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Abs t rac t .  Shape from texture is best analyzed in two stages, analo- 
gous to stereopsis and structure from motion: (a) Computing the 'tex- 
ture distortion', and (b) Interpreting the 'texture distortion' to infer the 
orientation and shape of the surface. We model the texture distortion 
for a given point and direction on the image plane as an affine trans- 
formation and derive the relationship between the parameters of this 
transformation and the shape parameters. We use non-linear minimiza- 
tion of a least squares error criterion to estimate the shape parameters 
from the affine transformations, using a simple linear algorithm to obtain 
an initial guess. Under the assumption that the measurement errors in 
the a:ffine parameters are independent and normally distributed, we can 
find error bounds on the shape parameter estimates. We present results 
on images of planar and curved surfaces under perspective projection. 
We find all five local shape and orientation parameters with no a priori 
assumptions about the shape of the surface. 

1 I n t r o d u c t i o n  

In its geometric essence, shape from texture is a cue to 3D shape very similar 
to binocular stereopsis and structure from motion. All of these cues are based 
on the information available in multiple perspective views of the same surface 
in the scene. In binocular stereopsis, the two eyes get slightly different views of 
the same surface; in structure from motion, the relative motion of the observer 
and the surface generates the different views. To put shape from texture in 
this framework, consider two nearby patches on a surface in the scene with 
same (or sufficiently similar) texture. The appearances of the two patches in a 
single monocular image will be slightly different because of the slightly different 
geometrical relationships that they have with respect to the observer's eye or 
camera. We thus get multiple views in a single image. 

This naturally suggests a two stage framework (1) Computing the ' texture 
distortion' from the image, and (2) Interpreting the ' texture distortion' to infer 
the orientation and shape of the scene surface in 3D. The ' texture distortion' is 
the counterpart in texture analysis of binocular disparity in stereopsis or optical 
flow in structure from motion. We believe that the natural way to model the 
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texture distortion locally is as a 2-D affine transformation between neighboring 
image patches. This affine transformation will depend on the direction and mag- 
nitude of the vector displacement between the two patches in the image. We 
find the affine transformations between two image patches using a differential 
method (see [12, 13]). We will call the map which associates to each direction in 
the image plane an affine transformation, the texture distortion map. For each 
point on a smoothly curved textured surface this map is well defined and can be 
related to surface shape and orientation with respect to the viewer. 

In Sect. 3 we derive the relationship between the texture distortion map 
and the surface orientation (slant and tilt) and shape (principal curvatures and 
directions). This derivation makes use of previous results due to Gs [8] and 
builds on our previous derivation in [12]. 

In Sect. 4 of the paper, we develop a new algorithm for recovering surface 
orientation and shape based on the estimated affine transforms in a number of 
different directions. The method uses nonlinear minimization of a least squares 
error criterion to estimate the shape parameters. We use a simple linear algo- 
r i thm based on singular value decomposition of the linear parts of the affine 
transforms to find the initial conditions for the minimization procedure [13]. 
This linear algorithm is a slight modification of the work we described in [12], 
and we will not describe it in this paper. 

Our shape estimation algorithm is arguably optimal in a maximum likelihood 
sense if the measurement errors in the afflne parameters can be assumed to be 
independent and normally distributed. By studying the Hessian of the error 
function at the minimum point, one can characterize the confidence intervals 
of the shape estimates. We present simulation results on a number of examples 
of planar and curved surfaces. Finally, we will discuss predictions for human 
perception of shape from texture. 

