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Abstract. In this paper we provide a direct link between the EM algo-
rithm and matrix factorisation methods for grouping via pairwise clus-
tering. We commence by placing the pairwise clustering process in the
setting of the EM algorithm. We represent the clustering process using
two sets of variables which need to be estimated. The first of these are
cluster-membership indicators. The second are revised link-weights be-
tween pairs of nodes. We work with a model of the grouping process in
which both sets of variables are drawn from a Bernoulli distribution. The
main contributioin in this paper is to show how the cluster-memberships
may be estimated using the leading eigenvector of the revised link-weight
matrices. We also establish convergence conditions for the resulting pair-
wise clustering process. The method is demonstrated on the problem of
multiple moving object segmentation.

1 Introduction

Many problems in computer vision can be posed as ones of pairwise clustering.
That is to say they involve grouping objects together based on thier mutual
similarity rather than their closeness to a cluster prototype. Such problems nat-
urally lend themselves to a graph-theoretic treatment in which the objects to be
clustered are represented using a weighted graph. Here the nodes represent the
objects to be clustered and the edge-weights represent the strength of pairwise
similarity relations between objects. The search for pairwise clusters can then be
posed as the search for subgraphs. There are several ways in which such clusters
can be located. These include classical search algorithms and optmization meth-
ods such as mean-field annealing. However, one of the most elegant solutions
to the pairwise clustering problem comes from spectral graph theory. This is a
branch of mathematics concerned with the characterising structural properties
of graphs using the eigenvalues and eigenvectors of their adjacency matrices. The
result which is of pivotal importance to the pairwise clustering problem is that
the degree of bijectivity of a graph can be measured by the difference between
the first and second eigenvalues of the adjacency matrix. This allows clusters to
be removed sequentially from the set of nodes. Hence pairwise clustering can be
recast in a matrix factorisation setting.
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Broadly speaking there are two distinct approaches to the pairwise clustering
problem. The first of these involves the use of matrix factorisation methods. Here
the pattern of pairwise distances are encoded in an affinity weight matrix. Sev-
eral pairwise clustering algorithms have been developed to perform perceptual
grouping and image segmentation tasks [15,13,14]. These draw their inspiration
from spectral graph theory [5,8]. Perhaps the best known of these is the nor-
malised cut method of Shi and Malik [15], which aims to iteratively optimise a
graph-theoretic measure of pairwise cluster separation. Recently, Shi and Meilă
[2] have analysed the convergence properties of the method using Markov chains.
In related work, Tishby and Slonim [16] have developed a graph-theoretic method
which exploits the stationarity and ergodicity properties of Markov chains de-
fined on the affinity weights to locate clusters. Finally, Sarkar and Boyer [14]
have a non-iterative method which use the same-sign positive eigenvectors of
the affinity matrix to define object clusters.

The second approach to the pairwise clustering problem adopts an infor-
mation theoretic framework. One of the best known methods here is that of
Hofmann and Buhmann [9], which uses mean-field theory to update a set of
pairwise cluster indicators. In related work, Gdalyahu, Weinshall and Werman
[19] use a stochastic sampling method.

In a recent paper, we have described a new pairwise clustering method which
combines ideas from spectral graph theory and information theory [13]. Specif-
ically, we have developed an EM-like method for maximum likelihood pairwise
clustering. The development of this method commences by assuming that the
elements of the affinity matrix, or link weights, follow a Bernoulli distribution.
The novelty of the method resides in the fact that the link-weights are updated
in addition to the cluster membership variables.

The aims in this paper are three-fold. First, we place the method in a more
rigorous EM setting. Second, we show how cluster membership variables can be
computed using the coefficients of the leading eigenvector of the affinity matrix.
Thirdly, we establish the converegence conditions when the cluster memberships
are updated in this way.

2 Maximum Likelihood Framework

We pose the problem of perceptual grouping as that of finding the pairwise
clusters which exist within a set of objects segmented from raw image data.
These objects may be point-features such as corners, lines, curves or regions.
However, in this paper we focus on the specific problem independant moving
object segmentation from image sequences.

