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1 Introduction 

Time plays an important role in the operation and correct functioning of many 
systems. The last few years there has been significant progress in the modeling 
and formal analysis of such systems that incorporate real time. An attractive 
model for real time systems that is being extensively investigated is the timed 
automaton (or timed graph) model [4, 14]. This is an extension of the familiar 
finite automaton (state machine) model by a finite set of clock variables. The 
transitions of the automaton may depend on the values of the clocks and can 
have the effect of resetting some of the clocks. The values of the clock variables 
increase continuously and spontaneously with the passage of time. The model 
has provided the foundation for studying a number of issues concerning real 
time systems, including the computation of teachability information among the 
states of the system, providing bounds on the delays of events, the verification 
of temporal logic properties, the development of "timed" languages, and others 
[1, 4, 9, 13, 20]. 

The global state of a timed system, called for clarity a configuration here, 
consists of the control state of the timed automaton and the values of the clocks. 
Thus, there is an infinite (in fact, uncountable) number of configurations. The 
main algorithmic tool that permits the finite analysis of such systems is the 
partition of the configuration space into a finite number of regions and the con- 
struction of an associated region graph [4]. Suppose that we can observe the 
transitions of the system. Configurations in the same region have the property 
that they are indistinguishable in terms of the future sequences of transitions 
that can occur. Thus, they all have the same teachability properties and can be 
collapsed yielding a graph on the regions. 

The main problem is that the region graph has size exponential in the number 
of docks and the size of the constants that appear in the enabling conditions of 
the transitions (i.e., their length when written in binary). There are PSPACE- 
completeness results [4, 13] indicating that in the worst case one cannot avoid 
incurring exponential complexity. However, this does not mean that it has to 
occur in every case. In particular, some configurations from different regions may 
be also indistinguishable. After merging these regions it is possible that we obtain 
a much smaller minimized graph. Usually we have an initial configuration and 
are only interested in the portion of the system that is reachable from it. Thus, 
we wish to construct the relevant minimal reachable graph of the system. The 
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PSPACE-completeness results imply that there are cases where even this graph 
has exponential size. However, there are many cases where it is considerably 
smaller, and in these cases we would like to construct the graph directly without 
going first through the region graph. To take full advantage of this, it is desirable 
to construct the minimal reachable graph in time that is a low order polynomial 
function of its size. 

Algorithms for performing simultaneously reachability analysis and mini- 
mization in general transition systems were proposed recently in [7, 6] and [19]. 
Alur et al. adapted the first method to timed transition systems and showed 
how the approach can be utilized for model checking of temporal formulas [2, 3]. 
Here we shall develop a minimization algorithm based on the second method. 
We address the following problem. We are given a timed automaton G, an ini- 
tial configuration p0, and an initial partition 7r of the configurations into blocks 
that respects the transitions of G; i.e., all configurations of a block have the 
same state component and the same enabled (immediate) transitions. We as- 
sume that every block is specified by a set of inequality constraints that place 
upper or lower bounds on the values of the clocks and their differences. We shall 
develop an algorithm that conctructs the minimal reachable graph Gm induced 
by the partition r in time polynomial in the size of the graph G,~. 

The general algorithm of [19] is developed at an abstract level in terms of 
abstract representations for classes of configurations and basic set operations on 
them such as set intersection, difference etc. The complexity of the algorithm is 
measured in terms of the number of these operations that are performed. The 
complexity is polynomial in the size of the final minimal reachable graph G,~, 
provided we have also an efficient "termination" routine that checks the answer, 
i.e., whether a given graph is equal to Gin. To apply the general algorithm to a 
concrete context, such as the model of timed transition systems in our case, we 
have to implement efficiently the basic operations and address the termination 
problem. The main technical obstacle is presented by the difference operation: 
the difference of two conjunctions of Constraints (eg. convex polyhedra) is not a 
conjunction (it is in general nonconvex). We develop a method for circumventing 
this obstacle, staying with conjunctive explicit representations while maintain- 
ing the efficiency of the algorithm. The method does not depend on any special 
properties of real time transition systems and applies to any deterministic sys- 
tems. 

The rest of this paper is organized as follows. In Section 2 we review the 
background on general transition systems and timed graphs in particular. In 
Section 3 we show some properties of the minimized system. In Section 4 we 
describe our algorithm for minimizing real-time transition systems and in Section 
5 we discuss the implementation of the basic operations. Section 6 addresses the 
termination problem. 
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2 Preliminaries 

We will review first basic notations and definitions about general transition sys- 
tems, and then discuss in particular the timed systems. 

