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A b s t r a c t .  This paper describes a method by which the epipolar line equa- 
tion for binocular stereo, i.e. the invariant relating the image coordinates 
of corresponding image points, can be estimated directly by analyzing the 
images. No camera calibration or detailed knowledge of the stereo geometry 
is required. 

1 I N T R O D U C T I O N  

In the past decades a large number of algorithms for solving the computational stereo 
correspondence problem have been proposed. To reduce the size of the correspondence 
problem most algorithms have assumed that the equation for the epipolar lines are known 
in advance. The right image epipolar line to an observed left image point is the projection 
of the 3D line through the observed point and the focal point of the left camera on the 
right image plane. In most algorithms it is assumed that the epipolar lines coincide with 
the scan lines. This situation occurs only when the two image planes are contained in a 
common 3D plane, and when the vertical camera coordinate axes are parallel. In practice, 
it is nearly impossible to orient the cameras to satisfy this assumption. Alternatively, 
by using a specially designed calibration object, the transformation between the two 
camera coordinate systems may be estimated prior to the application. Based on the 
transformation the equation for the epipolar lines can be found. The method of camera 
calibration is well suited for experiments in laboratory or industrial environments where 
time is available, where the cameras are not moved after the calibration has been made, 
or where the change in the stereo geometry is known very accurately. Alternatively, 
the epipolar line equation may be estimated directly from the images. This approach 
is relevant when measures of disparity suffice, and may be useful when no calibration 
object is available. In the present work it is shown that for a broad class of stereo images 
the epipolar line equation can be obtained directly from the images without restrictive 
assumptions on the stereo geometry, knowledge of the values of the focal lengths, etc. 

We assume that the two cameras, referred to as the left and right camera, can be 
modeled by pin-hole cameras with focal lengths of fL and fR. The two camera coordinate 
systems are both assumed to be left-handed, and related by an affine transformation. The 
image point of, say the left camera focal center is denoted by (aL, bz). Each of the image 
coordinate systems is assumed to align with the camera coordinate system by fixing the 
z-component to the value of the focal length, and by translating the Origo by (at., bL). 
A point P with three-dimensional left camera coordinates (X, Y, Z) projects on the left 
image coordinates ( xL, YL ): 

Xs = f L ~ q - a L  and YL = f L Y W b L  (1) 
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The point P is then located on the line: (X , ,Y , ,Z , )  = s ( x L  -- a z , y L  -- b L , f L ) .  By 
transforming this line, and by solving the two equations (eliminating the parameter s), 
and by assuming that the epipolar line is not vertical, the epipolar line equation can be 
written: 

Cl -}- C2XL -b C3YL @ C4XR + CsyR "~ C6XLXR -4- CTXLYR -b C8YLXR "t- C9YLYR -- 0 (2) 

where the coefficients ei are determined by the affine transformation, by the focal lengths, 
and by the image coordinates of the two focal centers. In binocular stereo vision verti- 
cal epipolar lines rarely occur. To make sure that the simple situation YL -- YR can be 
modeled well we choose to fix the coefficient cs to -1 .  Assuming that a sufficient num- 
ber of true correspondences have been established, we may then solve the set of linear 
equations. 

2 F E A T U R E  P O I N T  D E T E C T I O N  

To establish the set of linear equations (2) a (relatively small) number of corresponding 
feature points have to be localized in the images. In the present approach we will benefit 
from the vast amount of knowledge gained from studying the behavior of extremes in the 
so-called scale-space [9,3,4]. The local extremes in the scale-space mark centers of light 
and dark image blobs. By the present approach, the feature points are detected as the 
local extremes of the convolution of the images with the Laplacian of a Gaussian [5,1]. 

For computational practice the sampling in the scale-space must be sparse. By us- 
ing a logarithmic sampling [3] a set of five sampling levels, corresponding to preferable 
blob-diameters BJ of about 11, 16, 23, 32, and 45 pixels, were chosen. After all points 
of local extremum have been marked for each of the sampling levels in the scale-space 
the redundancy of the representation is pruned by checking for each local extremum if 
an extremum of the same sign is localized within a small search area at the neighbor- 
ing sampling levels. If so, the extreme with the smaller value disregarded. Next, weak 
extremes caused by the side-lobes of the Laplacian-Gaussian, or by smooth non-blob 
intensity surface changes) are removed. 

3 T H E  C O R R E S P O N D E N C E  A N A L Y S I S  

To establish the set of correspondences a coarse-to-fine approach is adopted. At each level 
in the scale-space a PMF-matching algorithm [7] is used to establish the set of correspon- 
dences. Based on the new matches as well as on previously established correspondences 
the coefficients ei in the epipolar line equation is estimated. Initially, the epipolar lines 
are assumed to coincide with the scan-lines. The search diameter D~ along the epipolar 
line is computed as a fraction B J / B  'na~: of the image side length. The search diameter D• 
perpendicular to the epipolar line is computed as half the value of D~. The center of the 
search area is determined by locating the nearest neighboring feature point (previously 
matched) and by projecting the coordinates of its corresponding point on the estimated 
epipolar line. All right (left) image feature points within the search area and with an 
extremum value of the same sign as the left (right) image feature point will be accepted 
as candidate matches. 

