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A b s t r a c t .  An approach is presented for imposing generic hard con- 
straints on deformable models at a low computational cost, while pre- 
serving the good convergence properties of snake-like models. We believe 
this capability to be essential not only for the accurate modeling of indi- 
vidual objects that obey known geometric and semantic constraints but 
also for the consistent modeling of sets of objects. 
Many of the approaches to this problem that have appeared in the vision 
literature rely on adding penalty terms to the objective functions. They 
rapidly become untractable when the number of constraints increases. 
Applied mathematicians have developed powerful constrained optimiza- 
tion algorithms that, in theory, can address this problem. However, these 
algorithms typically do not take advantage of the specific properties of 
snakes. We have therefore designed a new algorithm that is tailored to 
accommodate the particular brand of deformable models used in the 
Image Understanding community. 
We demonstrate the validity of our approach first in two dimensions using 
synthetic images and then in three dimensions using real aerial images 
to simultaneously model terrain, roads, and ridgelines under consistency 
constraints. 

1 I n t r o d u c t i o n  

We propose an approach to imposing generic hard constraints on "snake-like" 
deformable models [9] while both preserving the good convergence properties of 
snakes and avoiding having to solve large and ill-conditioned linear systems. 

The ability to apply such constraints is essential for the accurate modeling of 
complex objects that  obey known geometric and semantic constraints. Further- 
more, when dealing with multiple objects, it is crucial that  the models be both 
accurate and consistent with each other. For example, individual components of 
a building can be modeled independently, but to ensure realism, one must guar- 
antee that  they touch each other in an architecturally feasible way. Similarly 
when modeling a cartographic site from aerial imagery, one must ensure that 
the roads lie on the terra in--and not above or below i t - - and  that rivers flow 
downhill. 

* This work was supported in part by contracts from the Advanced Research Projects 
Agency. 
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A traditional way to enforce such constraints is to add a penalty term to 
the model's energy function for each constraint. While this may be effective for 
simple constraints this approach rapidly becomes intractable as the number of 
constraints grows for two reasons. First, it is well known that  minimizing an 
objective function that  includes such penalty terms constitutes an ill-behaved 
optimization problem with poor convergence properties [4, 8]: the optimizer is 
likely to minimize the constraint terms while ignoring the remaining terms of the 
objective function. Second, if one tries to enforce several constraints of different 
natures, the penalty terms are unlikely to be commensurate and one has to face 
the difficult problem of adequately weighing the various constraints. 

Using standard constrained optimization techniques is one way of solving 
these two problems. However, while there are many such techniques, most in- 
volve solving large linear systems of equations and few are tailored to preserving 
the convergence properties of the snake-like approaches that  have proved so suc- 
cessful for feature delineation and surface modeling. Exceptions are the approach 
proposed by Metaxas and Terzopoulos [10] to enforce holonomic constraints by 
modeling the second order dynamics of the system and the technique proposed 
by Amini et al. [1] using dynamic programming. 

In this work we propose a new approach to enforcing hard-constraints on 
deformable models without undue computational burden while retaining their 
desirable convergence properties. Given a deformable model, the state vector that  
defines its shape, an objective function to be minimized and a set of constraints 
to be satisfied, each iteration of the optimization performs two steps: 

- Orthogonally project the current state toward the constraint surface, that  is 
the set of all states that  satisfy the constraints. 

- Minimize the objective function in a direction that  belongs to the subspace 
that  is tangent to the constraint surface. 

This can be achieved by solving small linear systems. This algorithm is closely 
related to the two-phase algorithm proposed by Rosen [11] and is an extension 
of a technique developed in [2]. The corresponding procedure is straightforward 
and easy to implement. Furthermore, this approach remains in the spirit of most 
deformable model approaches: they can also be seen as performing two steps, 
one at tempting to fit the data  and the other to enforce global constraints [3]. 

