exceed [~]~ and no two points belonging 
to the same class are connected by an edge. In other words, G is a subgraph of a 
balanced complete (2r - 1)-partite graph g with ( 2 r -  1)[~] < 2n+  2r vertices. 
Applying the Lemma to K,  the Corollary follows. 

3 R e m a r k s  a n d  o p e n  p r o b l e m s  

A The rectangular box used in the proof of the Theorem has two sides of size 
O(n). We can use rectangular boxes of different shapes to represent K2(n). 

Proposition. There is a three dimensional grid drawing of K2(n)which fits into 
a rectangul=r bo~ d sise o(n)  x O ( v ~  x o(v ' -~.  

Proof .  Let V1 and V~. be the vertex classes of K2(n) and let 

v~ = {(i, o, o) I o < ~ < r,#2l - i}, 

where k ~ vX/" ~ .  
Then 

= {(o,,~, b) I o _< ,:,,b < k,(a, b) = 1} 

IV, l = r,~/21, 

3k2 
I~1 = ~ ¢ ( i )  ~ ~ ~ n/2 

i----1 

(see [HW]). To see that  there is no crossing, we observe that the points of V2 
lie on a horizontal plane and there are no two of these points on a line through 
(0, O, O) (see Figure). O 

B. It would be interesting to determine S ,  = S~(n), the set of triples (sl, s2, s3) 
for which every r-colorable graph of n vertices has a grid drawing that fits into 
a box of size sz x s2 x sa. In particular, what is the smallest s = s(r) with 
(s, s, s) E S,? It is not hard to see tha t  s~sj >_ In~2] and s~ > ~ holds for every 
(s l ,  s~, sa) e s ,  (r > 2). 

C. Since any graph of n vertices with fixed maximum degree r - I is r-colorable, 
it follows from the Theorem tha t  any such graph permits a grid drawing in a 
box of volume O(n2). It seems likely tha t  for every fixed r, this bound can be 
substantially improved. We cannot even decide if every graph with maximum 
degree 3 has a grid drawing of volume O(n). 



51 

/ ........... 
(o,o,o) 

F i g u r e  

References  

[BE] G. Di Battista, P. Eades, R. Tamassia, and I.G. Tollis, Algorithms for draw- 
ing graphs: an annotated bibliography, Computational Geometry: Theory and 
Applica~onJ 4 (1994), 235-282. 

[CE] I~.F. Cohen, P. Eades, T. Lin, and F. Ruskey, Three-dimensional graph drawing, 
in: Graph Drawing (GD '9~, R. Tamassia and L G. Tollis, eds.), Lecture Notes 
in Computer Science 1027, Springer-Verlag, Berlin, 1995, 1-11. 

[CS] T. Calamoneri and A. Sterbini, Drawing 2-, 3-, and 4-colorable graphs in O(n z) 
volume, in: Graph Drawing (GD '96, S. North, ed.), Lecture Notes in Computer 
Science 1190, Springer-Verlag, Berlin, 1997, 53-62. 

[FP] H. de Fraysseix, J. Pach, and R. Pollack, How to draw a planar graph on a grid, 
Combinatorica 10 (1990), 41-51. 

[HW] G. H. Hardy, E. M. Wright, An Introduction to the Theory o] Numbers, Univer- 
sity Press, Oxford, 1954. 

[MR] J. Mackinley, G. Robertson, and S. Card, Cone trees: Animated 3d visualizations 
of hierarchical information, in: Proceedings of SIGCHI Conference on Human 
Factors in Computing, 1991, 189-194. 

[S] W. Schnyder, Embedding planar graphs on the grid, in: Proceedings of the 1st 
Annual ACM-SIAM Symposium on Discrete Algorithms, 1990, 138-148. 