Then each left-to-right (right-to-left) candidate correspondence will be attributed 
with a support score and the PMF algorithm [7] used to select the best candidate matches. 
Because the features are sparsely located the support area is chosen to cover the image. 
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As in previous methods [8,7] the support function S is chosen to be increasing with the 
similarity of disparity, and decreasing in the distance r between the supporting image 
points. In contrast to [8,7] we find it useful to make S depend on the a priori belief/~ of 
the candidate matches. This is defined as the ratio of the minimal and maximal extremal 
values of the feature points. By this definition candidate matches between feature points 
which mark blobs of significantly different intensities is penalized. Defining Ad as the 
length of the disparity difference vector, i.e. Ad = Idp - dQ[,  the support function S 
was defined by: 

1 1 
S(PL--*PR, QL--*QR) -~ ~P~Q r 1 q- Ad (3) 

4 S O L V I N G  t h e  S Y S T E M  o f  L I N E A R  E Q U A T I O N S  

In general, the number of established correspondences is much larger than 8, suggesting 
that an approximate solution may be found by using a least squares approach. The error 
in localization usually is small for fine levels of scale, but may be several pixels for the 
coarser levels. The localization error is assumed to be Ganssian distributed. To make 
the estimation robust against outliers an M-estimator [2,6] is applied. First, a guess on 
the residual vector ri is obtained by applying a least squares method. From r~ the noise 
standard deviation fi is then computed by the MAD-estimate 1.4826 reed Iri - med ril, 
where reed denotes the median value. Then each equation is scaled with a weight w(r) 
computed from ri and ~ by: 

w(r)  = < Irl _< (4) 
0 c~e< It[ 

where the value of the constants Cl and c2 are chosen as 1.0 and 3.0. After the weighting 
of the equations a least squares method will be applied and the procedure of reweighting 
and residual estimation will be iterated. The stopping criterion for the iterations was 
that  a measure of the convergence (defined as in [6]) becomes small or that a maximal 
number of 20 iterations was reached. To solve the set of weighted equations the method 
of singular value decomposition was chosen. A threshold value of one percent of the sum 
of the singular values was used to zero out small singular values. 

5 E X P E R I M E N T S  

In Fig. 1 the results of applying the method on two synthetic ray-traced stereo image 
pairs are shown. Both images are overlaid with the (approximately conjugated) estimated 
epipolar lines. In the upper row images the transformation from the left to the right 
camera is described by a rotation around the vertical axis and a translation along the 
horizontal axis and the the z-axis, i.e. vergence stereo. The vergence angle is 30 degrees. 
Both of the focal lengths were equal. The accepted matches are shown by small black 
squares. In the second row of Fig. 1 the two camera coordinate systems are related by a 
translation along all three axes. Rotations are made around the vertical axis and around 
the optical axis. The vergence angle is 16 degrees. The rotation around the z-axis is 10 
degrees. The values of the two focal lengths differ by about 8%. For clarity, only a subset 
of epipolar lines are shown in this example. 

Table 1 shows the number of detected feature points, of candidate matches, of ac- 
cepted matches (i.e. matches for which w(rl) ~ 0), and the number of false matches. 



Table 1. Results on Synthetic images 
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Measure 
Left feature points 

Right feature points 

Synthetic image 1 Synthetic image 2 
2, 5, 12, 13, 78 19, 26, 38, 75, 91 
2, 5, 7, 24, 86 20, 29, 43, 75, 123 

Matches 2, 5, 6, 11, 55 19, 23, 31, 54, 75 
Accepted Matches 1, 5, 5, 8, 45 12, 17, 22, 39, 62 

False Matches 1, 1, 0, 0, 3 2, 3, 2, 7, 11 

Average error 0.28 pixels 0.02 pixels 
Std.dev. of error 0.37 pixels 0.75 pixels 

Most false matches are located close to the true epipolar line. For all pixels in the left 
image having a visible corresponding point in the right image the distance was measured 
between the truly corresponding right image point and the estimated epipolar line. Ta- 
ble 1 shows that  both the average and the standard deviation of this error are small 
numbers. The method has also been tested on real laboratory and outdoor stereo im- 
ages. For these images the estimation accuracy was measured manually. Typically, the 
largest error found was on the order of 2-3 pixels. Due to space limits these results are 
not reported further here. 

6 C O N C L U S I O N  

Based on the limited number of experiments made, the method proposed for estimating 
the epipolar lines in stereo images indeed seems promising. The experiments indicate that 
if the slope of the epipolar lines are not too steep then the epipolar lines may be estimated 
within a few pixels. The method is not directly applicable for trinocular stereo. More 
experiments are needed to find the range of values (e.g. for the affine transformation) 
for which a reliable solution can be found. A weak point is the selection of prominent 
extremes. By the present approach there is a risk that  some truly corresponding feature 
points will be detected at different levels in the scale-space. This may happen if fL and 
fR are not approximately equal, or if the amount of foreshortening in the two images 
differs significantly. To increase the robustness, alternative approaches might be to link 
the feature points across scale, or to accept matches between feature points located 
at neighboring levels of scale. However, preliminary experiments indicate that  by such 
approaches the number of false matches often increase to an unacceptable level. 
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Fig.  1. Two synthetic stereo images overlaid with the estimated epipolar lines. The matched 
feature points are marked by black squares. 
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