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Abst rac t .  Structural matching, originally introduced by Steven Vere, 
implements and formalizes the notion of a "most specific generalisation" 
of two productions, possibly in the presence of a background theory. De- 
spite various studies in the mid-seventies and early eighties, several prob- 
lems remained. These include the use of background knowledge, the non- 
uniqueness of most specific generalisations, and handling in-equalities. 
We show how Gordon Plotkin's notions of "least general generalisation" 
and "relative least general generalisation" defined on clauses can be 
adapted for use in structural matching such that the remaining prob- 
lems disappear. Defining clauses as universally quantified disjunctions of 
literals and productions as existentially quantified conjunctions of liter- 
als, it is shown that the lattice on clauses imposed by #-subsumption 
is order-isomorphic to the lattice on productions needed for structural 
matching. 

1 Introduction 

In the early seventies, Gordon Plotkin [18, 1911 introduced a notion of 8-subsumption 
between different clauses (i.e., universally quantified disjunctions of literals). In 
1971, Plotkin [20] extended ~-subsumption into relative 8-subsumption with re- 
gard to a background theory. Now, ~-subsumption and relative 8-subsumption 
are the basic notions of generality employed by many inductive logic program- 
ming (ILP) systems, cf., e.g., Golem [16], Claudien [3], FOIL [21]. 

In the mid seventies, inspired by Plotkin, Steven Vere [23] studied the prob- 
lem of generality between productions (i.e., existentially quantified conjunctions 
of literals). More specificially, he analyzed the issues involved in computing max- 
imally specific generalizations of productions. In later work [24, 25], this notion 
was extended in order to enable the use of background knowledge. The no- 
tion of a maximally specific generalization is of central importance to the field 
of concept-learning, as many concept-learning systems repeatedly compute the 
maximally specific generalizations of their examples. Despite the fact that the 
popular field of inductive logic programming employs clauses (and Vere employs 
productions), we believe that productions are still a powerfull and interesting 
representation for concept-learning. This is confirmed by the fact that  several 
recent learning systems still employ productions (e.g. [1, 7]). Furthermore, the 
inductive logic programming setting known under the name of learniu# from 
ingerpre~ation8 [5, 4] seems closely related to using productions. 
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Vere's work was important  and influential, as it was continued by many other 
researchers such as [6, 26, 7, 8]~ Nevertheless, there are at least two remaining 
problems: 

First, there is the open question as to how this line of research on structural 
matching is related to the earlier work on least general generalisation by Gordon 
Plotkin. Our first contribution is to answer this open question by showing that  
these two approaches are actually each others duals. This is realized by adapting 
Plotkin's original notions of 0-subsumption and relative 0-subsumption for use 
to Vere's problem. In particular, we explicitly give an isomorphism between 
Plotkin's approach and structural matching. This in turn shows - for the first 
t ime - how the field of inductive logic programming relates to that  of structural 
matching. 

Secondly, there were several limitations of Vere's work and that  of his fol- 
lowers, that  are not present in Plotkin's work: One limitation is that  Vere only 
considered constants and variables in productions, and not the more general 
functors, hence, Vere considered only a subset of first order logic. Another ma- 
jor problem with Vere's work and that  of his followers is that  the maximally 
specific generalization of two productions is not necessary unique 3. Vere [23] 
formulates this control problem as follows : 

Because a generalization replaces just two products, and a number of 
distinct generalizations may exist, there remains the question of strate- 
gies in the application of the induction procedure in an iterative manner 
to a large number of positive products. 

To see that  this is problematic from an efficiency point of view, consider 
the classical concept-learning task where the aim is to find a single production 
that  generalizes a given set of positive and negative examples. In order to decide 
whether a solution exists to this problem one has to consider alt alternative max- 
imally specific generalizations of the set of positive examples and to test whether 
these are consistent with the negatives. If the maximally specific generalizations 
are not unique, this corresponds to testing (in the worst case) an exponential 
number of alternative generalizations. If on the other hand, the maximally spe- 
cific generalization of any two productions is unique, only a single generalization 
needs to be computed and tested. This should be much more efficient. 

