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Abs t r ac t  
The problem of features subset selection can be defined as the selec- 

tion of a relevant subset of features which allows a leanaing algorithm 
to induce small high-accuracy concepts. To achieve this goal, two main 
approaches have been developed, the first one is algorithm-independent 
(filter approach) which considers only the data, when the second approach 
takes into account both the data and a given learning algorithm (wrapper 
approach). Recent work were developed to study the interest of rough set 
theory and more particularly its notions of reducts and core to deal with 
the problem of features subset selection. Different methods were proposed 
to select features using both the core and the reduct concepts, whereas 
other researches show that useful features subset does not necessarily con- 
tain all features in cores. In this paper, we underline the fact that rough 
set theory is concerned with deterministic analysis of attribute dependen- 
cies which are at basis of the two notions of reduct and core. We extend 
the notion of dependency which allows us to find both deterministic and 
non-deterministic dependencies. A new notion of strong reducts is then 
introduced and leads to the definition of strong feature subsets (SFS). The 
interest of SFS is illustrated by the improvement of the accuracy of our 
learning system, called Alpha, on real-world datasets. 

1 Introduct ion 

The problem of features subset selection has been studied by researchers working 
on different fields, for instance, statistics, pat tern recognition, machine learning 
and knowledge discovery [11]. It consists of the selection of a subset of relevant 
attr ibutes which will be used by a learning algorithm. The selected subset can 
be evaluated according to: (1) the complexity of the description induced by the 
learning algorithm using the selected subset, and (2) the improvement  of the 
accuracy of the learning algorithm using the induced concepts. An exhaustive 
search of subsets in the features space, which tests all possible subsets, is pro- 
hibitive because it inquires exponential computat ion.  In order to overcome this 
problem, heuristic methods are generally used to search the relevant features 
upon which a learning algorithm will be focused. Different definitions were pro- 
posed to formalize the notion of relevance making assumption on the nature 
of features to be considered, i.e., boolean, continuous, noisy, etc. [5]. A lot 
of methods have been developed to find an opt imal  subset of relevant features 
[6], [1]. Two main approaches have been developed, the first one is algorithm- 
independent, i.e., the filter approach [1], considering only the data,  whereas the 
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second, i.e., the wrapper approach [5] takes into account both the data and a 
learning algorithm. 

Recently, other types of works have been developed to deal with the problem 
of subset selection in the context of rough set framework [13], [14]. An heuristic 
feature selector algorithm [12], called Preset, was developed based on the rough 
set theory. On the other hand, experiments reported in [9] have shown that, 
in some situations, useful subsets do not necessarily contains all features in 
cores and may be different from reducts. Considering this observed difference, 
the latter authors suggest to start the research from the core to identify useful 
subsets. This paper gives an explanation of the results of the two previous results 
and proposes a new method to deal with the problem of subset selection in the 
rough sets framework. It offers an alternative view of the problem considering 
that useful subset does not result only from modifications of the core using some 
heuristics. 

Our purpose results from a deep study on both the theoretical foundations of 
rough sets and its main concepts which influence the subset selection problem. 
In this paper we underline that rough set is only concerned with the analysis of 
deterministic attributes dependencies, which plays a major role in subset selec- 
tion processes based on rough set framework. We show also that the granularity 
of knowledge is primary of importance in rough set theory, hence, it plays a key 
role in the selection problem. We extend the dependency notions to allow the 
analysis of both deterministic and non-deterministic attribute dependencies. On 
the other hand, we generalize the notion of indiscernabilty to control the knowl- 
edge granularity. Next we propose a method to discover Strong Feature Subsets 
(SFS) and we discuss the interest of this new concept through our experiments. 

Section 2 introduces formally three key notions in rough set theory, which 
are dependency, reducts and core. Generalizations of tllese notions are given 
in section 3. The problem of the control of knowledge is introduced and the 
SFS algorithm, which research strong feature subset, is sketched in Section 4. 
Section 5 is dedicated to the discussion of our experiments. We conclude in 
section 6. 

2 Dependency and reducts in rough set theory 

The basic operations in rough set theory are approximations which are defined 
according to the indiscernability notion [15], [3]. In fact, objects of the uni- 
verse can be grouped according to values of a given set of attributes R. Each 
group contains objects with the same values of attributes in R. This means that 
the information given by R is not sufficient to distinguish objects in the same 
group: objects of the same group are said indiscernable. These groups, called 
R-elementary sets, form basic granules of knowledge about the universe and 
are used to compute approximations of concepts. The indiscernability relation, 
denoted IND(R), is an equivalence relation defined on the equality of attributes 
values. The quotient set U/IND(R) contains equivalence classes, sets of indis- 
cernable objects, which are granules of knowledge representation. In rough set 
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theory, we say that  a set of attributes R depends on a set of attributes P, denoted 
P -~ R, if and only if all P-elementary sets are subsets of some R-elementary 
sets. 

