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A b s t r a c t . A number of techniques have been developed for the polygonization of
implicit surfaces or isosurfaces. Two approaches for generating polyhedral approximations of implicit models are presented. The first method produces finite element meshes.
The second algorithm is based on a P1 (linear) surface approximation from volumetric datasets. Applications examples of discrete constructive solid geometry objects are
given.
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Introduction

This paper is concerned with the polyhedrization of implicit objects. Implicit surfaces
and volumes arise frequently in CAD applications. Typically, they are the result of
Constructive Solid Geometry (CSG) operations, and complex geometries can be defined
in terms of boolean operations. On the other hand, the availability of fast, accurate
scanning devices provide sampled volumetric d a t a for applications such as medicine
and engineering. In this context, the problem of isosurface extraction is closely related
to the general implicit surface reconstruction problem.

Problem

statement

Recent years have witnessed an increasing interest in the use of implicit functions for
defining geometric objects in the field of Computer-aided geometric design (CAGD).
They are called "implicit" because they represents subsets of E s that are not specified
explicitely by their boundaries or parametrizations. An implicit algebraic surface is
given by [9]
aijkx y z = 0

(1)

i,j,k

where f is a polynomial in x, y and z and aijh are numbers. The surface consists of
all real or complex points (x, y, z) that satisfy the equation. A geometric object is
considered as a closed subset of E s with the defmition f ( x , y, z) >_ 0 and called a solid.
The boundary of such an object is a so-called implicit surface. The defining function f
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may be defined procedurally, i.e. encoded by an algorithm that returns some (usually
heuristically obtained) value or approximated by data sets. There is a classification of
points in E a with respect to the solid, if P = (x, y, z) is a point of E 3, then

f(P) > 0
f(P) = 0
f(P) < 0

if P is inside the object;
if P is on the boundary;
if P is outside.

(2)

Several algorithms of polygonization of implicitly defined surfaces or isosurfaces of
trivariate functions have been proposed. Similar algorithms were introduced for extracting polygonal surfaces from volumetric data sets, which, in fact, use tabulated
functions of three variables. No preliminary information about the topology of the
object is required and only cartesian coordinates of points are used in the reconstruction. The topology of an implicit surface refers to the number of disjoint components
together with the genus (number of holes) of each component. Thus, a topologically
correct polygonization must share the same number of components, each component
having the same genus, as its corresponding component in the original surface [26].
We were led to consider the general surface reconstruction problem stated above by a
number of application areas in science and engineering, including finite element modeling, that require interpolation or smoothing of large arrays of scattered points of
a surface. The main sources of such data are physical measurements taken by noninvasive sensing and scanning devices. The generation of a finite element mesh is the
main bottleneck in the finite element modeling process. Conventional approaches require a continuous analytic solid model, rather than a discrete solid model. A leading
technique for constructing isosurfaces from sampled data is to consider cells with sampie points as comer and to approximate the surface location between data points by
polygons. However, this technique leads to an excessively large number of polygons to
represent an isosurface.
This paper presents a general-purpose volumetric method for generating tetrahedral
meshes from scattered data, which combines a divide-and-conquer isosurface tracking
and tetrahedral element generation. The proposed algorithm uses adaptive downsampling (octree) as a way to reduce the number of mesh elements. After describing this
method, we introduce a new technique for generating triangular-quadrilateral isosurface meshes. Results from different modeling applications illustrate the strength of the
algorithms. As the title of the paper suggests, we are primarily concerned with creating
geometrically accurate meshes to be used in firtite element simulations. Therefore, we
review briefly the different classes of methods capable of tessellating sampled data.

