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Abs t r ac t .  In this paper, we consider the problems of multipacket batch 
and balanced routing on d-dimensional (constant d > 2) torus and mesh- 
connected processor arrays. We present new "hot-potato" routing algorithms 
which achieve the best known average-case and worst-case time bounds for 
both problems on all such networks. In particular, our results include the 
following: 

1. Algorithms that route almost all batch routing problems where each node 
is the source of at most [d/2J - 1 packets in dn/2 + O(log ~ n) time steps 
on the d-dimensional nS-node torus and in dn + O(Iog 2 n) time steps on 
the d-dimensional aS-node mesh. 

2. Randomized algorithms that route any routing problem where each node 
is the source and destination of at most [d/2J - 1  packets in dn + O(log 2 n) 
time steps on the d-dimensional ha-node torus and in 2dn + O(log 2 n) 
time steps on the d-dimensional r,d-node mesh, with high probability. 

To achieve these bounds we introduce a number of novel techniques for con- 
structing routing schemes for processor arrays. 

1 I n t r o d u c t i o n  

A number  of researchers [1, 2, 3, 4, 5, 6, 7, 8, 9, t0, 12] have suggested algorithms 
for routing packets in a network with the property that  on each step, each node 
in the network sends all of the packets it received on the previous step along one 
of  its outgoing edges (with at most one packet leaving per edge). Such schemes are 
generally referred to as hot-potato or deflection routing schemes since the packets are 
always moving (i.e., they are treated as "hot-potatoes")  and if two packets conflict 
for the use of an edge one of them may be "deflected" to a node further from its 
destination. They have the distinct advantage over tradit ional store-and-forward 
packet routing algorithms, that  use buffers to store packets between time steps, of 
requiring only one buffer per incoming edge. If  the choice of which edge to send 
the incoming packets out is a simple one, then the resulting algorithm is easy to 
implement with minimal time between routing steps. 

While the apparent advantages of hot-pota to  algorithms have been borne out by 
numerous simulation studies [i, 6, 7, 10, 13], exact analysis of their behavior (i.e., 
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without any independence assumptions) has proven to be difficult. Hajek [8] showed 
that for a natural algorithm on the N-node hypercube, k packets with worst-case 
destinations are delivered in 2k + log N time steps. An algorithm for the hypercube 
suggested by Borodin and Hopcroft [4] was shown by Prager [13] to terminate in 
O(log N) steps on a special class of permutations. Feige and Raghavan [5] were the 
first to present an exact analysis of the average-case and worst-case behavior of 
hot-potato algorithms for two- and three-dimensional tori. Feige and Raghavan also 
showed that a straightforward algorithm for the hypercube terminates in O(log N) 
steps on average. Newman and Schuster [12] analyse the worst-case behavior of 
deterministic hot-potato algorithms for d-dimensional meshes (d > 2) and for the 
hypercube. 

The model we use is the same as that in [5]. A network is modelled as a directed 
graph where the nodes are processors and the unidirectional edges are communi- 
cation links between processors. The routing is performed in discrete, synchronous 
time steps. We only consider deflection networks where the out-degree of each node 
is greater or equal to its in-degree and the digraph is strongly connected. During 
each step, a processor receives zero or one packet along each incoming edge and must 
send all the packets it received out along outgoing edges with at most one packet 
leaving per outgoing edge. Note that no buffers are required to hold the packets 
between time steps (except possibly at the source or destination nodes). 

In the k-batch routing problem all processors generate k packets simultaneously 
with arbitrary destinations. We assume that k is less than or equal to the outdegree 
of the nodes. The k - k routing problem is a special case of the k-batch routing 
problem where each node is the destination of k packets. The time required to route 
a given routing problem is the maximum over all packets of the number of time steps 
required to deliver each packet. 

In this paper, we present new hot-potato routing algorithms for the d-dimen- 
sional rid-node torus and for the d-dimensional rid-node mesh, for any constant d. 
We give algorithms that route almost all ([d/2J - 1)-batch routing problems in 
dn /2  + O(log 2 n) time steps on the d-dimensional torus and in dn + O(log 2 n) time 
steps on the d-dimensional mesh. (By "for almost all" we mean all but a 1In c fraction 
for some c > 1.) Note that these algorithms are optimal in the sense that for almost 
all batch routing problems there is a packet that is, initially, dn/2  - o(n) distance 
from its destination on the torus and dn - o(n) distance from its destination on the 
mesh. Our bounds are the best known for all d _> 6 and can be easily adjusted to 
match the bounds known for d < 6. Kaklamanis, Krizanc and Rao [9] gave algorithms 
that route almost all 1-batch routing problems in dn/2  + O(log 2 n) time steps on the 
d-dimensional torus and in dn § O(log 2 n) time steps on the d-dlmensional mesh, 
for any constant d. Recently, Meyer auf der' Heide and Westermann [11] presented 
an algorithm that routes almost all d/88-batch routing problems in dn + O(d 3 log n) 
steps, for any d = O(nC), with 0 < e < 1/2. The results of Ben-Dot, Halevi and 
Schuster [3] imply a simple greedy algorithm can perform a d-batch routing problem 
in O(n d) steps on a d-dimensional mesh in the worst-case, but no bounds on the 
average-case are given. 