Let P be a set of attributes which may be reduced such that the reduced 
set R provides the same quality of classification as the original set of attributes. 
This means that elementary sets generated by the reduced set R are identical 
to those generated by the original set of attributes P, i.e., IND(P) = IND(R). 
The smallest reduced set of P is called a reduct. In the case where an infor- 
mation system has more than one  reduct, the intersection of these reducts is 
computed. The resulted intersection is called the core and represents the most 
significant attributes. The following proposition states the relation between the 
dependency and reduction notions. 

P r o p o s i t i o n  l :Let  P and R be two subsets of attributes, R C_ P.  R is a 
reduct of P if and only if P ~ R and R -+ P and R is minimal. 

The proposition 1 shows that rough set is only concerned with the analysis of 
deterministic attr ibute dependencies. Previous works [12], [9] developed to deal 
with features subset selection using rough set theory inherit its deterministic 
view and start from the notion of reducts and core which are both based on 
the dependency notion. In contrast, we have developed a formalism [17], i.e., 
an extension of rough set theory, to recognize non-deterministic relationships 
which will be at the basis of the identification of strong feature subsets. 

3 Alpha-reducts  are generalized reducts  

The notion of Alpha-reducts results from our extension which substantially en- 
hance the generalization and the application of rough set theory to real world 
problems [17], [18]. Different extensions of the standard rough set theory have 
been suggested in [2], [4], [16]. We consider that  values of attributes may be 
vague, for instance, high, low, medium, etc., so, the domain of each attributes 
is a set of linguistic terms represented by membership functions to specify how 
to evaluate the truth of the attribute value on the learning examples. A mem- 
bership function maps a numerical domain of an at tr ibute to the interval [0, 
1], i.e., the abscissa represents the values of the attribute, whereas tile ordinate 
represents the truth value. Each value is then associated with a linguistic term 
and a truth value; if a numerical value is associated with several membership 
functions, only the one with the maximum grade is kept. Consequently, a trans- 
formation process replaces the original description vector of an example into two 
vectors containing qualitative descriptions, i.e., linguistic terms, and quantita- 
tive description, i.e., t ruth values. A parametrized indiscernability relation, 
denoted IND(R,a) ,  is then defined based on both qualitative and quantitative 
descriptions: 

Vx, yC U, x I N D ( R , a ) y  ~ xRoy and ~(x,y)  > a 

~Ve consider that  two elements x and y are indiscernable if and only if they 
have the same values for all attributes, i.e., xRoy , and if their similarity degree 
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is greater than a given similarity threshold a given by a teacher. The quotient 
set U/ IND(R,a)  contains equivalence classes which are granules of knowledge 
representation. 

In this paper we focus only on the extension of notions of dependency, reduc- 
tion and core. Thus, the dependency relation is not black or white relation, we 
say that  a set of attributes R depends on a set P if and only if each P-elementary 
set X have a non empty intersection with at least an R-elementary set Y, and 
the inclusion degree of X in Y is greater than a dependency parameter,  noted 
/3. We call this property Alpha dependency of attributes. 

D e f i n i t i o n  1: Let P and R be two subsets of at tr ibutes,R C P and a E 
[0,1]. R Alpha-depends on P if and only if 3/3 E [0,1] such that: 

P ~-~ R r VB e U / I N D ( P ,  c~) 3Bt E U / I N D ( R ,  c~) deg(B C_ Bt) > 13 
The previous definition introduces the notion of a-dependency which can be 

seen as a partial dependency between attributes. Consequently, the values of 
attributes in R are partially determined by values of attributes in P. We say 
that R partially explains P and there is only a partial functional dependency 
between values of R and P. Now, we introduce the notion of a,-reduct. 

D e f i n i t i o n  2: let P and R be two subsets of attributes, such that  R C_ P.  

R is an alpha-reduct of P if and only if 3B E [0, 1] such that  (i) P Z~ R and 

/~ ~ P,  (ii)/3 is maximal and (iii) R is minimal. 
R is minimal means that  there is no subset T of R which is an Alpha-reduct 

of P. Besides,/3 is maximal means that t]/3t E [0, 1] 13t > ~ P ~ R and R ~ P.  
As a set of attributes may have more than one Alpha-reduct, we generalize the 
notion of the core of an attribute P by introducing the notion of Alpha-core. 

