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Abstract. We present in this paper a new deterministic and massively 
parallel algorithm for combinatorial optimization in a Markov Random 
Field. This algorithm is an extension of previous relaxation labeling by opti- 
mization algorithms. First, the a posteriori probability of a tentative label- 
ing, defined in. terms of a Markov Random Field is generalized to continuous 
labelings. This merit function of probabilistic vectors is then convexified by 
changing its domain. Global optimization is performed, and the maximum 
is tracked down while the original domain is restaured. On an application 
to contextual pixel quantization, it compares favorably to recent stochastic 
(simulated annealing) or deterministic (graduated non-convexity) methods 
popularized for low-level vision. 

1 I n t r o d u c t i o n  

Since the seminal paper of Geman [6], which popularized the Hammersley-Clifford the- 
orem, Markov Random Fields (M.R.F.) have been increasingly for the last few years 
for many low-level tasks in image processing and interpretation, and many heuristic al- 
gorithms have been proposed to solve them: iterated conditional modes [2], simulated 
annealing [6], dynamic programming [4] etc. 

Starting from Relaxation Labeling [5], we propose here Deterministic Pseudo Anneal- 
ing (D.P.A.), a variation on annealing, which shares some common flavors with mean-field 
approximation [8], as well as Graduated-non-Convexity [3]. The basic idea is to extend 
the probability of a labeling (a function defined on a discrete set) to a merit function 
defined on continuous labelings (a subset of RJr a polynomial with non-negative coef- 
ficients. The only extrema of this function, under suitable constraints, occur for discrete 
labelings. 

D.P.A. consists of changing the constraints so as to convexify this function, find its 
unique global maximum, and then track down the solution, by a continuation method, 
until the original constraints are restored, and a discrete labeling can be obtained. 

We describe in Section 2 the optimization scheme. In Section 3, we relate an applica- 
tion to image quantization, or segmentation, with comparisons with other methods. 

2 D e t e r m i n i s t i c - P s e u d o - A n n e a l i n g  : t h e  M e t h o d  

Let ,9 = Si, 1 < i < N be a set of sites (pixels in this paper), each of which may take 
any label from 1 to M. A global discrete labeling L assigns one label Li to each site Si 
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in S. We assume that the a priori probability of L is modeled by a M.R.F., defined by 
a graph G. An edge Eij of G connects the sites Si and Sj (4-connected pixels in this 
paper), and V/ is the set of sites connected to Si. C is the set of all the cliques c of G. 
Also C/ = {c : Si E c}. The number of sites in the clique is its degree : deg(c), and 
deg(G) = maxcec deg(c). 

The restriction of L to the sites of a given clique e is denoted by Lr The M.R.F. is 
completely determined by the clique potentials VcL (shorthand for Vr163 for c E C and 
L E s where s is the set of the M N discrete labelings. Thus, following Hammersley- 
Clifford, and assuming the positivity condition P(L) > 0: 

P(L) = YXeec exp(VeL) (1) 
Z 

where Z is the partition function. 
Let Yi be the grey-level (for example) of pixel Si's, and Y = (Yt . . .  YN) t. 
Following Bayes, the problem at hand is to find L which maximizes the a posteriori 

probability P(L/Y) ,  given by P(L/Y)  = P(Y/L)P(L)/P(Y) .  Actually P(Y) may easily 
be dropped (as Z in equation 1), as it does not depend on L. Besides, it is reasonnable 
(at least commonplace) to assume that: P(Y/L) = I'IN=x P(yl/L) = H~=I P(yi/Li). 

So, we may write: 

N 

P(L/Y)  "~ H P(yi/Li) H exp(--WcL) (2) 
i=1 cEC 

(from now on, _ denotes equality up to a constant scale factor). Thus P(L/Y)  also 
derives from a M.R.F., obtained by incorporating cliques of order 1 corresponding to the 
P(yi/Li)'s, and the problem at hand is strictly equivalent to maximizing : 

:(L) = (3) 
eEC 

It is important to notice that the W's can always be made positive by shifting, without 
changing the solution. 

We propose to cast this combinatorial optimization problem into a more comfortable 

maximization problem in a compact subset of T~ N. Let 7~ "r : f .~ 7~ be defined by: 

deg(e) 

f (X )  = E E Wel H xcj,~oj (4) 
eEC I�9162 j = l  

where c I denotes the j,h site of clique c, and le~ the label assigned to this site by It. f is 
a polynomial in the zi,k's, linear with any zi,k; its degree is the maximum degree of the 
cliques. 

Let us now restrict X to  ~ oNM, defined by: 

M 

Vi, k : xi,~ > 0  & Vi : E xi,k = 1  
k=l  

It turns out that, generically, if X* is a maximum of f on 7 ~NM then it is on the border, 
i.e.: 

* 1, t#k  * o (5) Vi, 3k : zlk = z .  = 
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Thus, any maximum of f o n  PNM directly yields a discrete labeling, and the absolute 
maximum of f (which has many local maxima) yields the solution to our problem. 