Combining the above average-case algorithms with well-known randomized rout- 
ing techniques [14] we give randomized algorithms that route every ([d/2J - 1) - 
( [ d / 2 J  - 1) routing problem on a d-dimensional torus in dn + O(log 2 n) time steps 
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and on a d-dimensional mesh in 2dn + O(tog 2 n) time steps, with high probability. 
(By "with high probability" we mean with probability 1 - 1/n c for some c _ 1.) 
Again, these are the best known bounds for all d >_ 6 and the only bounds we are 
aware of for worst-case multipacket routing on multidimensional tori and meshes. 
Kaklamanis, Krizanc and Rao [9] give algorithms which solve any i - 1 routing prob- 
lem on a d-dimensional torus in dn + O(log 2 n) time steps and on a d-dimensional 
mesh in 2dn + O(log ~ n) time steps, with high probability. 

All of our Mgorithms have the same general structure: Packets are divided into 
groups which are routed in parallel in disjoint subtori along paths that  closely ap- 
proximate their natural greedy paths. Small cycles (or "snakes") that pass through 
all of the nodes in small regions of the subtori are used to facilitate moving from one 
dimension to another. Informally, the snakes are being used as a storage mechanism 
at the turns of a packet's greedy path. 

It is possible for a deflection routing algorithm on certain inputs to route a set 
of packets in such a manner that they mutually deflect each other in an infinite loop 
from which they never recover. This situation is referred to as firelock. All of the 
above algorithms are constructed so as to guarantee they are free from livelock. The 
proof of this assertion is straightforward and is not presented in this paper. 

In the next section we present in detail our algorithm for the average-case mul- 
tipacket batch routing problem on the d-dimensional torus. This is followed by a 
discussion of how it can be extended to perform average-case multipacket batch 
routing on the d-dimensional mesh, and worst-case ([d/2J - 1) - ([d/2J - 1) routing 
on the d-dimensional torus and mesh. 

2 M u l t i p a c k e t  R o u t i n g  o n  t h e  d - D i m e n s i o n a l  T o r u s  

In this section we prove our main result: 

Theorem 1. For any constant d > 4, there exists a hot-potato routing algorithm 
which routes almost all ([d/2J - 1)-batch routing problems on the d-dimensional 
torus in dn/2 + O(log 2 n) steps. 

The proof of the theorem follows easily from the following lemma which shows 
how a set of packets can "fix" one of their dimensions using only edges in two 
dimensions of the torus. A packet is said to be oscillating in a dimension x if it is 
moving back and forth along the same edge in the x dimension on successive time 

steps. 

L e m m a  2. Consider a two-dimensional subtorus of a d-dimensional torus consisting 
of nodes in the xy plane. Assume ( 1 - e )n  packets are oscillating on edges in each row 
of the z dimension of the torus with the exception of every (c log n)th row (c satisfying 
the probabilistic conditions below). Assume further that each packet is within c log n 
distance of its original x-coordinate in a given batch routing problem. Then, there 
exists a hot-potato routing algorithm using only edges in the x and y dimensions of 
the torus which for almost all batch routing problems routes each packet to its final 
destination in the x dimension and within clogn of its original position in the y 
dimension with the exception of packets destined for every (c log n)th column. At the 
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end of the routing the packets are oscillating in the y dimension. For a randomly 
chosen batch routing problem, the algorithm performs this task in n/2 + O(log 2 n) 
steps, with high probability. 

Proof: We first divide the n x n torus into n/c log n vertical strips that consist 
of c log n columns each. Each strip is subdivided into blocks that consist of c log n 
rows each, i.e., blocks of size clogn • clogn. 

In each block, for the purposes of the routing, we construct two edge disjoint 
directed cycles that  visit every node in the block. In particular the first cycle, referred 
to as the xy "snake" below, goes through the nodes in column-major snake-like order 
"starting" at the top-left node in the block and then moving alternately down along 
odd columns and up along even columns until it reaches the top right node in the 
block (assuming c log n is even) and then returning along the top row to the top left 
node of the block. The second cycle, referred to as the yx snake below, goes through 
the nodes in row-major snake-like order starting at the top-left node in the block and 
then moving alternately across odd rows and back along even rows until it reaches 
the bot tom left node in the block and then returning along the leftmost column to 
the top left node of the block. The "backbone" of each snake (i.e., the top row of zy 
snake and the leftmost column of the yz snake) correspond to the unused rows and 
columns mentioned in the lemma. Note also that the backbone in one block overlaps 
with the last row or column of the snake corresponding to its neighboring block. 