As an immediate consequence of this problem, the programs developed by 
Vere and his followers all included a number of heuristics to choose among com- 
peting maximally specific generalizations. These heuristics were often mixed with 
the logical aspects of generalization (as e.g. in [6], who use the number of vari- 
ables in a production as a heuristic). In contrast, our work will allow to seperate 
the logical from the control (or heuristic) aspects of generalization. 

a The main reason for this is that rather than using normal subsitutions to define 
generality, Vere employs inverse substitutions. Within inductive logic programming, 
it is weU-known that inverse substitutions are much harder to deal with than the 
classical deductive substitutions, mainly because of their non-uniqueness. 
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At a more general level, the mapping between the representations and op- 
erations employed in structural matching and ILP makes the relation between 
these two techniques - for the first t ime - explicit. From this point of view, 
our work can be regarded as a rational reconstruction of structural matching in 
(inductive) logic programming terminology. 

The paper is organised as follows: in Section 2, we introduce the logical 
concepts needed; in Section 3, we briefly summarize the main characteristics of 
8-subsumption and "least general generalisation"; in Section 4, we outline how 
this notion can be mapped onto structural matching; in Sections 5 and 6, we 
generalize the results of Sections 5 and 6 to relative 8-subsumption and "relative 
least generalisation';  finally, in Section 7, we conclude. 

2 L o g i c  p r o g r a m m i n g  c o n c e p t s  

We first outline some standard logic programming concepts. 
A first-order alphabet is a set of variables, functor symbols, and predicate 

symbols. An atom p ( t l , . . . ,  t,~) is a predicate symbol p followed by a bracketed 
n-tuple of terms. A positive literal is an atom, a negative literal is a negated 
atom. A term t is a variable V or a functor symbol f ( Q , . . . , t , ~ )  immediately 
followed by a bracketed n-tuple of terms. Constants are functor symbols of arity 
0. 

D e f i n i t i o n  1. A clause is a finite disjunction of literals closed under universal 
quantification V(ll v . . .  v l,~). The clausal language I)A given by a first-order 
alphabet A consists of the set of all clauses that  can be constructed from the 
symbols in A. 

An example clause D1 is, e.g., YX(-~block(X) V black(X)), stating that  all 
blocks are black. 

D e f i n i t i o n  2. A production is a finite conjunction of literals closed under ex- 
istential quantification 3(11 A . . .  A l,~). The production language C~ given by a 
first-order alphabet A consists of the set of all productions that  can be con- 
structed from the symbols in ,4. 

An example production Cx is, e.g., 3X(block(X) A -~black(X)), stating that  
there is a block which is not black. The results and discussion in this paper will 
be independent of the choice of first-order alphabet A, and we will therefore for 
simplicity in the following write 7) and C instead of :DA and CA. 

For the purposes of this paper, a formula F will be a production or a clause. 
We will denote the set of literals in a formula F by set(F). E.g., the example 
clause D1 above corresponds to the set set(D1) = {-~block(X), black(X)}. 

Also, we introduce two one-to-one mappings, which will be used further on. 

D e f i n l t l o n 3 .  The mapping ~rc : C ~-~ ~ maps every production in C to its 
negation in 7). The mapping ~r~ : 7) ~_, C maps every clause in 7) to its negation 
in C. 
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This means that 

. r c ( 3 ( l ~ / , . . .  ,x l , ,)) = V(~l~ v . . .  v ~z,.,), 

and 
: r9 (V( l~  v . . .  v l , ,)) = 3(~ l~ ^ . . .  A -4,,) .  

The  reader may  not ice t ha t  .T'c -1  = .T9 and .T9 -1  = .Tc, since ~ ~ l  = l for  
any l i te ra l  1. F~r thermore,  Yc(~)  = - ~  and : r g ( d )  = -~d 

A substitution 0 = {VI/Q,. . . ,  V,~/~,~} is an assignment of terms to variables. 
Applying a substitution 0 to a term, literal, or formula F yields the instantiated 
term, literal, or formula F0, where, for every 1 < i < n, all occurences of the 
variables V~ in F are simultaneously replaced by the corresponding terms ~. 