The basic idea in D.P.A. is to maximize f on a subset on which it is concave, and 
to track the maximum while slowly restauring the original subset. Let Q NM,d be the 
compact subset of T~ NM defined by: 

M 

Vi, k :xl,k_>0 & Vi : Z x ~  k = 1  
k----1 

It can be proven that f admits a unique maximum o n  Q NM,d. When d -- 2 and N -- 1, 
this reduces to Perron-Frobenius theorem on non-negative matrices. 

Besides, it turns out that the iterative power method (for finding the untique non- 
negative eigenvector of a non-negative matrix) is here also very efficient. 

Maximization is performed, starting from some X ~ by applying: 

x "+~ ~ ( v / ( x n ) ) ~  -', (6) 

This simply means that, at each iteration, we select on the pseudo-sphere of degree 
d the point where the normal is parallel to the gradient of f .  Obviously, the only stable 
point is singular, and thus is the maximum we are looking for. We have only proved 
experimentally that the algorithm does converge very fast to this maximum. 

This procedure, already suggested in [1] yields a maximum which, as in the case d -- 2, 
is inside QNM,d (degeneracies apart), and thus does not yield a discrete labeling. So we 
actually track down the solution, maximizing f on successive QlVM,~,s, with fl decreasing 
from d to 1, starting from the last maximum. 

This iterative decrease of fi can be compared, up to a point to a cooling schedule, or 
better to a Graduated Non-Convexity strategy. 

It is important to notice that, though shifting the coefficients does not change the 
discrete problem nor the maximization problem on pNM, it changes it on Q~M,d, and 
thus there is no guarantee that the same solution is reached. Besides it is not guaranteed 
that the process converges toward the global optimum; actually, it is not difficult to build 
simple counterexamples on toy problems. Experiments show nevertheless that, on real 
problems, a very good solution is reached. 

Finally, experiments have shown that the speed whith wich fi is decreased is not 
crucial : typically, 5 to 10 steps are enough to go from 2 to 1. 

3 A n  A p p l i c a t i o n  t o  I m a g e  S e g m e n t a t i o n  

We want to quantize an image into nicely connected areas, so that isolated pixels, or 
small isolated areas with a grey level different from their background are eliminated. The 
sites are the pixels, and the labels are the quantized grey-levels (typically 2 to 5). P(yl/Li 
is modeled by N(mz, or). The clique potentials (corresponding to the observations) are 
the logs of these quantities, suitably shifted to become positive. 

The World Model (cliques of order 2) favours similar classes for neighbouring pixels, 
and penalizes different labels. For example, if two neighbouring sites have the same 
label, the energy is 0, else it is -1. This actually means that the ratio between the a priori 
probability of having the same labels, to the a priori probability of having different labels 
is exp(1), i.e. approx. 2.7). 

Figure 1) shows the results on an indoor scene, with five classes, of mean values: 
O,a,2a, 3a,4a, where a = 63.75 and o" = a/2. 
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a -  original indoor scene b - Five classes (22 iterations, 10 seconds) 

Fig. 1. Example results with picture Desk 

Another example is a synthetised (128"128'8) noisy chessboard, obtained by corrupt- 
ing a binary picture by noise with a -5dB S/N ratio (Fig. 2). It is used to illustrate com- 
parison with Graduated Non Convexity (or GNC) [3]. to segment image in two classes. 
The classes mean values are 0 and 255 with a = 255 in our method. 

For every method, parameters are optimized to obtain the best result (window range, 
iteration,s thresholding, etc... ). 

Visual results (as well as objective ones) are quite similar but D.P.A. is 10 times faster 
(1 s, on a Connection Machine), Objective results are much better than with other faster 
methods (mean median or anisotropic smoothing [7]) 

4 C o n c l u s i o n  

The method presented here is a new deterministic alternative to recent stochastic meth- 
ods for combinatorial optimization problems. It certainly is heavier than standard image 
processing techniques, but compares favorably with these optimization methods. More 
precisely, the experiments so far show that this method leads to results as good as G.N.C., 
another deterministic method, and is faster. It thus offers a better cost/performance 
trade-off thml simulated annealing. Actually, we ran experiments on small graph label- 
ing problems, and found out that the results were much better than realistic runs of 
simulated annealing (i.e. with fast cooling schedules), and were not far from the ideal 
solution (found by exhaustive search based on dynamic programming). 

Determinism may well prove to be an important advantage, when a massive par- 
allelization is realized. This has still to be investigated from a theoretical as well as 
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1- Origin~ image: S /B=  -5 dB 2- G.N.C. 

Fig .  2. Comparison between G.N.C. and D.P.A. 

2- D.P.A.: ~ = 512 

pract ical  point  of view. Other  application domains (stereo, graph matching)  are also to 
be considered. 
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