We abstract the problem in the following way. The raw perceptual entities are
indexed using the set V . Our aim is to assign each node to one of a set of pairwise
clusters which are indexed by the set Ω. To represent the state of organisation
of the perceptual relation graph, we introduce some indicator variables. First,
we introduce a cluster membership indicator which is unity if the node i belongs
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to the perceptual cluster ω ∈ Ω and is zero otherwise, i.e.

siw =

{
1 if i ∈ ω

0 otherwise
(1)

The second model ingredient is the link-weight Ai,j between distinct pairs of
nodes (i, j) ∈ V × V − {(i, i|i ∈ V }. When the link-weights become binary in
nature, they convey the following meaning

Aij =

{
1 if i ∈ ω and j ∈ ω

0 otherwise
(2)

When the link-weights satisfy the above condition, then the different clusters
represent disjoint subgraphs.

Our aim is to find the cluster membership variables and the link weights
which partition the set of raw perceptual entities into disjoint pairwise clusters.
We commence by assuming that there are putative edges between each distinct
pair of nodes (i, j) belonging to the Cartesian self-product Φ = V ×V −{(i, i)|i ∈
V }. Further suppose that p(Aij) is the probability density for the link weight
appearing on the pair of nodes (i, j) ∈ Φ. Our aim is to locate disjoint subgraphs
by updating the link weights untill they are either zero or unity. Under the
assumption that the link-weights on different pairs of nodes are independent
of one-another, then the likelihood function for the observed arrangement of
perceptual entities can be factorised over the set of putative edges as

P (A) =
∏

(i,j)∈Φ

P (Aij) (3)

We are interested in partitioning the set of perceptual entities into pairwise
clusters using the link weights between them. We must therefore entertain the
possibility that each of the Cartesian pairs appearing under the above product,
which represent putative perceptual relations, may belong to each of the pairwise
clusters indexed by the set Ω. To make this uncertainty of association explicit,
we construct a mixture model over the perceptual clusters and write

P (Aij) =
∑
ω∈Ω

P (Aij |ω)P (ω) (4)

According to this mixture model, P (Aij |ω) is the probability that the nodes
i and j are connected by an edge with link weight Aij which falls within the
perceptual cluster indexed ω. The total probability mass associated with the
cluster indexed ω is P (ω). In most of our experiments, we will assume that there
are only two such sets of nodes; those that represent a foreground arrangement,
and those that represent background clutter. However, for generality we proceed
under the assumption that there are an arbitrary number of perceptual clusters.
As a result, the probability of the observed set of perceptual entities is

P (A) =
∏

(i,j)∈Φ

∑
ω∈Ω

P (Aij |ω)P (ω) (5)
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To proceed, we require a model of probability distribution for the link-
weights. Here we adopt a model in which the observed link structure of the
pairwise clusters arises through a Bernoulli distribution. The parameter of this
distribution is the link-probability Ai,j . The idea behind this model is that any
pair of nodes i and j may connect to each with a link. This link is treated as a
Bernoulli variable. The probability that this link is the correct is Ai,j while the
probability that it is in error is 1 − Ai,j . To gauge the correctness of the link,
we check whether the nodes i and j belong to the same pairwise cluster. To test
for cluster-consistency we make use of the quantity siωsjω. This is unity if both
nodes belong to the same cluster and is zero otherwise. Using this switching
property, the Bernoulli distribution becomes

p(Aij |ω) = A
siωsjω

i,j (1 − Ai,j)1−siωsjω (6)

This distribution takes on its largest values when either the link weight Aij

is unity and siω = sjω = 1, or if the link weight Ai,j = 0 and siω = sjω = 0.