3 0-subsumption 

Let us now introduce Plotkin's notion of O-subsumption. 

Def ini t ion4.  A clause D1 O-subsumes a clause D2 if and only if there exists 
a substitution 0 such that seE(D1)O C seE(D~). We write D1 _~9 D2 to denote 
that D1 0-subsumes D2. 

For example, faEher(X, Y) V -1 pareng(X, Y) v -1 ma le (X )  0-subsumes fa- 
Eher(jef, paul) V -~ parenE(jef, paul) V -I parenEOef, ann ) V -I maleOef) V -~ fe- 
male(ann) with 0 : {X / jef, Y / paul }. 

The notion of least general generalisation of a set of clauses is then defined 
as follows: 

Def in i t ionh.  A clause G is a generalisaEionofa set of clauses S = {D1, . . . ,  D,~} 
if and only if, for every 1 < i < n, G ___9 Di. A generalisation G of a set of 
clauses S is a lease general generalisaEion (lggg) of S if and only if, for every 
generalisation G' of S, G' ___9 G. 

The operation of computing an lgg9 underlies many ILP systems. Plotkin 
[18] has investigated the structure imposed by 0-subsumption. He has proven 
the following key properties (cf. [13]): 

Impl ica t ion .  If D1 0-subsumes D2, then D1 ~ D2. The opposite does not hold 
for self-recursive clauses: let D1 = p(f(X)) V "~p(X) and D2 = p(f(f(Y))) V 
-~p(Y); then D1 ~ D2 but D1 does not 0-subsume D2. Therefore deduction 
using 0-subsumption is not equivalent to implication among clauses. This 
also motivated research on inverting implication by Idestam-Almquist [9], 
Muggleton[14], Lapointe and Matwin [11]. 
This property also shows that 0-subsumption is a meaningful structure on 
D for ILP systems. Indeed, typical ILP systems employ a set of positive 
examples P (represented by ground clauses) and aim at deriving a hypothesis 
H (represented by a see of clauses) that implies the facts, i.e., H ~ P. 
Because of the implication property, this aim will be fulfilled when all clauses 
in P are 0-subsumed by clauses in H. 
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Equivalence. There exist different clauses that are equivalent under O-subsumption, 
e.g., parent(X, Y) V -1 mother(X, Y) V -7 mother(X,Z) O-subsumes parent(X, Y) 
V -~ mother(X, Y) and vice versa. Because two clauses equivalent under 0- 
subsumption are also logically equivalent (i.e., by implication), learning sys- 
tems should generate at most one clause of each equivalence class. For an 
extended discussion of equivalence, see Maher [12]. 

R e d u c t i o n .  To get around this problem, Plotkin defined equivalence classes of 
clauses, and showed that there is a unique representative (up to variable 
renamings) of each equivalence class, which he named the reduced clause. A 
clause D is reduced if and only if there exists no literal l such that (D - 
{l)) and D are equivalent under 0-subsumption. Learning systems can get 
around the problem of equivalent clauses when working with reduced clauses 
only. An algorithm to reduce clauses directly follows from the definition of a 
reduced clause: repeatedly delete a literal from a clause and check whether 
the resulting clause is 0-subsumed by the original clause; if it is, apply the 
corresponding substitution, omit duplicate literals, and repeat the procedure; 
if no literal can be deleted in this way, conclude that the clause is reduced. 