Related

work

In comparison with the literature on parametric surfaces, there are relatively few works
on implicitely defined surfaces. Half spaces defined by algebraic inequalities are commonly used as primitives in CSG [19]. Ricci [20] presented a general approach to the
definition of complex objects from simpler ones using constructive geometry. Wyvill
et al. [29] described an approach for modeling, visualizing and animating so-called soft
objects, defined as a level surface of a set of given field functions. Bloomenthal [2] discussed a numerical technique for constructing an adaptive polygonization of an implicit
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function using octree-based space partitioning. Lorensen and Cline [11] described an
algorithm (Marching Cubes,MC) for constructing a polygonal representation of a constant density surface using voxels and numerous algorithms for guaranteeing topological correctness of the polygonization of isosurface have been proposed (Matveyev [12],
Wilhelms and Van Gelder [28], Stander and Hart [26]). Models deformations and displacement maps (Sclaroff and Pentland [23]), as wen as polynomial functions (Bajaj
et al [1]) have also been applied for solving the surface reconstruction problem. Thus,
function representation is widely used in geometric modeling and computer graphics in
several forms. However, most methods expect the surface to be regular, because they
rely on the partioning algorithm that can always be made small enough to yield to an
unambiguous intersection with the surface. Frey et al. [6] introduced a finite element
mesh generation algorithm suitable for objects based on sampled data. This technique
extracts a closed, consistent and continuous polyhedral isosurface from the sampled
d a t a by processing the boundary voxels only.
The motivation of our work is to develop an automatic tetrahedral mesh generation
algorithm dealing with discrete objects. The main objective is to control the accuracy
of the polyhedral approximation of the geometric model, in particular, the surface mesh
adequacy to finite elements requirements [7].

Outline
This paper is organized as follows. In the second section a short review of the background material for implicit objects definition and voxels representation is given along
with numerical algorithms. The third section provides the details of the voxel-based
mesh generation technique. The fourth section introduces the Texel algorithm for accurate isosurface approximation and provides information about the possible extension
to tetrahedral mesh generation. Future works are mentioned in the last section.

2

A discrete constructive solid g e o m e t r y

This section provides a brief summary of geometric concepts of an implicit functionbased modeling environment. In principle, an implicit surface is the zero-set of a valued
function, which can be either a polynomial, a transcendental or a procedurally defined
function. The only requirement for this function to obtain continuous surfaces is to be
continuous. A polygonal approximation can be derived from the implicit surface which
can be computed effciently using adaptive subdivision techniques. Thus, complicated
surfaces can be studied without the need to solve the implicit function. The transformations of the function representation associated with operations on an object are
reviewed in this section.

2.1

Set-theoretic

operations

Many interesting properties of R-functions have been studied by Rvachev for solving
problems of mathematical physics in areas of complex shapes [21]. He defined how to
transform operations on areas described by equation (2) to operations on R-functions.

118

Thus, one of the possible analytical descriptions of the R-functions
section is

flAA-

1+c~

flvA-

l+a

fl+f2+

(f~+f~-2aflf2)

where fl and f2 are defining functions of initial objects and a =
continuous function satisfying the following conditions

union and inter-

(3)

a(f,, f2) is an arbitrary

- t < a'(f~, f,.) _< t ,

~(f,, k ) = ~(f~, f,) = ~ ( - f , , :~) = ~(fl, -f~)
The expression for the subtraction operation is f~\f2 = fl A (--f2). Notice that with
this definition, the resulting object includes its boundary. If a = 1 equations (3) become
(cf. Ricci [20])
fl A h = min(fa, h )
f, V f2 = m a x ( k ,

f2)-

(4)

A major drawback of this description is that the equations (3) have C 1 discontinuity
when fl = f2. A most useful form providing C m continuity uses the following set of
R-functions:

f, Af2=-(fl+f2--

~12

2
2 +f~)2
2 ~
+f~)(fl

f, Vf2-=(flq-f2+

~1

2
2
2 m
+f~)(f,
q_fg)2

(5)

Note that R-functions can be used to describe geometric primitives. Pasko et al. [17]
described transformations of a defining real. function for set-theoretic operations, blending, offsetting, bijective mapping, projection, cartesian products and metamorphosis,
along with inclusion, point membership and intersection relations.

2.2

desk-objects

As explained in the previous section, geometric objects can be given by their defining
functions. Pasko et al. [17] described a high-level geometric language that can extend
the interactive modeling system based on function representation notion. Here, we
give an example of an application of geometric modeling to construct so-called dcs~objects. Figure 1 shows the polygonization of a discrete sphere truncated by a unit
cube, sampled using a 32 x 32 • 32 grid. Figure 3 illustrates the combination of dcsgprimitives (cylinders, spheres) to form a more complex desk-object. A simple isosurface
approximation is shown on figure 4; the sampling used a 20 x 20 x 20 grid.
In this section, we have explained how geometric models can be defined with defining
functions. In the next section, we will describe two mesh generation methods based on
implicit function representation.
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F i g . 1. truncated dcs6-sphere