3 Expectation-Maximisation

Our aim is to find the cluster-membership weights and the link-weights which
maximize the likelihood function appearing in Equation (5). One way to locate
the maximum likelihood perceptual relation graph is to update the binary clus-
ter and edge indicators. This could be effected using a number of optimisation
methods including simulated annealing and Markov Chain Monte Carlo. How-
ever, here we use the apparatus of the EM algorithm originally developed by
Dempster, Laird and Rubin [1]. Our reason for doing this is that the cluster-
membership variables siω must be regarded as quantities whose distribution is
governed by the link weights Aij . Since at the outset we know neither the asso-
ciations between nodes and clusters nor the strength of the link weights within
clusters, this information must be treated as hidden data. In other words, we
must use the EM algorithm to estimate them.

The idea underpinning the EM algorithm is to recover maximum likelihood
solutions to problems involving missing or hidden data by iterating between two
computational steps. In the E (or expectation) step we estimate the a posteriori
probabilities of the hidden data using maximum likelihood parameters recovered
in the preceding maximisation (M) step. The M-step in-turn aims to recover the
parameters which maximise the expected value of the log-likelihood function.
It is the available a posteriori probabilities from the E-step which allows the
weighting of log-likelihood required in the maximisation-step.

3.1 Expected log-Likelihood Function

For the likelihood function appearing in Equation (5), the expected log-likelihood
function is defined to be

Q(A(n+1)|A(n)) =
∑
ω∈Ω

∑
(i,j)∈Φ

P (w|A(n)
ij ) ln p(A(n+1)

ij |ω) (7)
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where p(A(n+1)
ij |ω) is the probability distribution for the link-weights at iteration

n + 1 and P (w|A(n)
ij ) is the a posteriori probability that the pair of nodes with

link weight A
(n)
ij belong to the cluster indexed ω at iteration n of the algorithm.

When the probability distribution function from Equation (6) is substituted,
then the expected log-likelihood function becomes

Q(A(n+1)|A(n)) =
∑
ω∈Ω

∑
(i,j)∈Φ

ζ
(n)
i,j,ω

{
s
(n+1)
iω s

(n+1)
jω ln A

(n+1)
ij +

(1 − s
(n+1)
iω s

(n+1)
jω ) ln(1 − A

(n+1)
i,j )

}
(8)

where we have used the shorthand ζ
(n)
i,j,ω = P (w|A(n)

ij ) for the a posteriori cluster
membership probabilities. After some algebra to collect terms, the expected log-
likelihood function simplifies to

Q(A(n+1)|A(n)) =
∑
ω∈Ω

∑
(i,j)∈Φ

ζ
(n)
i,j,ω

{
s
(n+1)
iω s

(n+1)
jω ln

A
(n+1)
ij

1 − A
(n+1)
ij

+ ln(1 − A
(n+1)
i,j )

}

(9)

3.2 Maximisation

There are two sets of varibales that need to be updated in the M-step of the
algorithm. These are the link-weights and the cluster membership indicators.

Link-Weights. In the maximisation step of the algorithm we update the link-
weight matrix. The updated link-weights are found by computing the derivatives
of the expected log-likelihood function

∂Q(A(n+1)|A(n))

∂A
(n+1)
ij

=
∑
ω∈Ω

ζ
(n)
i,j,ω

{
s
(n+1)
iω s

(n+1)
jω

1

A
(n+1)
ij (1 − A

(n+1)
ij )

− 1

1 − Aij
(n+1)

}
(10)

and solving the saddle-point equations ∂Q(A(n+1)|A(n))
∂A

(n+1)
ij

= 0. As a result the up-

dated link-weights are given by

A
(n+1)
ij =

∑
ω∈Ω ζ

(n)
i,j,ωs

(n+1)
iω s

(n+1)
jω∑

ω∈Ω ζ
(n)
i,j,ω

(11)

In other words, the link-weight for the pair of nodes (i, j) is simply the average of
the product of individual node cluster memberships over the different perceptual
clusters. Since each node is associated with a unique cluster, this means that
the updated affinity matrix is composed of non-overlapping blocks. Moreover,
the link-weights are are guaranteed to be in the interval [0, 1]. Finally, it is
important to note that the updating of the link-weights is a unique feature of
our algorithm which distinguishes it from the pairwise clustering methods of
Hoffman and Buhmann and Shi and Malik.
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Cluster memberships. To update the cluster-membership variables we have
used a gradient-based method. We commence by computing the derivatives of the
expected log-likelihood function with respect to the cluster-membership variable