Lattice.  The set of reduced clauses forms a lattice, i.e., any two reduced clauses 
have a unique lubv (least upper bound, which is the lggv ) and a unique glb~ 
(greatest lower bound).The least general generalisation operator is the basic 
operation of many specific to general ILP systems, e.g., Golem [16], Clint 
[2], ITVS [22] applied on ILP. 
Plotkin has also given a procedure to compute the lg9~) of two clauses: the 
lggv of the terms/(s,,. . . ,  s,) ~nd/(t , , . . . ,  t,) is/(lggv(sl, ~1),...,  lggv(s~, ~)). 
The lggT) of the terms f ( s l , . . . ,  s,,) and g( t ] , . . . ,  t,,), with f # g, is the vari- 
able v, where v represents this pair of terms throughout. The lggz~ of two 
atoms p(s l , . . . ,  s,~) and P(~I,. . . ,  ~,~) is p(lggv(sl, Q) , . . . ,  lggz~(s,~, t,~)), the 
lgg~ being undefined when the sign or the predicate symbols are unequal. 
Finally, the lgg~ of two clauses Dt and D2 is then 

V V 

For example, the Igqp of f.aSher(.~om, ann) V -1 paren~,($om, ann) V -~ male(~om) 
v ~ female(ann) and fathe~(jef, paul) V ~ pa~ent(je/,pauO V ~ male(jef) V 
male(paul) is father(X, Y) V -~ parent(X, Y) V -~ male(X) V ~ male(Z). The 
equivalent reduced clause is father(X, Y) V -1 parent(X, Y) V -~ male(X). 

Inf ini te  Ascending  Chains.  There exist infinite strictly ascending chains in 
the above lattice, e.g., 
h(X~) V -1 p(X~, X~) 
h(X~) v ~ p(X~, X~) v ~ p(X~, X~) 
h(Xl)  v ~ p(X,,  X~) v ~ p(X~, X~) v ~ p(X~, X~) 
, , ,  

Inf ini te  Descend ing  Chains.  There also exist infinite strictly descending chains 
in the lattice, e.g., 
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h(xl )  v ~ p(x~, x~) v ~ p(x~, x~) 
h(Xl )  v --1 p(Xl  , x2  ) v --1 p(x2,  x3  ) v --1 p(x3 , x4  ) v .-~ p(x4,  x 1 )  
h (Xl )  v -~ p(Xl ,  x~)  v -~ p(X~,X3)  v ~ p(x3,  x 4 )  v -~ p(x4,  x ~ )  v -~ 
p(xs ,  X6) v -~ p(x6,  ZT) v -~ p(XT, x s )  v -~ p(xs ,  x~)  

All clauses in both these infinite series 0-subsume the clause h(X) V -7 p(X,X) 
and are 0-subsumed by the clause h(X) V ~ p(X, Y). 

4 Structural matching 

In this section, we map Plotkin's notion of 8-subsumption onto productions. We 
will show that  the resulting structure is order-isomorphic to 8-subsumption on 
clauses. As a result the algorithms and results by Plotkin can be directly mapped 
to productions. 

De f in i t i on  6. A production C1 O-subsumes a production C2 if and only if there 
exists a substitution 8 such that  set(C1)O C_ set(C2). We will write Cl _~c C2 to 
denote that  C1 0-subsumes C2. 

For example, 3X, Y ( circle( X ) A red(X) A circle(Y) A large(Y)) 0-subsumes 
circle(a) A red(a) A large(a) with substitution O = {X/a, Y/a}. 

Vere employed a different notion of generalization. More specifically, accord- 
ing to Vere, a production C2 is more specific than a production C1 if there is 
an inverse substitution 8 -1 such that  set(C2)8 -1 C_ set(C1). An inverse sub- 
stitution maps terms at specified places onto more general terms (or variables). 
Within the inductive logic programming literature, it is well-known that  inverse 
substitutions are much harder to use and reason about than classical deductive 
substitutions [17]. 

A straightforward property of ~c,  which could be used as an alternative 
definition, is: 

L e m m a  7. Let C1 and C2 be two productions. Then, C1 ~c C2 if and only if 
Fc(cl) ~_v 7c(c2). 

Let us now show that 8-subsumption imposes a meaningful structure on C. 
This follows from : 

L e m m a  8. Let Cl and C2 be two productions. If  Ci -4v C~, then C2 ~ Cl. 