2 R e l a t i o n s h i p  t o  P r e v i o u s  W o r k  

We review previous shape from texture research in detail in [12, 13]. Much of 
the previous research in shape from texture has assumed either a homogeneous 
(i.e. constant area or density)[9, 1, 10, 17, 14], or an isotropic texture[18, 6, 5, 4] 
in the scene. The isotropy assumption will be incorrect for many textures such 
as grass, fabric, and bricks. Both of these assumptions allow one to make only 
partial use of the available information; under the homogeneity assumption one 
cannot make use of the change in shape of the texture elements, and under the 
isotropy assumption one cannot make use of the change in size of the elements. 
Obviously, some assumption about the texture is necessary, otherwise what we 
are seeing could in fact just be a particular pat tern of reflectance changes on 
a flat surface (as in a lZenalssance painting). We will assume that  the texture 
is the same at different points on the surface in the scene. While this implies 
periodicity for a deterministic pattern,  for a texture which is best thought of as 
a realization of a stochastic process we can formalize this as stationarity under 
translations. The term homogeneily is used in the probability and statistical 
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literature as equivalent to stationarity under translations. A stochastic process 
is specified by giving the joint distributions of any finite subsets of the variables. 
The thing to note here is that we can assume that not only the first but also 
the second (and higher) order statistics are translation-invariant. This is more 
powerful than assuming, as in previous use of homogeneity in the computer 
vision literature, that just the first order statistics (e.g. fraction of surface area 
occupied by texels) are translation invariant. We will be able to exploit changes 
in shapes of texture elements as well. 

In the Sect. 3 we will relate the parameters of an affine transformation be- 
tween two image patches to five of the local shape and orientation parameters: 
slant, tilt, and three curvature parameters. Section 4 presents the algorithm 
for estimating all five shape parameters, with results on synthetic and real im- 
ages. To our knowledge, this is the first time that direct estimation of curvature 
parameters from textured images has been demonstrated. While Gs [8] 
analysis dealt with general curved surfaces, his algorithms for estimating shape 
from distortion gradients permit only the computation of slant and tilt. 

3 R e l a t i o n s h i p  B e t w e e n  t h e  T e x t u r e  D i s t o r t i o n  M a p  a n d  

3 D  S h a p e  

In this section we will develop the relationship between the parameters of the 
affine transformation between a pair of images patches and the surface shape 
and pose. We use perspective projection to a spherical image surface instead of 
to a planar surface. While there is a 1-1 mapping which relates the two kinds 
of perspective projection, known as the gaze transformation, the relations which 
follow turn out to be simpler in the spherical case [9, 8]. 

This section has two parts. The first part is a review of the formalism de- 
veloped by Gs he defines an orthonormal frame field on the 
image sphere with one of the vectors in the tilt direction. The backprojection 
map takes on a particularly simple form, and he is able to obtain expressions 
for the different texture gradients for the general situation of smooth curved 
surfaces under perspective projection. 

In the second part, we exploit this frame field to derive an expression for the 
affine transformation on the image sphere which relates two neighboring image 
patches. 

3.1 The  s lant- t i l t  f rame field 

This section is based on Gs [8] to which the reader is referred to for proofs 
of the various assertions. Relevant differential geometry concepts may be found 
in O'Neill [15]. 

The basic geometry is illustrated in Fig. 1. A smooth surface S is mapped 
by central projection to a unit sphere Z centered at the focal point. The back- 
projection map F from S to S is defined as F(p) = r(p) = r(p)p where p is a 
unit vector from the focal point to a point on the image sphere, and r(p) is the 
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distance along the visual ray from the focal point through p to the correspond- 
ing point r = F ( p )  on the surface S. We consider this map for regions of the 
surface where the map is not singular by excluding neighborhoods containing the 
occluding contour. The derivative of the backprojection map F.  maps tangent 
vectors of ~U at p to tangent vectors of S at F (p ) .  

Viewing sphere Z Surfac~ S 

Fig. 1. Local surface geometry.  