F i g . 2. desk-object

F i g . 3. desk-model: union of cylinders

F i g . 4.
implicit
surface
f(x, y, z) = z - 3 sin(2x) cos(2y)

and sphere
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3

Voxel-based tetrahedralization

The basic idea of all methods for creating a polyhedral approximation of an object is
an appropriate subdivision of the relevant space. Polygonization algorithms typically
query the implicit surface through spatial sampling. The space is subdivided into small
cells, each of which yields a piece of the desired approximation [22]. The combination
of these cells provides the approximation of the whole object. In the case of voxel-based
objects, the basic cell is a hexahedron. The decision of whether a voxel is intersected
by the surface can be established by looking at the function values f(P) at the eight
vertices of the hexahedron. The surface intersects the voxel if not all signs of these values
are equal. The coordinates of the points of voxel edges intersecting the isosurface are
computed using a linear interpolation.

3.1

Voxel Mesh

Generation

The voxel-based mesh algorithm (12.MA) uses an iterative procedure to create tetrahedral elements in each voxel of the dcso-solid representation. A two-steps approach
is required to mesh the model. First, the voxels are analyzed and intersection points
are computed. Then, tetrahedral elements are created. During the subdivision process,
three types of voxels can be found:
- those disjunct from the dcs6-solid;
- those intersecting the boundary of the desk-solid ;
- those containing a piece of the dca~-solid (eight voxel vertices satisfying the defining function).
These voxels are classified as O (outside), B (boundary), or g (interior), respectively.
From the above definition, it appears that 28 = 256 configurations can be encountered during the subdivision procedure. However, in virtue of topological invariability
through symmetry and rotation, there are only a few possible cases of intersection of
the solid and a voxel [6]. This observation leads to implement a minimal set of patterns
providing the tetrahedralization of a given voxel. Numerically, the voxel identification
can be based on vertex numbering using a binary coding [11].
Although the principle stated before appears to be suitable for finite element mesh
generation, in particular the mesh conformity is ensured, it can lead to erroneous
topology and possible holes in the domain as a result of the incorrect voxel truncature.
A simple solution to the bubble problem has been proposed by Frey et al. [6]. The voxel
approach is obviously well-suited for meshing the space surrounding a dcso-object.
123r algorithm can also extract a closed surface from the volumetric d a t a by looking
at the/3 voxels. The resulting triangular mesh is a regular surface of class C 2, with no
holes.
Uniform partitioning, such as FAd,A, has the advantage of being easy to implement.
Two fundamental drawbacks, however, are that an excessively large number of tetrahedra is produced and no mesh gradation can be achieved. This problem is compounded
by the algorithm itself, since each mesh face lies within a single voxel. In order to make
the process of meshing a desk-model more efficient, adaptive downsampling and space
partitioning (based on an octree) are used as a way to reduce the number of mesh
elements.
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3.2

Adaptive

partitioning

The octree-based mesh generation method involves three steps. The first step is surface
tracking, which is the application of the 12AdA to the dataset. The result of this step
is stored in an octree data structure. The depth of the octree is determined from
the largest dimension lm~x of the dataset as log(Iron=). During this process, all voxels
marked 5.r and B are identified and stored as leaf nodes. At any level of the octree,
the algorithm attempts to replace eight child octants with a single parent octant,
level by level from bottom to top. The second step consists in patching the octree.
Patching strategy is achieved by traversing the octree in a breadth-first manner and
forces octants that share one edge to have no more than one level difference. The onelevel difference rule is commonly used in octree-based meshing procedures to control
mesh gradations and element aspect ratios. The third step of the procedure is the
creation of the tetrahedral elements that make up the mesh.
The octree is a convenient technique for adaptively storing information about the dcs6model. As outlined by Bloomenthal [2], the partitioning space provides a framework for
connecting surface points into a polyhedral representation. Moreover, the application
of octree technique to unstructured mesh generation has nearly a decade history [24].

3.3

Application

examples

In this section, an example of a polygonized object using the above methods is explored,
and several characteristics of the methods are illustrated. These methods ae indifferent
to the topology of the dcsg-objeet. Given an implicit surface that is continuous and
closed, Euler's formula can be used to compute the genus of the surface. Figure 5
shows the mesh of a dcsa-object obtained using 123/l,4. Figure 6 shows the polyhedral
representation of the same model using the oetree-based method. This mesh consists
of 32228 tetrahedral elements and has been generated in less than 2 seconds of CPU
time (HP 735/99Mhz).