We view our contribution as the design of a very simple and effective cons- 
trained-optimization technique that  allows the imposition of hard constraints on 
deformable models at a very low computational cost. 

We first present the generic constrained optimization algorithm that forms 
the basis of our approach. We then specialize it to handle snake-like optimiza- 
tion. Finally, we demonstrate its ability to enforce geometric constraints upon 
individual snakes and consistency constraints upon multiple snakes. 

2 C o n s t r a i n e d  O p t i m i z a t i o n  

Formally, the constrained optimization problem can be described as follows. 
Given a function f of n variables S = {sl, s2, .., sn}, we want to minimize it 
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under a set of m constraints C(S) = {cl,c2,..,cm} = O. That  is, 

minimize f (  S) subject to C( S) = 0 0) 
While there are many powerful methods for nonlinear constrained minimiza- 

tion [8], we know of none that are particularly well adapted to snake-like opti- 
mization: they do not take advantage of the locality of interactions that is char- 
acteristic of snakes. We have therefore developed a robust two-step approach [2] 
that  is closely related to gradient projection methods first proposed by Rosen 
[11] and can be extended to snake optimization. 

2.1 C o n s t r a i n e d  O p t i m i z a t i o n  in O r t h o g o n a l  S u b s p a c e s  

Solving a constrained optimization problem involves satisfying the constraints 
and minimizing the objective function. For our application, it has proved effective 
to decouple the two and decompose each iteration into two steps: 

1. Enforce the constraints by projecting the current state onto the constraint 
surface. This involves solving a system of nonlinear equations by linearizing 
them and taking Newton steps. 

2. Minimize the objective function by projecting the gradient of the objective 
function onto the tangent subspace to the constraint surface and searching 
in the direction of the projection, so that the resulting state does not stray 
too far away from the constraint surface. 

Figure 1 depicts this procedure. Let C and S be the constraint and state vectors 
of Equation 1 and A be the n x m Jacobian matrix of the constraints. The two 
steps are implemented as follows: 

SI ~4 

Fig. 1. Constraiaed optimizatiom Minimizing (~ - 0.5) 2 + (y - 0.2) 2 under the con- 
straint that (x/2) 2 + y2 = 1. The set of all states that satisfy the constraint 
C(S) = 0, i.e. the constraint surface, is shown as a thick gray line. Each it- 
eration consists of two steps: orthognal projection onto the constraint surface 
followed by a line search in a direction tangent to the surface. Because we per- 
form only one Newton step at each iteration, the constraint is fully enforced 
only after a few iterations 

1. To project S, we compute dS such that C(S  + dS) ~ C(S) + A t d S  = 0 and 
increment S by dS. The shortest possible dS is found by writing dS as AdV 
and solving the equation AtAdV = - C ( S ) .  
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2. To compute the optimization direction, we first solve the linear system 
AT(S)A(S)), = AT(S)Vf  and take the direction to be V f  - AA. This 
amounts to estimating Lagrange multipliers, that  is. the coefficients that 
can be used to describe V f  as closely as possible as a linear combination of 
constraint normals. 

These two steps operate in two locally orthogonal subspaces, in the column 
space of A and in its orthogonal complement, the null space of A T. Note that  
AT(S)A(S) is an m • m matrix and is therefore small when there are more 
variables than constraints, which is always the case in our application. 

3 Snake Optimization 

We first introduce our notations and briefly review traditional "snake-like" op- 
timization [9]. We then show how it can be augmented to accommodate our 
constrained-optimization algorithm to impose hard constraints on single and 
multiple snakes. 

3.1 Unconstrained Snake Optimizat ion 

In our work, we take 2-D features to be outlines that can be recovered from a 
single 2-D image while we treat 3 D features as objects whose properties are 
computed by projecting them into several 2-D images. We model 2 D and 3-D 
linear features as polygonal curves and 3 D surfaces as hexagonally connected 
triangulations. 