2.1 Transition systems and minimization 

A (initialized) transition system is a tuple O = (Q, I, T, p0, ~r) consisting of (1) a 
set Q of configurations (sometimes called system states or points); (2) a finite set 
I of actions (or inputs); (3) a set T of transition relations on Q corresponding 
to the actions, i.e., for each action a E Q there is a relation Ra C_ Q • Q; (4) an 
initial configuration p0; (5) an initial partition Ir of Q. The transition relation 
is deterministic if the transition relation is a (partial) function, otherwise it is 
nondeterministic. 

In the above definition we have included both the initial configuration and 
the initial partition. The set of configurations may be infinite. We think of a 
transition system as a graph with set of nodes Q and with an arc from node p to 
node q labelled by an action a if (p, q) ERa. A finite sequence of actions a E I* 
corresponds to the relation R~ formed by composing the relations Ra, a E ~. If 
S is a set of configurations, we use the notation a(S) for {ql3p E S.(p, q) ERa}  
and ~-1(S) for {pIBq e S.(p,q) e R~}. 

The transition system O induces a quotient transition system O/Tr whose 
configurations are the blocks of lr. The quotient graph has the blocks of 7r as its 
nodes and has an arc from block B to block C labelled by action a if (p, q) E/~a 
for some p E B and q E C. We say that arc B --+ C is stable if every configuration 
of B has an a-transition to some configuration of C. A block B is stable if all its 
arcs are; equivalently, for every block C and every action a, either BNa-I(C) = B 
or B N a-l(C) = ~. The partition ~r is stable if all its blocks are stable. 

Given any transition system 0 = (Q, I,T, po, ~r) there is a unique coarsest 
stable partition r I that  refines ~r (i.e., each block of 7r I is a subset of a block of r) .  
Two configurations of O are equivalent if they belong to the same block of ~d. The 
minimized (or reduced) transition system of O is the system 81 = (Q, I, T, p0, ~d). 
We will usually identify the minimized system O I with its quotient O I / r  I. We 
usually only care about the configurations of ~ that  are reachable from p0- The 
blocks of ~r I containing them are exactly the blocks that  are reachable in OI/7d 
from the initial block (i.e., the one containing p0). The subgraph of OI/~ -I that  
is induced by these nodes is called the minimal reachable graph. 

2.2 Timed graphs 

Our model of a real-time system is a timed graph (or timed automaton) as 
in [1, 4]. A timed graph has a finite set S of n control states (the nodes); a 
finite set C of k clocks (or timers) which are nonnegative real-valued variables; 
and a finite set of arcs E representing the transitions of the system, where 
each arc a is labelled by an enabling condition Ka on the values of the clocks, 
and by a (possibly empty) subset Ca of the clocks which are to be reset to 0 
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when the transition takes place. The enabling conditions are finite conjunctions 
of inequalities comparing a clock or the difference of two clocks to an integer 
constant; i.e., every inequality is of the form xi0c or (xi - xj)Sc, where xi, 
xj are clocks, c is an integer, and 8 is a comparison operator <,_<, ~ or >. 
The set of nonnegative solutions to a set of such inequalities forms a convex 
polyhedron, which [3] calls a zone; we will identify an enabling condition Ka 
with the corresponding zone. 

A timed graph G is a compact representation of the following transition 
system O. The configurations of O are pairs (s, v) consisting of a control state 
s of G and an assignment v of (nonnegative) real values to the clocks of G. 
The initial configuration consists of a given initial state so of G and the all 0 
assignment to the clocks, (or some other given integral initial assignment v0). 
The transitions of d~ correspond either to explicit transitions of G or to implicit 
transitions due to the passage of time; i.e., ~9 has one action a for each arc a of 
the timed graph G, and one additional action, denoted time. Suppose that  G 
contains an arc a = s --* s ~ labelled with a condition Ka and a set of clocks Ca 
that  are to be reset. If (s, v) is a configuration such that  v satisfies the condition 
Ka, then O has an arc labelled a from (s, v) to (s', v') where the assignment v' 
agrees with v in all the clocks except for the ones in Ca which are 0. All the 
clocks proceed at the same rate and measure time since they were last reset, 
or initialized. Formally, for every configuration (s, v) and every constant 5 > 0 
there is an arc from (s, v) to (s, w) labelled by the action time, where w = v + 5 
is the assignment obtained from v by adding ~ to all the clocks. 

Finally, we assume an initial parti t ion lr where each block of ~r is of the 
form {s} x Z where s is a control state of the timed graph G, the set Z is a 
zone (represented in terms of a set of inequality constraints as above), and all 
configurations of the block have the same enabled transitions out of s; i.e., for 
all arcs a coming out of s we have Z N Ka = Z or 0.1 We will often use (s, Z) 
instead of {s} • Z and use the term zone also for the block itself. 