Define the tilt direction t in Tp(Z),  the tangent plane of the viewing sphere 
at p, to be a unit vector in the direction of the gradient of the distance function 
r (p) ,  and the auxiliary vector b = p • t .  Then (t, b) form an orthonormal basis 
for the tangent plane to the image sphere Z and together with p constitute 
an orthonormal  frame field on Z.  Garding shows that  t and b backproject to 
orthogonal vectors F . ( t )  = r ' p  + r t  and F . (b )  = rb  in the tangent space 
TF(p) (S). Dividing these vectors by their lengths gives us an orthonormal basis 
(T, B) of the tangent space of the surface at F (p ) .  The vectors T,  B along with 
the unit normal to the surface N = T • B constitute an orthonormal frame field 
on the surface. The slant angle a is defined to be the angle between the surface 
normal N and the viewing direction p, so that  cos ~ = N.p .  

The shape of the surface is captured in the shape operator, which measures 
how the surface normal N changes as one moves in various directions in the 
tangent space of the surface TF(p)(S). One can represent the shape operator in 
the (T,  B) basis as 

where ~ is the normal curvature in the T direction, ~b the normal curvature 
in the B direction and r is the geodesic torsion. The determinant of the operator 
gives the Ganssian curvature K = ~t~b - r 2, and half the trace is the mean 
curvature H = (tot + t%)/2. 

Gs goes on to obtain expressions for the derivatives of the (p, t ,  b) frame 
field on Z expressed in terms of the frame field itself. One can also define the 
derivatives of the frame field (N, T,  B) on S with respect to (p, t ,  b) by first 
pulling back these fields from the surface S to Z.  

Using the linearity of the derivative, we can compute ~Tvt for an arbitrary 
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vector v = At t  + Abb in the tangent space. 

V v t  = - - A t p  + A t b +  )(cos c~ + r~b )Abb  (2) 
COS O" s i n  o" 

where r is the distance to the object from the center of the viewing sphere. 
In the next section, we will also need the derivative of the T vector field. 

We can compute XYvT for an arbi trary vector v -- A t t  + Abb in the tangent 

space[13]: 

r/c, ( rr .1 (1 cos (r)Zlb B (3) 
VvT=(cos. ) tB+ s n. 

3.2  A f f i n e  T r a n s f o r m a t i o n s  o n  t h e  I m a g e  S p h e r e  

Figure 2 depicts the situation. We wish to find the matr ix,  A, which represents 

Viewing Sphere Surface 

F,(p i) _ / 

Fig. 2. D e t e r m i n i n g  the  affine t r ans fo rma t ion ,  A, between  the texture  at 
poin t  pl and the  texture  at poin t  P2. 

the affine t ransformat ion between the spherically projected texture at point Pl  
and the projected texture at a nearby point P2. This mat r ix  will be a function 
of the local orientation and shape parameters.  The orientation parameters  are 
~r, the slant of the surface, and t ,  the direction of tilt of the surface. The shape 
parameters  are r~t, r~b, and rv.  The variable r is the distance f rom the center of 
the viewing sphere to the given point on the surface. Note tha t  the inseparabili ty 
of the distance, r, and the curvature parameters  is inherent to the problem. The 
image of a surface S at distance r is indistinguishable from that  of a k scaled 
copy (for which the curvatures will be 1/k of S) at a distance of kr. 

Our analysis is a differential analysis. We will freely assume tha t  P2 - P l  
can be modelled as a vector v = At  t + Ab b in the tangent space at the point 
P l  and the expressions derived will be true in the limit as At, Ab --+ O. 

To find the affine t ransformation,  we first backproject from the point P l  on 
the viewsphere to the corresponding point P 1  on the surface, using the map  
F . ( P l ) .  Using the basis ( t l , b l )  on the tangent plane of the image sphere Z,  
and (T1 ,  B1)  on the tangent plane on the surface S, this map  can be represented 
a s  

= [ o  0 ] 
o 
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We see that  ml is the scaling of the texture pattern in the "minor axis," i,e, in 
the tilt direction, due to projection, and M1 is the scaling in the "major axis." 