We will refer to S, the vector of all x. y, and z coordinates of the 2 D or 3 D 
vertices that define the deformable model's shape as the model's state vector. 

We recover a model's shape by minimizing an objective function E(S) that 
embodies the image-based information. For 2-D linear features. $(S) is the av- 
erage value of the edge gradient along the curve. For 3-D linear features. $(S) 
is computed by projecting the curve into a number of images, computing the 
average edge-gradient value for each projection and summing these values [5]. 
For 3 D surfaces, we use an objective function that is the sum of a stereo term 
and a shape-from-shading term. [7]. 

In all these cases, $(S) typically is a highly nonconvex function, and therefore 
difficult to optimize. However, it can effectively be minimized [9] by 

introducing a quadratic regularization term gD = 1/2StKsS where Ks is a 
sparse stiffness matrix, 
defining the total energy CT = go(S) Jc g(S) = 1 / 2 s t g s s  + E(S) , 

- embedding the curve in a viscous medium and iteratively solving the dy- 
namics equation ~ _~- a asat = 0, where a is the viscosity of the medium. 

Because ED is quadratic, the dynamics equation can be rewritten as 

0 ~  s,_~ 0C . (2) gsS, .+ - ~  + a ( S , - S , - 1 )  = 0 = ~  (Ks+aI )S ,  =aS, -1  - ~  s,_, 
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In practice, c~ is computed automatical ly at the s tar t  of the optimization proce- 
dure so tha t  a prespecified average vertex motion ampli tude is achieved [6]. The 
optimization proceeds as long as the total  energy decreases. When it increases, 
the algorithm backtracks and increases a,  thereby decreasing the step size. In 
the remainder  of the paper,  we will refer to the vector dSt = St - St.-: as the 
"snake step" taken at i teration t. 

In effect, this optimization method performs implicit Euler steps with re- 
spect to the regularization te rm [9] and is therefore more effective at propagat ing 
smoothness constraints across the surface than an explicit method such as con- 
jugate gradient. It  is this property tha t  our constrained-optimization algori thm 
strives to preserve. 

3.2 C o n s t r a i n i n g  t h e  O p t i m i z a t i o n  

Given a set of m hard constraints C(S)  = {cl, c2,.., Cm } that  the snake must  sat- 
isfy, we could trivially extend the technique of Section 2 by taking the objective 
function f to be the total  energy ET. However, this would be equivalent to opti- 
mizing an unconstrained snake using gradient descent as opposed to performing 
the implicit Euler steps that  so effectively propagate  smoothness constraints. 

In practice, propagat ing the smoothness constraints is key to forcing conver- 
gence toward desirable answers. When a port ion of the snake deforms to satisfy a 
hard constraint,  enforcing regularity guarantees that  the remainder of the snake 
also deforms to preserve it and that  unwanted discontinuities are not generated. 

Therefore, for the purpose of optimizing constrained snakes, we decompose 
the second step of the optimization procedure of Section 2 into two steps. We first 
solve the unconstrained Dynamics Equation (Equation 2) as we do for uncon- 
strained snakes. We then calculate the component  of the snake step vec to r - - t he  
difference between the snake's current s ta te  and its previous o n e - - t h a t  is per- 
pendicular to the constraint surface and subtract  it from the s ta te  vector. The 
first step regularizes, while the second prevents the snake from moving too far 
away from the constraint surface. 

As in the case of unconstrained snakes, c~, the viscosity te rm of Equation 2, 
is computed  automatical ly at the s tar t  of the optimization and progressively 
increased as needed to ensure a monotonic decrease of the snake's energy and 
ul t imate convergence of the algorithm. 

An iteration of the optimization procedure therefore involves the following 
three steps: 

1. Take a Newton step to project S t - : ,  the current s tate  vector, onto the con- 
straint surface. 

S t - :  +- S t - :  + A d V  where A T A d V  = - C ( S t - : )  

If the snake's total  energy has increased, back up and increase viscosity. 
2. Take a normal snake step by solving 

(Ks  + a I )S t  : a S t - :  - c9~ st_, 
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3. Ensure that  dS, the snake step from St-1 to St, is in the subspace tangent 
to the constraint surface. 