The  problem we address is the following. Given a t imed graph G, an initial 
configuration (so, v0) and partit ion ~r as above, we wish to compute the minimal 
reachable graph of the associated transition system O. We use Gm to denote the 
minimal reachable graph. 

Although O is infinite, the main result of [4] implies that  the minimized 
system has only a finite number of blocks. Let b be the largest constant that  
appears in an enabling condition of G (and the initial parti t ion ~r). Let p be 
the parti t ion where two configurations (s, v) and (s', v') are in the same block 
iff they have the same state component s -- s ~ and their clock assignments v, v' 

1 Alur et al.[3] start their algorithm with an initial partition that has for each state 
s of G, only one block (s, R k) containing all configurations with state component s. 
However, as soon as the block is reached, it is split into zones with the above property, 
respecting the conditions on the arcs out of s. We prefer to include this initial splitting 
in the initial partition to make it explicit in the statement of the problem that is 
being solved. Once this is done, the blocks of the desired minimized system are zones, 
they are uniquely determined and there is no need for nondeterminism. 
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satisfy exactly the same inequalities of the form xiOc or (zi - xj)Oc, where xi, 
xj are clocks and c is an integer that  does not exceed b. Clearly, p is a finite 
partition. It has O(k!nb k) blocks, called regions. Every region is a zone, i.e. can 
be specified by inequalities of the appropriate form. Furthermore, p refines ~r 
and is stable [4]. The quotient graph O/p is called the region graph. Thus, the 
region graph is in general a refinement of the minimal graph. However, it may be 
a proper refinement and it may be much larger than the minimal graph. In view 
of the exponential size of the region graph, it is desirable to construct directly 
the minimal reachable graph Gin, and furthermore, to construct it in time that  
is not much larger than its size, so that  we can take advantage of the cases where 
Gm is small. That  is, if G,~ has N nodes, we want to spend time that  is a low 
polynomial function of N when N << k!nb ~. 

3 Properties of the minimal system 

Let G be a timed graph, and 7r the initial partition as defined in Section 2. Let O 
be the corresponding timed transition system, 7r ~ the coarsest stable refinement 
ofzr. 

The transition system O is "almost" deterministic: For every configuration 
(s, v) and every transition a of G out of state s, there is at most one a-arc in 
O out of (s, v). The only source of nondeterminism is the time action. Clearly, 
the subgraph of O induced by these edges is acyclic (except for self-loops corre- 
sponding to the passage of 0 time; we will ignore time self-loops in the following). 
Furthermore, the same is true of the subgraph of O/Tr, because all the blocks are 
convex. Consider' a configuration (s, v) E B and the "time trajectory" (s, v + 6) 
as 6 increases from 0 to infinity. If the trajectory exits B, let B ~ be the first block 
that  it hits; we say then that  B ~ is the immediate time successor of (s, v). 

L e m m a  1. 1. Either all time trajectories starting in configurations of B exit 
B or they all stay in B. 

2. I f  two configurations of B have time arcs to the same blocks then they have 
the same immediate time successor. 

Proof. (1) The basic reason is that  B is convex, in fact a zone. First note that  
constraints of the type ( x i - z  j)06 remain invariant under the time action. On the 
other hand, if the inequalities describing B contain an upper bound constraint 
zi < c or xi < c for some clock xi then all trajectories starting at configurations 
of B will exit the block; if they do not, then all trajectories will stay in B. 

(2) Suppose that  the immediate time successor of configuration (s, v) is block 
C1 and that  of (s ~, v ~) is a different block C2, and both blocks have time arcs 
from both configurations. It is easy to see that  this contradicts the fact that  C1 
and C2 are convex and disjoint. [] 

Consider a variant O/~r of the quotient system (and graph) O / r  where in- 
stead of the time action (and arcs) we have another action t standing for "im- 
mediate time successor". There is an arc labelled t from block B to block C if 
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some configuration of B has block C as its immediate time successor. We let 
B N t -  1 (C) denote the set of configurations of B with immediate time successor 
C. For zones B and C, the set B N t - l (C)  is also a zone. It is possible that  
B = B N t - l (C) ,  i.e., B is stable with respect to t, yet B is not stable with 
respect to the time transitions. However, it is easy to see that  all t ime successor 
blocks of B are stable with respect to the time action if and only if they are 
stable with respect to t. Thus: 

m 

L e m m a 2 .  The system ~)/~r has all the time arcs stable iff the system ~9/~r has 
all the t-arcs stable. 

The minimal graph -~/r ~ is also deterministic with respect to t (besides the 
ordinary, explicit transitions). Let ~r I be the partition of the minimized system. 

