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Abstract. Markov model approximation of digital images gives very low entropy, 
but requires a huge amount of storage to maintain the frequency table for encoding 
and decoding. Therefore, it has only been used for binary picture compression so 
far. 
We have developed a high performance DPCM-based predictive lossless image 
coder, and have combined this technique with a Markov model, which provides a 
better compression ratio for gray scale images. 
The basic idea is, encode the first part (this size is variable) of an image using the 
normal DPCM-based encoder and concurrently use these data as a Markov model 
training set. Then the latter half will be encoded using the Markov model with the 
assistance of the DPCM coder. 

1 Introduction 

Lossless still image compression techniques have recently been highlighted. The most 
popular method for lossless compression of  still images with more than 8 bits/pixel is 
DPCM-based predictive coding like JPEG lossless mode, but performance limitations are 
beginning to appear. 

On  the other hand, the Markov model entropies of  the images are attractively lower 
than the bit rate of  predictive coders (e.g. table 1 in section 4), but a frequency table 
with a huge amount of  data is necessary for encoding and decoding, therefore it has been 
unrealistic to apply the Markov model for image compression up to the present. 

In this paper, we propose using a Markov model for image compression and show 
that the performance of  current lossless image compression techniques can be improved. 

Our  method consists o f  Markov model encoding and classical DPCM-based encod- 
ing. It does not require the transmission of  a huge frequency table. In addition, our 
DPCM-based coder itself outperforms the JPEG lossless coder. 

2 Markov Model Image Representation for Image Coding 

If  the symbol occurrence probability depends only on the ra preceding symbols, the 
source is called an " m - t h  orderMarkov source". The series o f m  preceding symbols is called 
the "state". If  the source has N different kinds of  symbols, the m- th  order Markov model 
can be divided into N m memoryless sources, the same as the number of  possible states. 

To encode such a Markov source, N m different occurrence freqnency tables are 
necessary. As each table has N words, total table size anlounts to N m+l words. At the 
moment,  current techniques using the Markov model only treat binary (N = 2) images 
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for m ~ 10. Needless to say, it is impractical to transmit the whole table for gray images 
(N -~ 28 = 256) because of its astronomical size. 

We use a 2-dimensional second order Markov model 
whose state S is represented as S(XI, X2), where X1 and 
X2 are as shown in figure 1. Although this model is very 
simple, the entropy of this model is much lower than the 
bit rate of former lossless compression scheme (see table 
1), which implies further compression possibilities. 

Fig. 1. Support of a second 
order Markov model 

2.1 Learning Markov model 

First of all, we encode the first image part (it is variable in size) of an image with a certain 
lossless coder, and use these image data for the training of the Markov model. After the 
training we try to encode the latter part with the Markov encoder (see the following 
section for details). The coder is also trained while it encodes. Therefore there is no need 
to transmit the frequency table of each Markov state. 

Appearance of an unknown symbol In compensation of no table transmission, a key 
question is how to deal with in the coding process of the latter image part. It is "the 
appearance of an unknown symbol s", because the decoder has no means of detecting 
it. Therefore some means of informing the decoder must be provided. 

To solve this problem, at the moment we prepare the special signal "Unknown". Each 
frequency table prepares room for this signal. In encoding, when the coder detect the new 
symbol, "Unknown" is transmitted. Suppose A is the fLxed frequency for this symbol, 
"theoretical code size for the model" HA is 

#(s)  (bit), (1) ~-'a..a ~--~ - # ( X )  l~ # (S)  + A HA 
S sES 

where S is a state, s is a symbol and #(.) means the number of the set. Note that 
HAIA=O is equal to the Markov model entropy. If the state S is unknown or the symbol 
is unknown, we use the normal prediction coding methods using the neighbor pixels 
(see section 3) to recover the value of current pixel. 

We use arithmetic coder which is suited to encode dynamically-varying probability 
fractions with high coding efficiency. The evaluation of the other trial of letting the 
decoder know when a new symbol appears and the comparison with JBIG will also be 
shown in subsection 4.1. 

3 D P C M - b a s e d  E n c o d i n g  A l g o r i t h m  

In this section we explain our DPCM-based predictive coder which is used together 
with the Markov model image coder. The scheme consists of two main parts: pixel 
classification and source distribution fitting. 

3.1 Pixel classification 

We use two methods to classify each pixel. The first method is used to decide the group of 
each pixel and calculate the prediction coefficients respectively, and the second method 
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calculates the class for each pixel, which is used to split the data stream of prediction error 
and to reduce entropy. 