St +-- St - AA where AtAA = A T ( s t  - -  S t - l )  , 

so that  the snake step dS becomes dS = (St - AA) - S t - i  ::~ A T d S  = O. 

3.3 M u l t i p l e  S n a k e s  

Our technique can be further generalized to the simultaneous optimization of 
several snakes under a set of constraints tha t  bind them. We concatenate the 
state vectors of the snakes into a composite  s tate  vector S and compute  for each 
snake the viscosity coefficient that  would yield steps of the appropr ia te  magni- 
tude if each snake was optimized individually. The optimization steps become: 

1. Project  S onto the constraint surface as before and compute  energy of each 
individual snake. For all snakes whose energy has increased, revert  to the 
previous position and increase the viscosity. 

2. Take a normal snake step for each snake individually. 
3. Project  the global step into the subspace tangent to the constraint surface. 

Because the snake steps are taken individually we never have to solve the 
potentially very large linear system involving all the s tate  variables of the com- 
posite snake but only the smaller individual linear systems. Furthermore,  to 
control the snake's convergence via the progressive viscosity increase, we do not 
need to sum the individual energy terms. This is especially impor tant  when si- 
multaneously optimizing objects of a different nature,  such as a surface and a 
linear feature, whose energies are unlikely to be commensura te  so that  the sum 
of these energies would be essentially meaningless. 

In effect, the optimization technique proposed here is a decomposit ion method 
and such methods are known to work well [8] when their individual components,  
the individual snake optimizations, are well behaved, which is the case here. 

4 R e s u l t s  

We demonstra te  the ability of our technique to impose geometric constraints on 
2-D and 3-D deformable models using real imagery. 

4.1 2 - D  F e a t u r e s  

To illustrate the convergence properties of our algorithm, we introduce two sim- 
ple sets of constraints that  can be imposed on 2-D snakes. The most  obvious 
one forces the snake to go through a specific point (a0, b0). I t  can be written as 
the two constraints 

x ~ - a 0 - - y i - b 0 = 0  , (3) 
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where i is the index of the snake vertex tha t  is closest to (a0, b0) at  the  beginning 
of an iteration. In  practice,  the constra int  always remains  "a t tached"  to the  
vertex tha t  was closest initially and we refer to this const ra int  as an "a t t r ac to r  
constraint ."  A slightly more  sophist icated set of constra ints  achieves a similar 
purpose  while allowing the point  at  which the  snake is a t t ached  to slide. I t  is 
designed to force the snake to be tangent  to a segment  ((ao,bo), ( a l ,b l ) ) ,  and 
we will refer to it as a " tangent  constraint ."  It  can also be wri t ten  as a set of 
two constraints  

xi ao al i 
_ -  ,o,-o01:0 (4) 

Yi+l Yi-1 bl bo 

where i in the index of the snake vertex tha t  is b o t h  closest to the line segment  
and  between the endpoints  at the beginning of an i teration. The  first constra int  
ensures tha t  (xi, Yi), (a0, b0), and (al ,  bl) are collinear. The  second ensures tha t  
the finite-difference es t imate  of the tangent  vector  is parallel to the segment ' s  
direction. The  vertex at which the constra int  is a t t ached  can slide along the seg- 
ment  and can slide off its edges so tha t  a different vertex ma y  become at tached.  

F ig .  2. Modeling the edge of a road. (a) Aerial image of a set of roads. (b) A very rough 
approximation of one of the road's edges and a set of constraints. The two- 
sided arrows represent tangent constraints (Equation 4) while the crosshair 
depicts an attractor constraint (Equation 3). (c) The result of unconstrained 
snake optimization. (d) The result of constrained snake optimization using the 
constraints depicted by (b). 