We use the following algorithm to perform the above task: 

1. At a fixed time, all packets stop oscillating in dimension x and instead continue 
to move in the direction dictated by their last oscillation. Note that  this may 
not be on the shortest path towards the packer's destination in the z dimension. 

2. Packets not travelling on their shortest path at tempt  to switch directions on 
each step by either finding a packet moving in the opposite direction that  is also 
going in the "wrong" direction or by finding an empty position in the flow of 
packets moving in its desired direction. 

3. Once a packet reaches the block of processors containing its destination column 
in the z dimension, it at tempts to turn in the y dimension in the opposite 
direction of the flow of the xy snake in the block. It at tempts this turn at every 
column of the block. If it fails to turn at all columns in the block it becomes a 
low priority packet and is routed along arbitrary free edges so as to not interfere 
with the movement of the other packets. 

4. Once a packet has entered the zy snake it moves around the snake in the "wrong" 
direction until it finds an empty position in the flow of packets moving in the 
snake's direction and reverses its direction. 

5. After n /2  + 2(clogn) 2 steps from the beginning of the Mgorithm, all packets in 
zy snakes switch to moving in the yz snakes covering their same block. 

6. As a packet travelling in the yx snake passes its final z dimension column it 
a t tempts  to turn in the y dimension in either the positive or negative direction 
(with the exception of packets destined for the backbone of the snake). If it is 
successful it oscillates in the y dimension along the edge it turned into. If it fails 
to turn, it continues around the snake until the next position that intersects its 
final x dimension column and attempts to turn there. It continues in this manner 
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until it successfully turns into its destination column and is oscillating in the y 
dimension: 

The lemma is easily obtained from the following claims concerning the algorithm 
above. 

Cla im 1 For a random batch routing problem, all packets successfully execute step 2 
(i.e., start moving in the correct direction) within c log n steps, with high probability. 

Proof." For a random batch routing problem, for each packet, the probability 
that its final destination column is in the positive x direction is 1/2. It is easy to 
show, using Chernoff bounds, that with high probability in any segment of c log n 
at most (1 - e)(c log n) packets have destination columns in the positive x direction. 
Therefore any packet with a destination column in the positive x direction that 
begins travelling in the opposite direction will find an empty position in the flow of 
packets travelling in the positive direction within c log n steps, with high probability. 

[] 

Cla im 2 With high probability, for any block and any time window of length ( c log n ) 2, 
there are at most O(1) packets whose destination column is inside that block and that 
arrive during that time window. 

Proof: For a packet to enter a block during the time window [t,t + (clogn) 2] 
the distance between its origin and the block must be between t + (clogn) 2 and 
t - c log n (by claim 1). Thus for a particular block and for a particular time window 
there are O(log 3 n) packets that could enter the block and each has its destination in 
the block with probability c log n/n.  From this it is easy to show that at most O(1) 
packets arrive at the block during a particular time window, with high probability. 
Since there are O(n 2) blocks and O(n) time windows the claim holds, with high 

probability. [] 

C la im 3 With high probability, all packets that have successfully executed step 3, 
will successfully execute step ~ within (c log n) 2 steps. 

Proof: From Chernoff bounds we know that the number of packets with desti- 
nation column in a given block and origin row coinciding with the block is (1 - 
e) (c log n) ~ § o(log 2 n), with high probability. That  is, at any time there are at most 
this many packets travelling in the correct direction in the snake. Since the snake 
is (clogn) 2 nodes long, a packet travelling in the opposite direction must find an 
empty position in the flow of packets travelling in the correct direction. [:] 

C la im 4 With high probability, for any block and any time window of size (c log n) 2, 
any packet whose destination is inside the block and arrives at that block during that 
time window successfully completes step 3 within O(1) steps of arrival. 

Proof: The proof is by induction on successive time windows for some particular 
block. For the basis step consider a block and the packets that are destined for that 
block and arrive in the first (clogn) 2 time steps. With high probability there are 
at most O(1) such packets according to claim 2. Also there are at most another 
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O(1) such packets that arrive in the next time window. Now consider one of the 
packets arriving in the first time window. After it arrives at the block containing its 
destination, it starts trying to turn in the y dimension and thus enter the "wrong" 
direction of the snake. At each at tempt it fails if it encounters some other packet 
that  is also moving in the "wrong" direction of the snake. Such a packet must 
have of course arrived at the destination block before the moment of the encounter. 
Furthermore, since the attempts are made at successive columns of the snake, any 
consecutive failures must be due to distinct packets. Therefore, the packet can fail 
at most O(1) times due to packets that  arrive during the first (c log n) 2 time steps, 
and if these failures occur very close to time (clogn) 2, at most another O(1) times 
due to packets in the second time window. Thus it will successfully complete step 3 
within O(t) steps of its arrival at the block. 