D e f i n i t i o n  3: Let c~ E [0, 1], called the core threshold, and 0-reduct(P) a 
family of all 0 - reduct of P, with 0 greater than c~. The Alpha-core of P is the 
intersection of all these 0-reducts: c~ - core(P) = N 0 - reduct(P). 

In this section, we have generalized three key concepts of the rough set 
theory, which are dependency, reduction and core. These concepts are gener- 
ally used in the rough set analysis to construct minimal subsets of attributes 
(reducts) which have the same indiscernability power as the whole set of at- 
tributes. This analysis leads to the construction of deterministic reductions and 
a deterministic core, i.e., the decision depends on reduction and the core is an 
essential part  of the whole set of attributes. Alpha-rough set allows the user 
to explore the information using different thresholds related to the reduction or 
the core. This analysis may lead to the construction of strong reductions and 
cores, which are only consistent with a part of the dataset and we may regard 
the remaining inconsistency information as noisy data. 
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4 Knowledge granularity control-based subset 
selection 

The method presented in this paper to search SFS is based on a wrapper model, 
indeed, the induction learning algorithm Alpha is used during the subset selec- 
tion.The SFS is defined here as the "best alpha-reduct", which gives the greatest 
accuracy. The dependency of two subsets of attributes R and P depends on the 
quotient sets U/IND(R, c~) and U/IND(P, c~), which contain equivalence classes, 
i.e., knowledge blocks, resulting from the universe partition. The control of the 
knowledge granularity means that the control of the size of elements included 
in the quotient spaces. To achieve this goal, we vary the similarity threshold c~ 
in the range [0, 1], thus, the coarsest partitioning results when ~ is equal to 0 
and the finest partitioning is obtained with c~ equal to 1. Note that the classical 
rough set theory considers only the coarsest partitioning of the universe, i.e., 
=0. Consequently, works presented previously using rough set theory to deal 
with feature subset selection have used only coarse granules of knowledge. We 
present the SFS algorithm to determine the SFS according to the parameter 
a, which determines the finest of granularity to consider during the search of 
alpha-reducts. 

Consequently, the resulted SFS 
changes according to the finest of gran- 
ules of knowledge. The research of 
strong subset consists of two phases: 
(1) research of candidate strong fea- 
tures subsets, (2) the selection of one 
subset among them. As we men- 
tioned earlier, the candidate SFS are 
alpha-reducts which depend on both 
the dataset, i.e., DB, and the simi- 
larity threshold, i.e., c~. The func- 
tion Alpha-Reducts produces the set 
Candidate_sfs of candidate SFS. It is 
an adaptation of a classical algorithm 
generally used in rough set framework 
to compute reducts. Next, a learning 
algorithm, i.e., IAlog, is applied and 
its accuracy is estimated for each can- 
didate subset. 

SFS algorithm 
input DB: dataset 

: similarity threshold 
output sfs: strong feature subset 
begin 
MaxAce = 0 
universe partition 
Candidate_sfs - Alpha-Reduets(DB, a) 
while not_empty(Candidate_sfs ) do 

Current = select(Candidate_sfs) 
Candidate.sfs = Candidate_sfs - Current 
Ace = IAlgo(DB, Current, a) 
if (Ace > MaxAcc) then 

begin 
sfs = Current 
MaxAcc = Ace 
end 

end 
e n d  

The SFS is the Alpha-reduct which have the highest accuracy. In conclusion, 
the resulted SFS may change according to the dataset DB and the similarity 
threshold c~ which determines the granularity of knowledge to be used during 
the research. Note that the use of the classical rough set framework leads to a 
research of reducts in the particular situation where c~ is none. 



389 

5 Experimental results 

We report here some results of our experiments to show the interest of SFS, 
which improve significantly the accuracy of Alpha on real-world data. We con- 
sider two real-world datasets, heart and pima, taken from the UCI Irvine repos- 
itory. We vary the parameter c~ from 0 to 1 by step 0.1, all candidate SFS, i.e., 
Alpha-reducts, are determined for each value of ~ . Next, the accuracy of each 
"candidate SFS" is estimated and the SFS is the candidate one with the highest 
accuracy. 

The original data is transformed using five membership functions for each 
continued attribute. Indeed, the range of a continuous attribute is split by 
hand into five intervals with approximately the same length. A membership 
function is then defined on each subinterval. Even if the discretization is not 
optimal, Alpha's performances are increased using only a SFS instead of all the 
original set of attributes. The accuracy of Alpha was estimated using 5-fold 
cross-validation. 