Proof. This will be proven as a special case of Lemma 14. [] 

In structural matching examples are ground (i.e.,variable free) productions. 
Ground productions closely correspond to logical interpretations (which can also 
be represented by a conjuction of true and false ground facts). When using 
examples that  are interpretations, Lemma 8 shows that  0-subsumption is doing 
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precisely what is expected: all interpretations that are a model for a production 
C~ (i.e., that are covered by C~.) are also a model for every production C1 that 
P-subsumes C2. Thus, 0-subsumption provides a genuine generality relation on 
C. 

It is straightforward to see that the structure imposed by 8-subsumption on 
C is exactly the same as that imposed on / ) .  This is because both productions 
and clauses are mapped to sets of literals when reasoning about 8-subsumption. 

Formally, we have: 

T h e o r e m 9 .  The ordered set (C,~r is order-isomorphic to the ordered se~ 
(9,-~). 
Proof:  We have to show that there is a one-to-one mapping from C to l)7 which is 
monotone. The mapping ~'c clearly is one-to-one. It is monotone because for any 
productions C1 and C2, C~ _c C2 if and only if 5cc(C1) _9  g:c(C~) (Lemma 7). 
[3 

As a consequence, all results proven by Plotkin and all algorithms on clauses 
apply to productions as well. For learning algorithms the most important results 
are concerned with reduced descriptions and least general generalisations. 

We do not provide detailed descriptions of the resulting algorithms as they 
are essentially the same as Plotkin's, due to the uniform set representation. 
However, we can now easily define lggc in terms of Igg~ and the mappings ~c 
and 5r~ because of Theorem 9. 

Corol la ry  l0.  Le~ C1 and C2 be two productions. Then, 

lggc(Cl, C2) -- Yz)(lggz~(J:c(C1), grc(C~.))). 

Let us also illustrate that the resulting structure on the search space solves 
some of the remaining problems with structural matching. 

Ezample 1. Consider the following descriptions of scenes (from [8]). 

c l  = circle(a) ^ red(a) ^ Zarge(a) 
C2 = circle(b) ^ circle(c) ^ red(b) A green(c) ^ small(b) ^ large(c) 

a~ = 3 x ( c i r c l e ( X )  ^ red(X))  
a,. = aX(c i rc le (X)  ^ large(X))  
C = 3X, r (~rc le (X)  ^ large(X) ^ circle(r) ^ red(Y)) 

Hayes-Roth and McDermott's algorithm would return both G1 and G2 as ma~x- 
imaily specific generalisations of C1 and C2. As a consequence, their system has 
to explore two different paths through the search space. Similar problems exist 
for the framework of Steven Vere [23]. In contrast, according to our notion of gen- 
erality G is the unique least general generalisation of 6'1 and C2. Furthermore, 
G is reduced. 

Another problem solved adopting the ordered set (C, ~c) is that it enables 
to handle function symbols. 
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5 R e l a t i v e  0 - s u b s u m p t i o n  

Plotkin [20] extended the notion of 0-subsumption to 0-subsumption relative to 
a theory (i.e., a finite set of clauses). 

D e f i n i t i o n l l .  A clause D1 P-subsumes a clause D2 relative to a theory T, 
denoted D1 ___V,T D2, if and only if there exists a C-derivation of a clause R 
from D1 and T such that  R _ 9  D2. 

A C-derivation of R from D1 and T is a resolution derivation of R from D1 
and T in which the clause D1 is used exactly once. Our definition slightly differs 
from Plotkin's definition; in Plotkin's definition a resolution derivation is a C- 
derivation if and only if the clause D1 is used at most once. Hence, our notion of 
relative 0-subsumption differs from Plotkin's w.r.t, clauses that  logically follow 
from the theory only. With our definition a clause is a lggo of a set of clauses 
if and only if it is a rlggv of this set of clauses w.r.t, the empty theory. This is 
not the case with Plotkin's definition. However, the difference between the two 
definitions is not important since clauses that  follow from the theory only are 
usually not considered in inductive learning. 