F i g . 5. Voxel-based mesh

F i g . 6. Octree-based mesh
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The examples presented so far were related to dcsa-objects. The authors tried the
algorithm on biomedical surfaces defined from from computer tomography imaging
(CTI) and magnetic resonance imaging (MRI) data sets, leading to meshes with more
than one million elements.
In numerical simulations and geometric modeling the goal is to find an optimal piecewise planar approximation of the original surface so that the maximal distance between
the original and the approximating surface does not exceed a given tolerance. In the
context of the finite element methods, the quality of the geometric approximation is
of significant importance because of its effect on the accuracy of the numerical solutions and the convergence of the computation scheme. Therefore, we propose a new
algorithm for isosurface approximation, which ensures a P1 approximation of the given
surface.

4

Texel algorithm

In this section, we introduce a new method for isosurface approximation, resulting in
mixed (triangular-quadrilateral) meshes. In order to obtain a pure triangular mesh, we
will also propose a solution to split a quadrilateral mesh face into two triangles, with
respect to geometric criteria [7]. The main purpose of this approach is to overcome the
problem of ambiguity over the faces arising in MC-like algorithms and to offer a more
accurate surface approximation ( P l - t y p e , linear) with improved efficiency (in terms of
CPU time). The method present some similarities with the surface mapping function
described by Payne and Toga [18].
The method consists in considering a tetrahedral voxel partition which will be used for
finear interpolation. Similar to MC approach, the voxels are analyzed and a tracking
algorithm determines the isosurface intersection with each tetrahedral cell This results
in only two types of surface patterns, triangles and quadrilaterals. Mesh conformity is
automatically ensured and the problem of ambiguity is not encountered due to the
tetrahedral partitioning space. By nature, this method provides P1 interpolation for
isosurface approximation which has proven to be more reliable than the conventional
MC procedure [8].
Figure 7 shows an isosurface approximation with the texel algorithm. The analytic
surface is defined by
f(x,

v, z)

=

z -

z 2 -

zy.

The isosurface reconstruction produced 2570 vertices and 3761 in 0.89 second (including
the IO on a HP 735/99). Figure 8 represents the subtraction of a cylinder from a sphere
with respect to a 32 x 32 x 32 grid. The isosurface polygonal representation, obtained
in 3 seconds, contains 7532 vertices and 11624 faces (8660 triangles).
This algorithm is also well suited for tetrahedral mesh generation of implicitly defined
objects. Indeed, each intersected tetrahedral cell is triangulated with respect to the
isosurface intersection, in such a way as to ensure the mesh conformity with the neighbouring cells [3]. A significant drawback of this method is that, compared to MC-like
algorithms, the resulting meshes have more vertices. Thus, the issue of the decimation
of large meshes is of utmost importance in the context of numerical simulations.
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F i g . 7. isosurface

F i g . 8. extrusion of a dcs~-sphere
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F i g . 9. desk-model: partial zoom

5

F i g . 10. dcsg-sphere: partial zoom

F u t u r e work

We have presented two algorithms for generating a polyhedral mesh from a given implicitly defined model. The implicit definition of geometric objects offers numerous advantages, in particular an abstraction level higher than those of others representations.
Moreover, objects defined in spaces of various dimensions are uniformly represented.
The ability to derive a polyhedral representation from an implicitly defined model has
numerous consequences for the modeling process. One main interest is that the method
isolates the polyhedral representation from the complexities of the model. With this
approach complex shapes can be easily defined.
The proposed algorithms may be supplemented or improved in many ways. A number
of issues await further investigation. For instance, the octree has proven a convenient
mechanism for adaptively storing information about the smfface and its partitioning
space is a clever framework for the connectivity of the polygonal approximation. Oetree will probably lead to significant improvements in performance and efficiency for
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tetrahedral reconstruction. In particular, the texel algorithm shall use an octree representation during the tetrahedralization step. This topic needs to be explored in order
to produce meshes suitable for finite element methods.
With the current surface approximation algorithms, often thousands or millions of
primitives are required to capture the details of complex models. Consequently, applications need algorithms that use local operations on geometry and topology to reduce
the number of triangles in the meshes. These decimation techniques guarantee that a
simplified mesh approximates the original mesh to within a prespecified tolerance. We
are currently working on a decimation algorithm that uses geometric criteria to control
the removal of mesh features.
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