T h e o r e m  3. Every block of ~r' is a zone. 

Proof. We can form the minimized system by iteratively refining the partition 
splitting unstable blocks. For the purposes of the proof, we do not need to worry 
about efficiency. The class of zones is closed under the intersection operator and 
inverse image a-1, but not under the difference operator. We do the refinement 
as follows so that  we avoid the difference operator, and at all times we have a 
partition whose blocks are zones. 

Suppose that  there is a block B that  has at least two a-arcs for some transition 
a of the timed graph. Let C1 , . . . ,  Cr be the blocks that  intersect a(B). Replace 
the block B in the partition by the blocks BNa-I(C1) , . . . ,  BNa-I(Cr). Note that  
these sets are disjoint and their union is equal to B because all configurations of 
B have the same enabled transitions, thus they all have exactly one a-transition. 
Assuming inductively that  B and the Ci's are zones, the same is true of the sets 
B n a- (CO. 

Suppose that  the current partition is not stable with respect to the time 
edges. Then it is not stable either with respect to the immediate time t edges: 
There is a block B with at least two t-arcs. Let C1 , . . . ,  Cr be the blocks that  
have t-arcs from B. Replace B by the blocks B N t -~ (C~) , . . . ,  B N t - l (Cr ) .  Note 
again that  these sets are zones, are disjoint and their union is equal to B. [] 

The reason that  it is important to restrict the blocks to being zones is the fact 
that  they have a succinct representation, which does not grow as the refinement 
progresses. When we only care about the reachable portion of the minimized 
system, it requires more care to avoid the difference operator, while guarranteeing 
time complexity that  is polynomial in the size N of the reachable portion. 

4 The minimization algorithm 

Let G be a timed graph, (s0,v0) the initial configuration, and ~r the initial 
partition as defined in Section 2. Let 0 be the corresponding timed transition 
system, lr I the coarsest stable refinement of lr. We wish to construct its reachable 
part, i.e., the minimal reachable graph Gin. 
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General-purpose algorithms for constructing the minimal reachable graph of 
a transition system are proposed in [7]( see also [6]) and [19]. Both methods try to 
combine searching of the graph, i.e., the forward inference of reachability infor- 
mation, with splitting of unstable blocks, the backward inference of inequivalence 
information. They both use essentially similar abstract symbolic operations on 
blocks, such as set interection, difference, inverse image etc. They differ primar- 
ily in the order in which they search and split blocks; briefly, the first method 
gives priority to splitting rather than searching, while the second one does the 
opposite and also it splits unstable blocks in a fair manner (FIFO order). Alur 
et al. [2, 3] have applied the first method to the minimization of timed transition 
systems. In general, the complexity of the algorithm is exponential in the size of 
the output. For instance, one can adapt an example given in [19] (for the model 
of affine transitions) to construct a timed graph with two clocks and n states, 
and with O(n) arcs and blocks in the initial partition, such that the minimal 
reachable graph has O(n) nodes, but the algorithm performs 2 n splits, and hence 
takes 2 '~ time (regardless of the implementation of the operations). We defer the 
example to the full paper. 

We shall develop an algorithm based on the method of [19] with the goal of 
providing guarrantees on its time complexity, measured as a function of both 
the input and the output. The algorithm in [19] was analysed at an abstract 
level, i.e., in terms of the number of basic set operations that it performs. It 
was shown that if the minimal reachable graph Gm has N nodes and M arcs, 
then the algorithm will construct the graph G,~ after O(NM) basic operations. 
However, at this point the algorithm may not know that it has constructed 
the right graph, the blocks may not be stable yet and the algorithm may keep 
refining them (but of course no more than the minimal system). If we have a 
"termination" routine of complexity q(N, M) which determines whether a given 
graph H is actually the desired reachable minimal graph Gm (or just tells us if 
it has the correct number of nodes), i.e., solves the easier problem of checking 
the answer (as opposed to constructing it), then the whole construction takes 
O(NM + q(g, M)) steps. 

When we want to specialize the algorithm to a concrete context, as we wish to 
do here in the case of timed transition systems, we need to choose a representa- 
tion for the blocks, implement the basic operations, and address the termination 
problem. Once we have done this, then we can talk about the concrete complex- 
ity of the algorithm in the usual models of computation. Note that if we cannot 
solve the termination problem in polynomial time, we obviously cannot hope to 
construct the minimal reachable graph in time polynomial in its size. 