∂Q(A(n+1)|A(n)))

∂s
(n+1)
iω

=
∑
j∈Vω

ζi,j,ωs
(n)
jω ln

A
(n+1)
ij

1 − A
(n+1)
ij

(12)

Since the associated saddle-point equations are not tractable in closed form,
we use the soft-assign ansatz of Bridle [4] to update the cluster membership
assignment variables. This involves exponentiating the partial derivatives of the
expected log-likelihood function in the following manner

s
(n+1)
iω =

exp
[

∂Q(A(n+1)|A(n))
∂s

(n)
iω

]
∑

i∈Vω
exp

[
∂Q(A(n+1)|A(n))

∂s
(n)
iω

] (13)

As a result the update equation for the cluster membership indicator variables
is

s
(n+1)
iω =

exp
[∑

j∈Vω
ζ
(n)
i,j,ωs

(n)
jω ln

A
(n+1)
i,j

1−A
(n+1)
ij

]
∑

i∈Vω
exp

[∑
j∈Vω

s
(n)
jω ln

A
(n+1)
i,j

1−A
(n+1)
ij

] (14)

After simplifying the argument of the exponential, the update formula reduces
to

s
(n+1)
iω =

∏
j∈Vω

{
A

(n+1)
i,j

1−A
(n+1)
ij

}ζ
(n)
i,j,ωs

(n)
jω

∑
i∈Vω

∏
j∈Vω

{
A

(n+1)
ij

1−A
(n+1)
ij

}ζ
(n)
i,j,ωs

(n)
jω

(15)

It is worth pausing to consider the structure of this update equation. First, the
updated link weights are an exponential function of the current ones. Second,
the exponential constant is greater than unity, i.e. there is re-enforcement of the
cluster memberships, provided that A

(n+1)
i, > 1

2 .
We can take this analysis one step further and establish a link with the

eigenvectors of the updated adjacency matrix. To this end we introduce the
matrix T (n+1) whose element with row i and column j is

T
(n+1)
i,j = ζ

(n)
i,j,ωs

(n)
jω ln

A
(n+1)
i,j

1 − A
(n+1)
i,j

We also define the vector s
¯
(n)
ω = (s(n)

1ω , s
(n)
2ω , ....)T . With this notation we can turn

our attention to the argument of the exponential appearing in Equation (14)
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and write

∑
j∈Vω

s
(n)
jω ln

A
(n+1)
i,j

1 − A
(n+1)
i,j

=
(

T (n+1)s
¯
(n)
ω

)
i

(16)

In other words, the argument is simply the ith component of the vector obtained
by the matrix multiplication T (n+1)s

¯
(n)
ω .

Next, consider the case when the vector s
¯
(n)
ω is an eigenvector of the matrix

T (n+1). The eigenvector equation for the matrix T (n+1) is T (n+1)z
¯
(n)
ω = λωz

¯
(n)
ω ,

where λω is the ωth eigenvalue and z
¯ω is the corresponding eigenvector. Hence

when the vector of cluster memberships s
¯
(n)
ω is an eigenvector of T (n+1), then

we can write (T (n+1)s
¯
(n)
ω )i = z

¯ω(i), where z
¯ω(i) is the ith component of the

vector z
¯ω. If this is the case, then we can identify the pairwise clusters with the

eigenmodes of ln T (n+1). Using the shorthand λ̂ω = ln λω, the update equation
becomes

s
(n+1)
iω =

exp
[
λωz

(n)
ω (i)

]
∑

i∈Vω
exp

[
λωz

(n)
ω (i)

] =
λ̂

z(n)
ω (i)

ω∑
i∈Vω

λ̂
z
(n)
ω (i)

ω

(17)

Since the directions of the eigenvectors of the matrix ln T and T are identical
[7], the updated cluster membership variables can be computed directly from the
matrix A(n+1). Moreover, by inspection is easy to see that the updated cluster
membership variables are the coefficients of the eigenvectors of ln T (n+1). In this
way, by computing the eigenmodes of the current link-weight matrix, we can
update the individual cluster membership indicators.