We assume that  the texture is constant over the surface, so the transformation 
between points P1 and P2  is only the rotation, by some angle 6T, between the 
two bases (T1,B1) and (T2,B~). To find this angle, we begin by noting that  
T 2 = T 1 + V v T  to first order, and hence from equation 3 

T 2 = T I + (  rkr A t + r v A b ) N l + (  r.r ) A t B I +  .1 ( l + r x b c o s q ) A b B  1 (4) 
cOS o" s i n  cr s i n  (:r 

In the right hand side of this equation, the term in the direction of the surface 
normal N 1 represents a. change of the plane of the frame as a whole, and the 
terms in the direction of B 1 represent a rotation about the surface normal on 
S. Since T, B are unit vectors, we see that  

1 
sin ~r (1 + rnb cos a)Ab (5) 

as At, Ab -+ 0, Note that  if the T, B basis vectors undergo counterclockwise 
rotation by ST, the texture on the surface undergoes rotation by -67". 

Next, we project back onto the viewing sphere, using the matrix F . - I (P2) .  
This puts us back on the viewing sphere, but in the ( t 2 ,b2 )  basis, not the 
original ( t l ,  b l )  basis. We must convert between these bases by rotating by the 
angle between the tilt vectors, 6t- As in the case of the T vector field, to find 
this angle we begin by noting that  t 2 = t 1 + ~Tvt to first order. Hence from 
equation 2 we get 

1 .  
t 2 = t 1 - A t P l  + r r  A t b  1 + ( )(cosa + rXb)Abb 1 (6) 

cos cr sin 

As before, the term in the direction of P l  represents a change of the plane of 
the frame as a whole, and the term in the direction of b 1 represents a rotation 
of the frame about the normal. We obtain 

r r  

+ (sin- )(cos + r b)Ab (7) 6~ -- cos (r sin cr 

as At, Ab ---* 0. Thus we have 

[ -  sin 6 T ~  [ cos 6T rnm-m-m-m sin 6T ~ (  ] A = Rot (6 t )F, l (p2)P~ot( -6T)F. (p l )  = Rot(6t) �9 cOS6T~ (8) 

Gs showed that  the normalized gradients of the minor and major axis 
scale factors, in the (t, b) basis, are 

~Tm = _ tan~r  [ 2 +  rtct/coscr] 
m 

We note that  

rn2 = ml A- V m  o ( At  Ab) T 

M2 = MI + V M  o ( A t  Ab) T 
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to first order where P 2 -  P l  = (At 
and P2 in the image. Using this equation and equation 8, we get 

where 

z~b) T is the step between the points Pl  

[ krn COS ~T krn s in  ~T COS o" ] 
A = R o t ( S t ) . !  k sinSr kMCOSST J 

[ -- M cos a 

= - -Om Ab ' k M = l +  lwl ~ 

The actual affine transformation we find between the two points will not, 
in general, be in terms of the (t, b) basis. Instead, our matrix will be related 
by a change of basis: A = UAU -1. The change of basis matrix, U, rotates the 
standard basis to the (t, b) basis and is given by Rot(0t), where 0t is the tilt 
angle at point Pl.  

The analysis above assumes that  we have spherical projection. In reality, 
cameras use planar projection. We can convert between the two types of pro- 
jection by applying the Jacobian of the gaze transformation [7]. For each of the 
examples in this paper the gaze transformation was insignificant, so we ignored 
it. 

4 S h a p e  R e c o v e r y  A l g o r i t h m  a n d  E x p e r i m e n t a l  R e s u l t s  

In this section, we develop a new algorithm for recovering surface orientation 
(slant and tilt) and shape (principal curvatures and directions), with an associ- 
ated sensitivity analysis. We will also present experimental results on a number 
of images of planar and curved objects, and discuss predictions for human per- 
ception of shape from texture. 

There are five unknowns: the slant r the tilt direction specified by 0t, and 
the three shape parameters (r~t, rsb, rv). Each estimation of an afflne transform 
in an image direction v i = (Ati Abi) T yields four nonlinear equations. Simple 
equation counting tells us that  one direction is not enough, and generically two 
directions ought to be sufficient. 