Table 1 shows the evolution of the SFS according to the granularity of knowl- 
edge considered during the research of Alpha-reducts. For the heart dataset, 
we have found 34 Alpha-reducts using the coarsest granules of knowledge, i.e., 
c~= 0. The SFS is {0,1,2,3,4,8,10,11,12}; its accuracy is of 81.41~, whereas the 
accuracy of Alpha is equal to 73.61~,. The number of the candidate SFS grows 
when (~ increases from 0 to 1, the maximum number of reducts is equal to 155 
for c~ = 0.9. The most important SFS appear when ~ = 0.9 and improves sig- 
nificantly the accuracy of Alpha from 71.00~, to 84.0W,. Of course, this optimal 
SFS will not be found if we use only the classical framework of rough set. The 
accuracy of Alpha was also improved on the pima dataset using SFS. In this 
case, only one reduct was found with the coarsest granules of knowledge; it is 
equal to the set of all original attributes. In contrast with the heart dataset, 
the use of classical rough set framework does not lead to any improvement of 
the accuracy of Alpha. The SFS with the highest accuracy, i.e., {1,3,5,6}, is 
obtained with the finest granules of knowledge, i.e., c~=l. Other experiments 
not reported here confirm that SFS improves generally the accuracy of Alpha 
and that the optimal SFS does not appear when we use the coarsest granules of 
knowledge,i.e., c~=0. 

Figure 1 shows the evolution of the size of the candidate SFS set according 
the granularity of knowledge. This evolution depends also on the datasets, for 
instance the maximum number of SFS obtained for pima equal to 25, is less than 
the minimum number of SFS for heart, which is equal to 34. The evolution of 
the number of SFS is not linear even if it generally increases with fine granules of 
knowledge. The size of the candidate SFS set influences the time performances 
of the SFS algorithm to find the optimal SFS. However, the following heuristic 
has resulted from our experimentation: "the useful SFS appears in the biggest 
candidate SFS set". This heuristic may reduce the complexity of our algorithm 
especially when we consider large datasets. Figure 2 shows the average size 
of candidate SFS sets: the bigger the granule of knowledge, the smaller the 
candidate SFS. 
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heart 

pima 

Alpha SFS Alpha-SFS 
0.0 73.61 {0,1,2,3,4,8,10,11,12} 81.41 
0.4 71.00 {1,2,4,5,6,7,8,11,12} 81.04 
0.7 77.32 {0,2,3,4,10,11,12} 81.41 
0.9 71.00 {2,3,4,6,10,11,12} 84.01 
1.0 7 2 . 1 1  {2,4,10,11,12} 81.30 
0.0 65.36 {0,1,2,3,4,5,6,7} 65.36 
0.5 66.93 {0,1,2,3,4,6,7} 69.92 
0.8 67.45 {0,t,2,4,5,6} 71.48 
0.9 67.45 {0,1,2,6,7} 72.27 
1.0 67.45 {1,3,5,6} 74.09 

Table 1: hnprovement of Alpha's accuracy using SFS 

160 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
150 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

t 

s 50 
50 
40 
30 

0 0.1 0.2 0.3 0.4 11.5 0.6 0.7 11.8 0.9 1 

( a )  h e a r t  

2 iiiiiiiiiil12015 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

(b) pima 

Figure 1: Evolution of the number of the candidate SFS according to 
the granularity of knowledge 
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Figure 2: Average size candidate SFS set according to 
the granularity of knowledge 

6 Conclusion 

This paper is focused on the problem of features subset selection using rough 
set theory. Related work have been developed to solve this problem concerned 
with the two main problems: (1) development of methods to solve the selection 
problem using rough set theory, (2) evaluation of the interest of the core and 
reduct notions for the same problem. A heuristic feature selector algorithm 
[12] was developed, on the other hand, experiments reported in [9] have shown 
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that, in some situations, useful subset does not necessarily contain M1 features 
in the core and may be different from a reduct. However, the authors of these 
experiments believe that the core may help the identification of useful subsets 
if we take it as the input of research process. Until now, no method is proposed 
to achieve this goal to make clear this problem. Our analysis is different, we 
consider that it is difficult to find the appropriate heuristics, which transform 
the core and/or reducts into useful subsets. Our proposition starts from the 
following two remarks : (1) rough set theory is only concerned with the analy- 
sis of deterministic attributes dependencies, (2) granularity of knowledge is of 
primary importauce in rough set theory and influences the research of reducts 
and core. Consequently, we propose a generalization of the dependency notion 
which are the basis of the definitions of both reduct and core. We generalize the 
notion of indiscernability to allow a control of the partitioning of the universe, 
and hence the granularity of knowledge. We show then that the rough set theory 
uses only the coarsest granules of knowledge, which reduces, in some situations, 
their interest, in contrast with useful subsets. Finally, we have defined a notion 
of strong features subset (SFS) and we have shown its interest in the context of 
a wrapper approach. 
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