Note that if a clause D1 P-subsumes a clause D2, then it also P-subsumes D2 
w.r.t, a theory T, by choosing R = D1. 

De f in i t i on  12. A clause G is a relative generalisation of a set of clauses S = 
{D1 , . . . ,  D,~} w.r.t, a theory T if and only if, for every 1 < i < n, G ___v,T 
Di. A relative generalisation G of a set of clauses S w.r.t, a theory T is a 
relative least general generalisation (rlggv,T) of S if and only if, for every relative 
generalisation G ~ of S, G ~ ___o,:r G. 

The idea of relative O-subsumption is that  one can take into account a back- 
ground theory when learning. Relative O-subsumption has similar properties as 
0-subsumption. 

I m p l i c a t i o n .  If a clause D1 P-subsumes a clause D2 relative to a theory T, then 

This property shows that  relative 0-subsumption imposes a meaningful struc- 
ture on 7) for ILP systems in the presence of a background theory. Indeed, 
typical ILP systems employ a set P of positive examples (represented by 
ground definite clauses) and a theory T, and aim at deriving a hypothesis H 
that  implies the clauses , i.e., T U H ~ P. Because of the implication prop- 
erty, the aim of ILP will be fulfilled when all clauses in P are P-subsumed 
by clauses in H relative to T. 

Equ iva lence ,  R e d u c t i o n  a n d  La t t i c e .  Because relative O-subsumption is di- 
rectly derived from 0-subsumption, the structure (7), ~V,T) is very similar to 
(7), ~V). Indeed, Plotkin [20] also defines notions of equivalence, reduction, 
and relative least general generalisation w.r.t, a theory T. Unfortunately: the 
theoretical results for generalisation relative to a theory are not as good as 
for generalisation without respect to a theory. In particular, in general there 
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does not exist an rlggz~,T of a set of clauses w.r.t, a theory. This is due to the 
fact that a clause by definition is a finite disjunction of literals, while a rel- 
ative least general generalisation may include an infinite number of literals. 
However, whenever there exists an rlgg~,T it is unique up to equivalence. 
The rlggTp,T of a set of definite clauses {D1,..., Dn} w.r.t, a theory T can 
be computed in the following way [15, 10] For each clause D~ (1 < i < n) 
collect all ground unit clauses that are derivable from T and the complement 
D~ of Di, and construct a clause D~ that is the complement of this set of 
unit clauses. Then the rlgg~,T of {D1, . . . ,  D,~} w.r.t. T can be found by 
computing the lgg~ of {D~, . . . ,  D~}. 

6 R e l a t i v e  S t r u c t u r a l  M a t c h i n g  

Kodratoff and Ganascia [6], and Vrain [26] have all given definitions of struc- 
turally matching two productions in the presence of background knowledge, 
thereby building on Vere's original framework. However, similarly as Vere's origi- 
nal framework, these techniques suffer from a number of problems, which include 
the fact that there may be multiple relative most specific generalisations, and 
difficulties in handling functors. The question thus arises as to whether it is 
possible to map Plotkin's structure of relative 0-subsumptions onto the set of 
productions. 

One way to define relative subsumption for productions would be to map 
Plotkin's definition directly onto productions. As this would involve modify- 
ing the proof-procedure, this would be rather complicated. Therefore, we will 
rather upgrade the alternative definition of O-subsumption for production given 
in Lemma 7. This results in the following definition : 

Def ini t ion 13. A production C1 0-subsumes a production C2 relative to a the- 
ory T, denoted C~ ~c,a" C2, if and only if l:c(C~) ___9,T ~'c(C2). 

First note that in this definition T is also a clausal theory. Second, if T is empty, 
this definition again reduces to 0-subsumption for productions. 

Let us again show that this structure is meaningful for concept-learning when 
using interpretations or ground productions as examples and a clausal back- 
ground theory: 

L e m m a  14. Let Cl and Cz be produdions and T a $heory. If C1 "4C,T C2 then 
T A C1 ~ C2. 