We describe the algorithm first in general terms, and then we shall discuss the 
implementation choices. At all times we maintain a partition, which is initially rr. 
A subset of the blocks are marked. These are the blocks that we have discovered 
so far to be reachable. Initially only the block containing the initial configuration 
is marked. Every marked block B is of the form (SB, QB) where sB is a state of 
the timed graph and QB is a set of clock assignments. For every marked block 
B we have a marked configuration PB = (SB, ?)B), one that we know is reachable 
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from the initial configuration. Once a configuration gets marked it never gets 
unmarked; i.e., marked configurations do not get updated. 

We maintain a marked graph H whose nodes are the marked blocks. Every 
marked block B has exactly one arc for each transition a that  is enabled in its 
configurations; the arc is directed into the block that  contains the image a(pB) of 
its marked configuration PB. Also, B has an arc labelled t to the block containing 
the immediate time successor of PB (if there is one). Note that  we do not include 
all arcs from the marked blocks; only the arcs of the marked configurations. As a 
consequence, every node of the marked graph has "small" degree: at most 1 more 
than the degree of the corresponding state in the timed graph. Also, unmarked 
blocks do not have any arcs. At the end of the algorithm, the marked graph 
coincides with the minimal reachable graph Gin. Obviously, the marked graph 
is at all times no larger than the final graph Gin. 

The algorithm is conceptually simple. It starts by marking the initial config- 
uration (so, v0) and the block of 7r that  contains it. Throughout the execution, 
it gives preference to searching forward rather than splitting blocks to stabilize 
them. The algorithm explores marked configurations by examining their tran- 
sitions to find new reachable blocks to mark. At any point in time, if there is 
an unexplored marked configuration PB :- (SB, VB), we find the blocks contain- 
ing its images a(pB) under all transitions a, including the "immediate time" 
t-transition. If any of these blocks is not marked, say block C containing a(pB), 
then we mark the block C and let its marked configuration be pc = a(pB) (if a 
is the t-transition, we may choose any configuration Pc = (sB, vB + 5) of C that  
is obtained from PB by advancing the clocks by an equal amount). 

Suppose there are no unexplored marked configurations. If all arcs of the 
marked graph H are stable, then H is the minimal reachable graph and the 
algorithm terminates. Otherwise, some marked blocks are unstable and have to 
be split. Such blocks are split in a round-robin order; there is a queue containing 
marked blocks that  may be unstable. We remove the first block B = (sB, QB) 
from the queue and split it into two parts, using the marked configuration PB 
as the guideline: The first part B', which becomes the new value of block B, 
is still a marked block with PB as its marked configuration, and consists of 
all the configurations q of B that  "agree" with PB in the blocks of all their 
transitions, including the t-transition; i.e., for all transitions a that  are enabled 
in B, the images a(pB) and a(q) belong to the same block of the current partition. 
This set is the intersection of B with all inverse images a-l(C) over the arcs 
B --+ C labelled a of the marked graph coming out of B. The second part, say 
B"  = B - B I, consists of all the remaining configurations of B. 

A result of the splitting may be that some arcs of the marked graph H coming 
into block B, become "invalid"; an arc C --+ B labelled a is invalid if the image 
a(pc) of the marked configuration of C is not any more in B, otherwise it is 
valid. Also, the t edge out of B, say to block D may become invalid; in that  
case the new t edge of B goes to B"  and that  of B"  goes to D. We examine the 
arcs of the marked graph H coming into block B, to see if they are still "valid", 
and update H. All such valid immediate predecessors C of B are placed in the 
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back of the queue of potentially unstable (marked) blocks; note that  B itself 
may thus join again the queue if it has a self-loop, but it goes now in the back 
of the queue. If some arc into B is no more valid, then we mark block B ' ,  we 
let its marked configuration be PB" = a(pc) for some arc C ~ B that  became 
invalid, we make all invalid arcs of the marked graph point to B",  and we go 
back into searching out of the new marked configuration PB' .  We act similarly 
if the t edge of B becomes invalid. 

The class of zones is closed under the operations of intersection and inverse 
image of an ordinary transition a or the special t transition. The main problem 
is that  the class is not closed under the difference operator, which is important  
in the algorithm so that  a block is only split into two pieces. If we want to 
represent explicitly this operator we have to use more general representations 
for the blocks than zones. The problem with such a solution is that  as we operate 
on them, the length of the representations will in general grow exponentially. 

We know from the previous section that  zones are sufficient to represent 
the minimal system, i.e., the difference operator is not inherently needed to 
compute the final blocks. If we stay with the zone representation for the blocks, 
one solution is to partition the difference B - B I arbitrarily into disjoint zones 
[2]. One problem with this approach is that  in general it will not compute the 
minimal system, but it will refine the partition more than is necessary. Also, 
the useless splits can cascade causing futher splits and so on, and there is no 
guarrantee that  the time will not be exponential in the number of reachable 
blocks. 2 An alternative solution is to maintain at all times the blocks of the 
partition as zones, and when we split a block B by some transition a (or Z), we 
partition B completely into the sets B N a - l ( C 1 ) , . . . ,  B N a - l (Cr ) ,  as in the 
proof of Theorem 3.3. This approach will produce the correct minimal reachable 
graph; however, the number of blocks will in general proliferate as the algorithm 
progresses, yielding exponential complexity in N. 