Our shape recovery Mgorithm is based on finding the orientation and shape 
parameters which minimize the sum of squared errors between the predicted and 
empirically measured entries of the affine transformation matrices, i.e., we wish 
to minimize the following error function: 

2 2 
= 2 

i=1 k=l  1~-1 

where A~(/r l) the (k, l)th element of the theoretically predicted matrix A~ and 
is a function of the shape parameters, and .~(k,  l) is the (k, /) th element of the 
empirically measured affine transform matrix fi~i. Ideally, each term in this error 
sum should be weighted by the inverse of the standard deviation of the measure- 
ment error of that  particular entry. A specific characterization of the probability 
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Table 1. True  and Es t ima ted  Surface Pa rame te r s  

I I True H Estimated ] 
I m a g e  a t i l t  r a t  r / C b r r  o" t i l t  ra t  rtcb r't" X Zmin 

distribution of the measurement errors in the entries of the affine transform ma- 
trices A~ is not yet available. We expect it to depend on the particular algorithm 
used for the estimation of the affine transforms. In the absence of a particularly 
appropriate model, we will proceed on the (convenient!) assumption that  these 
errors are independent and normally distributed with standard deviation Aa. 

For minimizing the error function, we just used the gradient descent routine 
in the Ma~hematica package-there are any of a number of variants, such as 
conjugate gradient, that  could have been used equivalently. We obtain an initial 
guess for the shape parameters (~, 0t, r~t, r r )  using a linear algorithm based on 
the singular value decomposition of the -Ai matrices [13]. We initially set r~b 
equal to the initial value of rnt .  

Table 1 shows the results on a number of synthetic examples. The image 
"noise" is the "wire" image, with added noise of standard deviation 30. The first 
four surfaces are planar, followed by a cylinder and two spheres. We also ran 
our algorithm on two real images. Figure 4 shows two of the synthetic images, 
as well as two natural  images. We get better  slant and tilt estimates than that  
provided by our simple linear algorithm, and also significantly better  estimates 
of the curvature parameters [13]. The algorithm does quite well even in the pres- 
ence of noise. We get good results on the "straw" planar surface, even though 
this texture does not satisfy the isotropy assumption commonly used by other 
researchers. Since we do not have ground t ruth for the natural  images, we in- 
dicate the computed surface orientation by a projected circle in the image, and 
give the shape estimates in the captions. We get quite reasonable orientation 
estimates, and believable curvature estimates, for both of the natural  images. 

We will now discuss the determination of confidence intervals on the orienta- 
tion and shape estimates. For more details on the methodology that  we follow, 
the reader is referred to [16], Chapters 14.4 and 14.5. 

Let us abbreviate the five geometrical parameters (~, 0~, r ~ ,  rnb, r r )  as g~, i = 
1, 2 , . . .  5. The gradient of X 2 with respect to the parameters g will be zero at the 
X 2 minimum. To obtain confidence intervals on the parameters,  one computes 
the so-called curvature matrix [a] which is defined as half of the Hessian of the 



361 

s t r a w  s p h l  

a = 68, 0t = --96, r g t  = --0.08, rnb  = 0.07, r r  = --0.06 

Left  pt :  ~r ~- 19, 8t = - 8 ,  r~ t  = 0.53, r~b = - 0 . 1 2 ,  r r  = 0.00 

Righ t  p t :  er = 40, 8t = - 1 1 ,  r~ t  -~ 2.9, r ~ ; b  ~-~ --0.03, r r  = 0.58 

F i g .  3.  E x p e r i m e n t a l  images .  
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X 2 function 

1 O2X 2 

akl  -- 2Aa2 cOg~Ogz 

Since we have five geometrical shape parameters  g~, this is a 5 x 5 symmetr ic  
matr ix .  The inverse of the curvature mat r ix  is the covariance matr ix ,  C, of the 
fit, on the assumption of normally distributed errors. In tha t  case the s tandard 
errors in the parameters  are given by v / - ~ .  The confidence interval for parameter  
gi, +@i  is 4 - v / - ~  for 68 percent confidence, + 2 v r ~  for 95 percent confidence. 