Proof. Cl ~_c,r C2 iff 
�9 Tc(C1) ~_V,T .To(C2) only if (because of the relation of ___v,~" to implication) 
7" A .~c(CI) ~ }'e(C2) only if 
T A ~.Tc(Cz) ~ -~.Tc(C~) only if 
T A C2 D C1 (because -~lCc(C) = C for all productions C). [] 

This lemma reduces to Lemma 8 when T is empty. 
Again it is straightforward to show that 
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T h e o r e m  15. (C, ~_C,T) r (~, "~T~,T) are order-isomorphic for all theories T. 

And again this allows us to compute the rlggc, whose definition is analogous, 
using rl999. 

Corol lary  16. Let C1 and C~. be two productions and T a theory. Then 

rlggc,T(Cl, C2) = 

This also means that the rlggc,T inherits all the properties of the dual 
rlgg~,~,. Using this operation again solves many of the problems with the oper- 
ations proposed by Vere [23, 24], Kodratoff and Ganascia [6] and Vrain [26], in 
particular, uniqueness, use of functors and also handling inequalities. To handle 
inequalities, it suffices to add the clauses different(a, b) and different(a, c), etc. 
for all different combinations of known constants to the theory. 

To illustrate the use of background knowledge we take the following exam- 
ple of Kodratoff and Ganascia [6]. The example also illustrates that the use of 
functors is possible. 

Example 2. Consider 
Vl = red(a) ^ red(b) ^ shape(b, square), and 
C2 = red(c) A shape(d, square)~ 

The background knowledge T contains the "color hierarchy": 
color(X, red) V -~ red(X). 
color(X, green) v -~ 9teen(X). 
color(X, yellow) V -~ yellow(X). 

Also known is the fact that each object has a color. Kodratoff and Ganascia 
express this as: VX3Y : color(X, Y). In clausal form we can make use ofa Skolem 
functor col~l, and express this as the clause color(X, col(X)) in T. 

Finally T contains the above mentioned clauses that express that different 
constants represent different objects. 

The production red(X) A red(Y) A square(Z) A different(X, Z) is an lggc 
of the two productions C1 and C2. The "reduced" form of this production is: 
G1 = red(X) A square(Z) A digerent(X, Z). 

The production red(X) A red(Y) A square(Z) A differen~ X, Z) Acolor( U, V) A 
color(W, Z) is an rlggc,T of C1 and C2 with respect to the given background 
knowledge. The "reduced" form of this production w.r.t. 6-subsumption is: G2 = 
red(X) ^ square(Z) ^ digerent( X, Z) ^ color(W, Z). 

Kodratoff and Ganascia obtain GI and G2 by structurally matching C1 and 
C2 in two different ways. Whereas they call these two possible generalisations 
between which one cannot choose "because they have an equal number of vari- 
ables", the relationship of structural matching with Plotkin's work reveals that 
G1 subsumes G2 w.r.t. 0-subsumption. This means that G2 is a more specific 
generalisation, which could therefore be preferred over G1. 
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Note that ,  unlike in structural matching, this has the advantage that  no 
further heuristics (e.g., the counting of variables) is needed, since the relative 
least general generalisation is unique modulo reduction. Furthermore, whereas 
structural matching explicitly records all variable bindings and controls the in- 
troduction of new variables heuristically, Plotkin's algorithm deals with all these 
problems in a uniform way. 

7 Conclusion 

We have shown the order-isomorphisms between Plotkin's framework and the 
framework of structural matching. This isomorphism implies that  the results 
obtained in one framework can be transferred to the other. This in turn leads to 
an improved structure on the space of productions for use in concept-learning. 

Finally, we hope that  this work will stimulate further cross-fertilization be- 
tween structural matching and ILP. Some challenging remaining research issues 
include: can we adapt  rlgg based ILP systems, such as Muggleton and Feng's 
Golem for use in structural matching? 
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