We shall describe now a way of avoiding the explicit application of the differ- 
ence operator, while guarranteeing polynomial time performance. The approach 
is applicable in general to deterministic transition systems. We can use a forest 
data  structure F to represent the history of splittings that  the blocks undergo. 
There is one tree T, in F for each control state s of the timed graph. The root 
of T~ corresponds to the set (s, R k) of all configurations with first component 
s, and has as its children the blocks of the initial partition ~r with state s. It 
is not really necessary to list these blocks a priori, but only to produce them 
as needed when they are reached; i.e., given a configuration (s, v), we need to 
compute the block of ~r that  contains it. For simplicity in the exposition we wilt 

[2] implemented also an algorithm that uses some ideas from [19], but which lacks 
the minimahty and the performancee guarrantees of [19]: both the output of the 
algorithm and its time complexity depend on nondeterministic choices made in the 
calls to the difference routine. The implementation differs also in other significant 
ways: for example, it uses regions to mark blocks and updates them every time the 
corresponding blocks are split; it keeps track of all possible arcs from all (marked 
and unmarked) blocks, which again it updates after every split [25]. 
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regard F as containing initially all blocks of 7r. The nodes of F are arranged in 
levels according to their distance from the roots, which are at level 0. 

We list now some properties of the forest F.  Every node u of F is associated 
with a set B= of configurations. If u is an internal node, then the sets associated 
with its children form a partition of Bu. The nodes of F are partitioned into 
marked and unmarked. Every marked node u has an associated marked config- 
uration Pu E Bu. All internal nodes (except possibly the roots) are marked. If 
u is an internal node with marked configuration p~, then u has a marked child 
with the same marked configuration Pu. We shall also distinguish the marked 
nodes as being processed or unprocessed; the nodes of the initial partition 7r (and 
the roots) are considered processed. Recall that  all blocks of 7r are zones. It will 
always be the case that  processed nodes correspond to zones. 

The sets corresponding to the leaves of F form the current partition p. Ini- 
tially p = 7r. Mark the node containing the initial configuration (so, v0). The 
general step of the algorithm is as follows. 

1. If there is an unexplored marked configuration p, then explore it: For every 
transition a (including the t transition) compute a(p). If  the block of the 
current partition containing a(p) is unmarked, then mark it and let a(p) be 
its marked configuration. 

2. Otherwise (i.e., if all marked configurations are explored), let l be the least 
level with a marked leaf. 
(a) If there is an unprocessed marked leaf u at level l, then let w be its 

parent. Split the block B~ of u into two parts, B'  and B ' .  The first part 
B ~ is the new value of B,,; it is the intersection of Bw with all inverse 
images a-I (B~)  where x is a (marked) node at level l - 1  and a(p,~) E B~:. 
Node u is now considered processed. The second part B"  is the rest of B= 
and it is associated with a new child z of w that  is not marked. Update 
the arcs of the marked graph incident to B=, and if one of them is now 
directed into B~ then mark z and choose a marked configuration for it. 

(b) Otherwise (all leaves at level I are processed), let u be any marked leaf 
at level I. Attach a child y to u, and make it a marked, processed node 
(at level l + 1) with marked configuration py = p=. The corresponding 
block By is the intersection of B~ with all inverse images a-l(B=) such 
that  z is a (marked) node at level l and a(p,,) E B=. If By # B~, then 
we attach one more child z to u with corresponding block B~ - By; the 
node z is unmarked (and unprocessed). Update the arcs of the marked 
graph incident to u and if Bz has an arc now, then mark z and choose a 
marked configuration. 

Steps 2a and 2b above include also the special t transition as one of the 
possible actions a. For example, in step 2a if the time trajectory of p~, exits 
block Bto and enters next block B= of level l - 1, then we form the intersection 
Bw fqt-l(B=) consisting of all configurations of Bto whose time trajectory passes 
directly from B~ to B~. The following lemma lists some properties that  hold 
throughout the algorithm. 
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L e m m a 4 .  I. All internal nodes (except possibly the roots) are marked and 
processed. 

2. All processed nodes correspond to zones. 
3. Every unmarked or unprocessed leaf has at least one sibling, and all its sib- 

lings are processed (and marked). 