As mentioned above, if we assume tha t  the errors in the entries of the 
affine t ransformation matrices A~ are independent and identically normally dis- 
tributed, and if we have an est imate for the s tandard deviation of these errors, 
we can give confidence intervals for the estimates of the shape parameters .  We 
have calculated the 68 percent confidence intervals for the parameters ,  assuming 1 
a measurement  error A a  of s tandard deviation 0.0323. Using this value for the 
s tandard deviation, 66 percent of the est imated parameters  for the synthetic 
examples fall within the 68 percent confidence intervals. 

In addition to obtaining confidence intervals for our empirical shape esti- 
mates,  we can use the theory outlined above to develop an ideal observer model 
for shape f rom texture. Roughly speaking, an ideal observer gives us a predic- 
tion for the best performance one expects out of any est imator,  given the visual 
information and the measurement  error. As such it is of interest both  for com- 
puter  vision shape f rom texture algorithms and for predicting the performance 
of the human  visual system. In the context of shape from texture models based 
on discrete texels using isotropy and first order homogeneity assumptions,  such 
ideal observers have been developed by Blake et all3]. 

The uncertainty in the shape estimates depends upon the measurement  errors 
in the earlier stages of processing; here, in the est imation of the affine transforms. 
The errors in the affine transforms will of course depend on the texture being 
viewed. For example,  if the texture is a realization of a Poisson process then 
we expect tha t  for sparser textures it will be more difficult to est imate the 
affine transforms accurately. Without  prior knowledge of the distribution of the 
texture,  however, what  can we say about  the distribution of errors in the affine 
t ransforms? A simple choice would be to assume, as we did previously, tha t  
the errors in the affine t ransform parameters  are independent and identically 
distributed normal  random variables. While clearly this assumption would be 
incorrect for, e.g., highly anisotropic texture, it gave us very reasonable results 
for the range of textures earlier in this section. One may  think of the si tuation 
as follows: we have a number  of surfaces with different shapes and orientations, 
all with similar textures which satisfy the above assumption,  and we wish to 
know whether shape est imation is more difficult for some of these shapes than  
others. As above, we will find confidence intervals for the shape parameters  for a 

1 We computed this value as the standard deviation of the errors in the affine transfor- 
mation matrices for the examples used in this paper. The errors are known because 
we know the ground truth in these synthetic examples. 
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number of these hypothetical shapes. The confidence intervals give us a measure 
of the uncertainty in the shape estimates. 

We present here the results of two sample ideal observer "experiments." For 
further "experiments," see [13]. Since the confidence intervals will depend on the 
measurement error in the elements of the affine transformations, we give the con- 
fidence intervals in terms of relative units. To obtain the actual expected error 
one would multiply these values by the standard deviation of the measurement 
error. In the first experiment in Fig. 4a, we varied the slant of a planar surface, 
and plot the confidence intervals for tilt estimates. We see that  we expect im- 
proved tilt estimates for higher slants. Blake, et al[3] report similar results for 
their ideal observer based on compression gradient. In the second experiment, 
we varied the slant of a cylindrical surface, keeping the tilt perpendicular to the 
axis of the cylinder. This amounts to computing shape estimates for a series of 
points along the circumference of the cylinder. In Fig. 4b we plot the confidence 
intervals for the estimate of r~t. Note that  for smaller slants we expect a more 
error in the curvature parameter.  This may explain much of the error in rt~t 
for both our synthetic cylinder example and for the first point in the real cylin- 
der example. Observations such as these suggest several lines of psychophysical 
investigation. 
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Fig.4.  Ideal observer  experiments~ descr ibed  in text .  
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