Figure 2(b) depicts the very rough outline of the edge of a road. The  outl ine 
is too  far f rom the ac tual  contour  for a conventional snake to converge toward 
the edge. However, using two of the  tangent  constra ints  of Equa t ion  4 and one 
of the a t t r ac to r  constra ints  of Equa t ion  3, we can force convergence toward the 
desired edge. 

To demons t ra t e  the behavior  of the multiple snake opt imizat ion,  we also 
in t roduce  a "distance" constra int  between two snakes. Given a vector  of length  d, 

(zi,  yi ,  zi ) such as the ones depicted by arrows in Figure 3(a) and  two snakes, let 1 1 1 
(_2 v2 and  ~ z j , y j , z  2) be the vertices of each snake tha t  are closest to the vector ' s  
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Fig.  3. Modeling a set of road edges. (a) A set of three contours roughly approximating 
the edges of the main roads and a set of constraints. As before, the two-sided 
arrows represent "tangent constraints" (Equation 4) that apply to individual 
contours, while the thinner one-sided arrows represent distance constraints 
(Equation 5) that bind pairs of contours. (b) The result of unconstrained snake 
optimization. (c) The result of constrained snake optimization. 

endpoints. The distance constraint can then be written as 

- + - + - - d 2 = 0 ( 5 )  

Using the same images as before, we can model the main road edges starting 
with the three rough approximations shown in Figure 3(a). Here again, these 
initial contours are too far away from the desired answer for unconstrained op- 
timization to succeed. To enforce convergence toward the desired answer, in 
addition to the unary constraints-- that  is, constraints that  apply to individual 
snakes--of the previous example, we can introduce binary constra ints-- that  is, 
constraints that  tie pairs of snakes--and optimize the three contours simultane- 
ously. The binary constraints we use are the distance constraints of Equation 5. 

In both of these examples, we were able to mix and match constraints of 
different types as needed to achieve the desired result without having to worry 
about weighting them adequately. Furthermore the algorithm exhibits good con- 
vergence properties even though the constraints are not linear but quadratic. 

4.2 3 - D  F e a t u r e s  

We now turn to the simultaneous optimization of 3-D surfaces and 3-D features. 
More specifically, we address the issue of optimizing the models of 3-D linear 
features such as roads and ridgelines and the terrain on which they lie under 
the constraint that  they be consistent with one another. In Figures 4 and 5 we 
present two such cases where recovering the terrain and the roads independently 
of one another leads to inconsistencies. 

�9 Because we represent the terrain as a triangulated mesh and the features as 
3-D polygonal approximations, consistency can be enforced as follows. For each 
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Fig.  4. Rugged terrain with sharp ridge lines. (a,b,c) Three images of a mountain- 
ous site. (d) Shaded view of an initial terrain estimate. (e) Rough polygonal 
approximation of the ridgelines overlaid on image (a). (f) The terrain and 
ridgeline estimates viewed from the side (the scale in z has been exaggerated). 

edge ((xl,yl, zl), (x2,Y2, z2)) of the terrain mesh and each segment ((x3,y3, z3), 
(x4, Y4, z4)) of a linear feature that  intersect when projected in the (x, y) plane, 
the four endpoints must be coplanar so that  the segments also intersect in 3-D 
space. This can expressed as 

i x2 ';g3 ~4 
Y2 Y3 Y4 

zl z2 z3 z4 
1 1 1  

= 0 ,  (G) 

which yields a set of constraints that  we refer to as consistency constraints. 
In both  examples shown here, we follow a s tandard coarse-to-fine strategy. 

We star t  with a rough est imate of both  terrain and features and reduced versions 
of the images. We then progressively increase the resolution of the images being 
used and refine the discretization of our deformable models. In Figures 6 and 7, 
we show that  the optimization under the constraints of Equation 6 avoids the 
discrepancies that  result from independent optimization of each feature. 