We do not need to represent explicitly the set Bu associated with an un- 
marked or unprocessed node; the set is implicitly defined as the difference be- 
tween the block of its parent and those of its siblings, all of which are zones. 

An important  property is that the forest does not become too deep before 
we reach the minimal reachable graph. 

L e m m a 5 .  I f  the minimal reachable graph Gm has N nodes, then by the time 
the forest reaches depth N, the marked graph is equal to Gin. 

The operations used by the algorithm are: (1) compute a(p) for a configura- 
tion p and transition a; (2) test whether p E B for a block B = (s, Z) where Z is 
a zone; (3) compute B f3 a- l (C) and test for emptiness for two zones B, C and 
transition a (including the t transition). Note that  we only need forward images 
a(p) of individual configurations and not images a(B) of blocks. Combining the 
two lemmas we have. 

T h e o r e m 6 .  Suppose that the minimal reachable graph has N nodes and M 
arcs. After at most O(NM) operations the marked graph is equal to the minimal 
reachable graph. At that point the forest has O(N 2) nodes and depth at most N. 

There are some obvious optimizations that  one can do. For example, the 
way we described the construction, the forest was allowed for simplicity to have 
internal nodes of degree 1, i.e., identical to their parents; these can obviously be 
suppressed, which is what one would do in practice. 

5 I m p l e m e n t a t i o n  o f  t h e  o p e r a t i o n s  

As in [14, 2], a zone can be represented by a (k + 1) • (k + 1) matr ix  A where 
k is the number of clocks; the 0th row and column of A is indexed by a new 
dummy variable x0 that  stands for the constant 0, and the remaining k rows 
and columns are indexed by the clocks xi. An upper bound x~0c, where 0 is < 
or <, on the value of clock x~ can be equivalently written as (xi - x0)0c, and a 
lower bound cOxi can be written as (x0 - x l )0( -c ) .  Thus, every inequality can 
be written as an upper bound constraint on the difference of two variables; the 
constraint may be strict (0 is <)  or weak (0 is <), and the bound is an integer 
or ~ .  The i j th entry of A gives the upper bound on the difference x~ - xj and 
an indication whether it is strict or weak. 

A zone Z may have different matr ix  representations. Among them, there 
is a unique "tightest" matr ix  with the sharpest possible bounds. Given a set of 
inequality constraints bounding the differences of the variables, we can determine 
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whether the constraints are consistent (i.e., whether the feasible set is nonempty), 
and find the corresponding tight matrix if it is, by solving an all-pairs shortest 
path problem on an appropriately constructed directed graph D whose nodes 
correspond to the variables and whose arcs have the bounds as their lengths (see 
[11, 14]). The constraints are consistent iff D has no negative length cycles, and 
in that  case the pairwise distances specify the tight matrix. We will represent a 
zone by its tight matrix. 

The intersection of a zone B with another zone C, or with the inverse image 
a-1 (C) by a transition a can be computed easily [2]. For B(3C form the entrywise 
minimum of the two representative matrices (and tighten the result if desired). 
For B fq a -  1 (C) replace first the clock variables xi that  are reset to 0 by 0 (x0) in 
the constraints of C, and then form the intersection with B. The set B (3 t - l (C)  
for the immediate time action t can be computed by first forming the boundary 
between the two regions where a time trajectory may pass from B to C, and 
then intersecting the inverse time image of this boundary with B. 

We can mark blocks as follows. A marked configuration p for a block B is a 
pair (s, v) where each clock value vi is of the form ci + die with ci a nonnegative 
integer and di an integer between 0 and k, and e is sufficiently small, for example 
e = 1/(k + 1) will do (or we can treat e as a symbol if we wish). The exact value 
of e is unimportant;  what matters is the integer parts of the vi's and the relative 
order of their fractional parts. We think of p as a representative of a reachable 
region contained in the block B. The marked configuration p does not change 
when B is split. It is straightforward to test whether p belongs to a given zone, 
and to compute the image a(p) of p by an explicit transition a. We can compute 
the immediate time "successor" configuration t(p) in O(k) time by taking the 
point where the time trajectory from p hits the boundary of B if B is open (the 
bounding inequality of B is strict), or a point that  is outside B by an e amount 
if B is closed (there is a small subtle point in the latter case that  we omit here 
for lack of space). 

Each of the basic set operations takes no more than O(k 3) time. In fact, if 
Bu is a marked zone with d outgoing transitions, when we refine B~ in step 2a or 
2b, we can compute the portion of B~ that  agrees with its marked configuration 
p~ (and tighten its matrix and check if it is a proper subset) in time O(dk 2 + k3). 
We can show then: 

T h e o r e m 7 .  Suppose that the minimal reachable graph has N nodes and M 
arcs. After O(k3N 2 + k2NM) time, the marked graph is equal to the minimal 
reachable graph. 