An important property of  these methods is they can be done using only past data. 
Therefore the encoder have to transmit no information about group and class since the 
decoder can generate the same information independently. 

Grouping according to local  edge Figure 2 shows X's neighbor pixels a ~ f  used to 
determine the group it belongs to. 

The  group number  of  X is decided according 

 owh ch um e oo   ,o ,, Iol l l l 
le-fl,  If+c-2bl, Ib-cl, Id-cl)is the biggest. This e f 
method enables X to be distinguished according to Fig. 2. Neighbor pixels a ~ f  to 
its local edge direction. We calculate the prediction decide the group ofpixel X 
coefficients using the least square error method for 
each group respectively. 

Classification according to the statistical property[4] It is also possible to classify a 
pixel according to the value Q = l e - f l + l b - f l + l c - f l + l a - f l ,  which physically means 
the "edge intensity around X". After obtaining this Q value, it is quantized properly and 
used as class number. Since this procedure is independent from the former classification 
method,  they can be used together. 

Effect ofpixel grouping For example, Gaussian sources with different variances should 
not be entropy coded together, but separately, because the latter always gives a shorter 
code. Therefore the source splitting improves the performance of  compression if it is 
successful. 

Our  classification method is not directly related to the source property itself. But 
fi:om the experimental results, the source is split into different statistical properties, which 
means an improvement in compression. 

3.2 I m p r o v e m e n t  of coding efficiency 

To encode signals effectively, a knowledge about its distribution is necessary. However 
sometimes the size of  the table becomes significant compared to the code size. In our 
method,  we find the best fit function of the error distribution and then transmit the 
parameters, which has negligible overhead so that the decoder can re-generate an ap- 
proximation of  the frequency table. Since the fitting curve is not perfect, the coder 
updates the internal table after encoding/decoding each symbol, which is described next 
section. 

Error conversion Normally the prediction error is rounded off to an integer and en- 
coded. In addition to this simple rounding, we also try to convert the prediction error in 
the following way and examine its entropy to obtain a smaller code. 

First we obtain the upper and lower 
bound of  a group (max, rain). Then con- 
vert the actual pixel value into an non neg- 
ative integer (figure 3). (In this figure, if 
the actual pixel is equal to 'max' ,  E = 9.) 
This conversion is obviously reversible. 

Conveted Value(E) 

14 13 12 I I  |0 8 6 4 2 0 1 3 5 7 9 

min predicted value 

Fig. 3. Concept  of  error conversion 
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Criterion o f  f i t t ing Giving consideration of  subsequent entropy coding, the criterion 
of"bet te r  fitting" should be considered. We use "the theoretical information amount I "  
according to the probability function, i.e.: 

I = ~ - # ( s )  log 2 f ( s )  (bits), (2) 
8 

where #(8)  means the number of  occurrences of  symbol 8 and f ( s )  is the fitting function 
which satisfies Y]., f ( s )  = 1. 

E r r o r  d i s t r ibu t ion  f i t t ing To find well approximated fitting, some different fitting 
curves, such as (Generalized) Gaussian function and Spline function (cubic natural spline) 
are attempted. Generalized Gaussian function with zero mean fp,~(s) is represented 

as pexp  ( - I s / ( 7 ~ ) l  p) / (2r(l/p)Ta), where 7 = x / r ( l l p ) / r (3 /p )  and cr 2 is the 
variance of  s. Sometimes this distribution do not fit the actual distribution well because 
of  its asymmetricity. This is the reason why spline function is also tried. 

Both simple prediction error distribution and E (converted value) distribution are 
tried to fit by these functions and the best one according to the criterion equation (2), 
which also considers the ouerhead, is chosen. This overhead is the number  of  the bits for 
each fitting function to represent its parameters such as node coordinates ofspline, cr and 
p for fp,r An example of  fitting of  a certain distribution is shown in figure 4. In this 
case, the generalized Gaussian distribution for E is chosen. 

120 - -  orig i n T - - - i - ~ ~ - ~ t ~ .  .. - -  120 L~ . . I L 

80-- ~ - -  

6 0 - -  ' ~ = 1 . 4 8 '  60 a 
4 0  - -  4 0  

- 2 0  0 20 0 20 40  

(a) (b) 

Fig. 4. The fitting for the error distribution. (a): rounded prediction error (b): converted error E. 