In the example of Figure 6, the "ridge-snake" a t t emp t s  to maximize the aver- 
age edge gradient along its projections in all three images. In the case of Figures 5 
and 7 the roads are lighter than the surrounding terrain. At low resolution, they 
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Fig.  5. Building a site model. (a,b,c) Three images of a site with roads and buildings. 
(d) A rough sketch of the road network and of one of the buildings. (e) Shaded 
view of the terrain with overlaid roads after independent optimization of each. 
Note that the two roads in the lower right corner appear to be superposed in 
this projection because their recovered elevations are inaccurate. (f) Differences 
of elevation between the optimized roads and the underlying terrain. The image 
is stretched so that black and white represent errors of minus and plus 5 meters, 
respectively. 

can effectively be modeled as white lines, and the corresponding snakes at tempt 
to maximize image intensity along their projections. We also introduce a build- 
ing and use its base to further constrain the terrain. Figures 7(a,b) depict the 
result of the simultaneous optimization of the terrain and low-resolution roads. 
By supplying an average width for the roads, we can turn the lines into ribbons 
and reoptimize terrain and features under the same consistency constraints as 
before, yielding the result of Figure 7(c). 

These two examples illustrate the ability of our approach to model different 
kinds of features in a common reference framework and to produce consistent 
composite models. 

5 C o n c l u s i o n  

We have presented a constrained optimization method that allows us to enforce 
hard constraints on deformable models at a low computational cost, while pre- 
serving the convergence properties of snake-like approaches. We have shown that 
it can effectively constrain the behavior of linear 2-D and 3-D snakes as well as 
that  of surface models. Furthermore, we have been able to use our technique to 
simultaneously optimize several models while enforcing consistency constraints 
between them. 
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Fig.  6. Recovering the 3-D geometry of both terrain and ridges. (a) Shaded view of 
the terrain after refinement. (b) Refined ridgeline after 3 D optimization. (c) 
Side view of the ridgeline attd terrain after independent optimization of each 
one. Note that the shape of the ridgeline does not exactly match that of the 
terrain. (d) Differences of elevation between the recovered ridge-line and the 
underlying terrain. The image is stretched so that black and white represent 
errors of minus and plus 80 feet, respectively. (e) Side view after optimization 
under consistency constraints. (f) Corresponding difference of elevation image 
stretched in the same fashion as (d). 

We believe that  these last capabilities will prove indispensable to au tomat -  
ing the generation of complex object databases f rom imagery, such as the ones 
required for realistic simulations or intelligence analysis. In such databases,  the 
models must not only be as accu ra t e - - tha t  is, true to the d a t a - - a s  possible but 
also consistent with each other. Otherwise, the simulation will exhibit "glitches" 
and the image analyst will have difficulty interpreting the models. Because our 
approach can handle nonlinear constraints, in fllture work we will use it to im- 
plement more sophisticated constraints than the simple geometric constraints 
presented here. When modeling natural  objects, we intend to take physical laws 
into account. For example, rivers flow downhill and at the b o t t o m  of valleys; 
this should be used when modeling bo th  the river and the surrounding terrain. 
In addition, when modeling man-made  objects,  we intend to take advantage of 
knowledge about  construction practices such as the fact that  roads do not have 
arbi t rary  slopes. 



506 

Fig.  7. Recovering the 3-D geometry of both terrain and roads. (a) Shaded view of the 
terrain with overlaid low-resolution roads after optimization under consistency 
constraints. (b) Corresponding differences of elevation between features and 
underlying terrain. The image is stretched as the one of Figure 5(f). Only the 
building's roof is significantly above the terrain. (c) Synthetic view of the site 
with the roads modeled as ribbons overlaid on the image. 

Eventually, we hope that  the technique presented in this paper will form the 
basis for a suite of tools for modeling complex scenes accurately while ensuring 
that the model components satisfy geometric and semantic constraints and are 
consistent with each other. 
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