In terms of space, we maintain the following information: (1) The marked 
graph, which does not exceed the final graph Gin. Note that  we do not maintain 
any arcs incident to unmarked blocks. (2) For every marked block in the current 
partition we have its matrix (O(k 2) space) and its marked configuration. Note 
that  the space overhead of having a marked configuration is small compared to 
the matrix. On the other hand, by exploiting the marked configuration we can in 
general avoid creating unnecessarily a lot of useless zones (each of which would 
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cost k 2 space). (3) The forest F and blocks for the marked nodes. If we suppress 
degree 1 nodes, then the number of internal nodes is no more than the number 
of leaves, i.e., the number of blocks in the current partition. This is in general 
no more than N 2, and could be much less if the forest is bushy and shallow. 

6 Termination 

We shall only sketch the basic idea here, and postpone the details for the full 
paper. Let H be the marked graph. The question whether H is equal to the 
minimal reachable graph can be reduced to a Linear Programming problem. 
However, we do not need to worry explicitly about termination: the linear pro- 
gram has a special form, which implies that  our algorithm left on its own will 
terminate in polynomial time with the stable reachable system. 

Suppose that  H = Gm and consider the tight matrix Au representing each 
marked block B~ in the final stable system. Viewing the entries of these matrices 
as variables, we can write a set of linear constraints that  have to be satisfied. (1) 
The entries of each matrix must satisfy the triangle inequalities. (2) The entries 
of a matrix A~, must be consistent with the corresponding marked configuration 
Pu, i.e., they must give valid bounds. Furthermore, they cannot exceed the cor- 
responding entries in the current matrix representing the block of node u. (3) 
For every arc B~ ~ B~ of the marked graph labelled by a transition a, the 
matrices Au, Aw corresponding to u and w must be consistent with it; for ex- 
ample, if clocks xi and x j  are not reset by a, then A~, [i, j] _< A~ [i, j]. (4) Similar 
inequalities must hold for a t-arc; for example Au [i, j] _< A~ [i, 0] + A~ [j, 0] for 
all i, j - 1 , . . . ,  k. In addition, there are conditions relating the strictness of the 
bounds. Conversely, it can be shown that  if the above set of linear inequalities 
has a solution, then H = Gin. In this case there is a unique componentwise 
maximal solution, which gives the tight matrices representing the final stable 
reachable blocks. 

All inequalities in the above linear system are either of the form Yi ~ ~ Yj -t-c 
or of the form 0 _~ ~ yj + c, where the y's are variables and c is a constant 
(actually every right-hand side is the sum of at most two variables). Such linear 
programs can be solved without resorting to a general LP algorithm. Ullman 
and Van Gelder [22] considered such systems in the context of the evaluation 
of recursive logical rules and showed that  a simple iterative algorithm reaches a 
solution (a fixpoint), if there is one, in at most n iterations where n is the number 
of variables (in our case k2N).  It can be seen that  one round of splitting each 
unstable marked block is at least as effective as one iteration of this algorithm. 
Therefore, if H = G m  our algorithm will stabilize all the marked blocks and 
terminate after no more than k2N rounds. If H r Gm then a new block will be 
marked within this time. Summarizing, we have: 

T h e o r e m 8 .  Let G be a timed graph, (so, vo) an initial configuration, zr an initial 
partition such that every block of zr is a zone and its configurations have the same 
state and enabled transitions. The algorithm computes the minimal reachable 
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transition system and terminates in time polynomial in the size of the input and 
the output. 

7 Discuss ion 

We presented an efficient algorithm for the minimization of timed transition 
systems according to "transition equivalence". Starting from an initial partition 
into zones that  respect the enabling conditions of the transitions, the algorithm 
achieves its efficiency by staying with a representation of the blocks as zones, 
i.e., conjunctions of constraints, carefully avoiding the difference operator that  
would turn conjunctions into disjunctions. Our technique for enforcing this is 
quite general and does not depend on any special properties of timed systems; 
it applies besides them to any deterministic systems. 

Disjunctive representations for sets are inconvenient when combined with 
intersections, because the number of terms (disjuncts) grows very rapidly. It 
is crucial for our results that  we started with a partition into zones. If this 
is not the case, then we cannot guarrantee polynomial time in the number of 
reachable blocks; in fact we can show an NP-hardness result in this regard. The 
problem in that  case is that  dealing with nonconvex sets (differences of zones) 
leads to an exponential increase in the size of the representation. That  is, even 
if there is a small number of reachable blocks, their descriptive complexity may 
be exponentially large. 
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