4 Experimental Results 
The compression performance of our coder with varying training sizes is tested on several 
gray-scale images and compared with other lossless compression schemes. We used 24 
neighbor pixels for DPCM-based linear prediction, the results are shown in table 1. The 
percentage "0%" means trying to compress all the image with Markov encoder except 
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the points where the new states or new symbols appear. "100%" means whole -DPCM 

encoding. 

The smallest bit-rate for each image is underlined. The first 5 images are 720 • 576 
pixels, "Washdci..7" are multi-band LANDSAT images with 512 • 512 pixels. 

Table 1. Entropy, bit rate ofJPEG lossless coder and our method for each image(unit = bit). 0th E: 
0th order entropy, M.M.E: Second order Markov model entropy, JPEG: Bit rate ofJPEG Lossless 
coder (by 'crush' [6]). The numbers inside the parentheses is the predictor number, percentage: 
Ratio of the first DPCM-encoded trainig part. overhd: Overhead size (bytes) for noticing the 
occurrence of new symbols, JBIG: Code size (bytes) for informing the same information by the 
JBIG coder. 

Image 0thE. M.M.E. JPEG 
girl 6.608 3.079 4.981(8) 

boats 7.088 3.300 4.185(8) 
goldhill 7.530 3.675 4.653(8) 

zelda 6.741 2.990 4.768(8) 
hotel 7.546 3.320 4.667(8) 

washdcl 4.685 3.442 3.849(7) 
washdc2 3.846 2.726 2.981(7) 
washdc3 4.307 3.153 3.484(7) 
washdc4 5.432 3.909 4.324(7) 
washdc5 5.681 4.056 4.649(7) 
washdc6 3.441 0.903 0.920(4) 
washdc7 4.757 3.454 3.792(7) 

0% (overhd:JBIG) 
3.653 (23396:25571) 
4.465 (45978:35521) 
4.943 (62949:46104) 
3.501 (20151:22735) 
4.719 (29953:41969) 
3.748 (9074:10309) 
2.881 (4107:5402) 
3.390 (7105:8357) 
4.434 (20084:18670) 
4.816 (27274:22968) 
0.948 (413:712) 
3.747 (9652:10825) 

50% (overhd:JBIG) 100% 
4.136 (10589:11771) 4.861 
4.371 (34060:22798) 4.107 
4.720 (27073:20430) 4.450 
4.091 (7518:8551) 4.770 
4.582 (14960:18471) 4.352 

(2989:3588) 3.543 
(1249:1802) 2.738 
(2330:2842) 3.183 
(7315:7052) 4.007 

(10226:9097) 4.351 
(171:334) 0.938 

(3141:3721) 3.511 

3.652 
2.817 
3.286 
4.206 
4.567 
0.894 
3.617 

4.1 Representation o f  new symbol appearance 

To substantiate our method to deal with the occurrence of  new symbols, the theoretical 
overhead of  the extra information necessary for representing the occurrence of  new 
symbol according to equation (1) is calculated. It is also possible to inform the decoder 
about the new symbol by encoding the binary figure like figure 5(b), since with such 
binary figures the decoder can know where the new symbol occurs. We adopt the JBIG 
coder to compress such data. 

Figure 5(a) shows the original image "zelda" and the black pixels in figure 5(b) shows 
the occurrence points of  the unknown symbols. The first half (50%) of  the image is used 
for the initial training. There are 12551 occurrences within the latter half (207360 pixels). 
This image is compressed to 8551 bytes by JBIG coder while the calculated overhead 
of  our method is 7518 bytes. Other results are shown within the parentheses in table 1. 
Sometimes the JBIG coder outperforms our method in regard to new symbol treatment. 
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Fig. 5. (a) Sample image "zelda". (b):The positions of the new occurrence of the symbols in image 
(black dots). 

5 Conclus ion  and Future Work 

In this paper, the algorithm for continuous tone still image compression using a Markov 
model is proposed. The  coder always outperforms JPEG lossless coding schemes by 
0.2~1.3 bits/pixel. 

In our method, the predictive coding part and the Markov model coding part are 
independent, therefore it is possible to combine more powerful predictive coders. 

Although it is clear for some images (girl, zelda) that the Markov model coding 
inproves the performance, there are still some images for which it does not work well. 
We will further investigate the following points: 

- efficient treatment of  the appearance of  the unknown symbol 
- investigate the Markov state reduction 
- application for the color image coding and near-lossless coding 
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