Now let us assume that the claim is true for the first m time windows of size 
(clogn) 2. Then consider some packet that arrives at the destination block during 
the ( m +  1)th time window of size (e log n) 2. Because of the inductive hypothesis and 
claim 3 all other packets destined for the block that  arrived during the first m - 2 
t ime windows of size (clog n) 2 are already moving in the correct direction of the 
snake. Thus the packet can only conflict with other such packets that arrive during 
the (m - 1)th, the mth, the (m + 1)th (i.e. the current), or the (m + 2)th window 
of size (clog n) 2. According to claim 2 with high probability there are at most O(1) 
such packets and each one of them can be encountered only once. Therefore, every 
packet destined for the block that arrives during the (m + 1)th time window of size 
(e log n) ~ successfully completes step 3 within O(1) time steps with high probability. 

[] 

C l a i m  5 For a random batch routing problem, all packets successfully complete step 
6 within (c log n) 2 steps, with high probability. 

Proof" From the above claims, by n/2 + 2(clogn) 2 steps after the beginning of 
the algorithm, all packets are travelling in the correct direction in a xy snake in 
the block containing their destination column, with high probability. At this point, 
all the packets begin moving in a yz snake in the block. The yx snake crosses each 
column c log n times (with the exception of the first and last column of the snake) 
giving each packet 2c log n oppurtunities to turn in the y direction and begin their 
oscillation. By Chernoff bounds, there are at most e log n packets with a destination 
in a particular column and therefore each packet must find a free edge to turn into 
in one of its attempts, with high probability. This completes the proof of the claim 
and of the lemma, rq 

Sketch of Proof of Theorem 1: Randomlydistr ibute the [d/2J - 1 packets at each 
node to one of [d/2J different groups. The algorithm consists of d phases. In each 
phase, the algorithm of lemma 2 is applied to fix a single dimension of the packets 
in each of the groups using edge disjoint tori in parallel. During the first phase 
(numbered 0), packets in group i use the torus consisting of dimensions 2i and 2 i+  1 
to fi• their dimension 2i, i = 0, 1 . . . .  , [d/2J - 1. During the kth phase, they use the 
torus consisting of dimensions (2i + k) rood d and (2i - 1 + k) rood d to fix their 
dimension (2i + k) mod d. During the last phase, they use the torus consisting of 
dimensions (2i - 1) mod d and 2i rood d to fix their dimension (2i - 1) rood d. At 
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this point they are in a snake that  passes through their final destination and the 
routing is completed. 

Note that  for the lemma to apply we must be certain that (1) (1 - e)n packets 
are to be routed in each row during each application of the algorithm and (2) none 
of the packets to be routed have origins in a snake backbone row or a destination 
in a snake backbone column. For a randomly chosen batch routing problem, using 
Chernoff bounds one can show the number of packets being routed in any row during 
any application of the lemma is at most (1 - 2/d)n + o(n) = (1 - e)n, for an 
appropriately chosen e. To insure that no packets are routed in backbone rows or 
columns, any packet that would use such a column or row according to its random 
group assignment and the schedule above is routed along a shifted path reached using 
initial and final redistribution phases of O(log 2 n) steps each. Since the number of 
such packets is small, this can be done in such a way that  only o(n) packets are 
added to any group. 

By repeatedly applying the lemma, we get a hot-potato algorithm which routes 
almost all ([d/2J - 1)-batch routing problems in dn/2 + O(log 2 n) steps. 

As described above, the algorithm is not livelock-free. To make it livelock-free, 
route any packets that are unsuccessful at any stage of the algorithm along arbitrary 
free dimensions until time dn/2 + k log 2 n, for an appropriately chosen k, at which 
t ime these packets can be routed using one large snake encompassing all nodes of 
the toms.  t2 

Techniques similar to those used above and those in [14] can be used to show the 
following theorems. Proofs are ommitted due to space limitations. 

Theorem3 .  For any constant d > 4, there exists a hot.potato routing algorithm 
which routes almost all ([d/2J - 1)-batch routing problems on the d-dimensional 
mesh in dn + O(log 2 n) steps. 

[] 

Theorem d. For any constant d > 4, there exists a hot-potato routing algorithm 
which routes every ([d/2] - 1)-([d/2] - 1) routing problem on the d-dimensional 
torus in dn + O(log 2 n) steps, with high probability. 

[] 

Theorem 5. For any constant d > 4, there exists a hot-potato routing algorithm 
which routes every (Jd/2] - 1)-([d/2] - 1) routing problem on the d-dimensional 
mesh in 2dn + O(log z n) steps, with high probability. 

[] 
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