3.3 Convergence Analysis

In this section we provide some analysis of the convergence properties of the
grouping algorithm when the cluster memberships are updated using the eigen-
vector method outlined in the previous section. We are interested in the relation-
ship between this modal analysis and the updated cluster membership variables.
Using the update formulae for the link-weight matrix and the cluster member-
ship indicators given in Equations (12) and (18), it is a straightforward matter
to show that the corresponding updated log-likelihood function is given by

Q(A(n+1)|A(n)) =
∑
ω∈Ω

∑
(i,j)∈|Vω×Vω|

{
T

(n+1)
ij λ(n+1)

ω

zω(i)(n+1)+zω(j)(n+1)

(
1∑

i′∈Vω
λ
(n+1)
ω

zω(i′)(n+1) ∑
j′∈Vω

λ
(n+1)
ω

zω(j′)(n+1)

)

+ ln(1 − Aij
(n+1))

}
(18)
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We would like to understand the conditions under which the likelihood is
maximised by the update process. We hence compute the partial derivative of
Q with respect to λ

(n+1)
ω . After collecting terms and some algebra we find

∂Q̂(A(n+1)|A(n))

∂λ
(n+1)
ω

=
λ
(n+1)
ω

zω(i)(n)+zω(j)(n)

λ
(n+1)
ω

( ∑
i′∈Vω

λ
(n+1)
ω

zω(i′)(n)
)2

{
zω(i)(n) (19)

+zω(j)(n) − 2

∑
i′∈Vω

zω(i′)(n)
λ
(n+1)
ω

zω(i′)(n)

∑
i′∈Vω

λ
(n+1)
ω

zω(i′)(n)

}

The maximum value of the log-likelihood occurs where the partial derivative is
zero. This condition is satisfied when

zω(i)(n) + zω(j)(n) = 2

∑
i′∈Vω

zω(i′)(n)
λ
(n+1)
ω

zω(i′)(n)

∑
i′∈Vω

λ
(n+1)
ω

zω(i′)(n) (20)

Unfortunately, this condition is not always guaranteed to be satisfied. How-
ever, from Equation 20 we can conclude that the following will always be the
best approximation

λ(n+1)
ω

zi
(n)+zj

(n)

<< λ(n+1)
ω

( ∑
i′∈Vω

λ(n+1)
ω

zi′ (n)
)2

(21)

If T (n+1) is a non-negative irreducible symmetric matrix T (n+1), then the coeffi-
cients of the eigenvector z

¯
(n)
∗ associated with the largest eigenvector λ∗ are each

positive [17]. As a result, the quantity
∑

i′∈Vω
λ
(n+1)
ω

zω(i′)(n)

will be maximized

when λ
(n+1)
ω is maximum. Hence, Q(A(n+1)|A(n)) will be maximized by the first

(maximum) eigenvalue of T (n+1).

3.4 Expectation

The a posteriori probabilities are updated in the expectation step of the al-
gorithm. The current estimates of the parameters s

(n)
iω and A

(n)
ij are used to

compute the probability densities p(A(n)
ij |ω) and the a posteriori probabilities

are updated using the formula

P (ω|A(n)
ij ) =

p(A(n)
ij |ω)α(n)(ω)∑

ω∈Ω p(A(n)
ij |ω)α(n)(ω)

(22)

where α(n)(ω) is the available estimate of the class-prior P (ω). This is computed
using the formula

α(n)(ω) =
1

|V |2
∑

(i,j)∈Φ

P (ω|A(n)
ij ) (23)
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Upon substituting for the probability density from Equation (6), the updated
a posteriori probabilities are given by

P (ω|A(n)
ij ) = ζ

(n+1)
i,j,ω =

A
(n)
i,j

s
(n)
iω s

(n)
jω (1 − A

(n)
i,j )1−s

(n)
iω s

(n)
jω α(n)(ω)∑

(i,j)∈Φ A
(n)
i,j

s
(n)
iω s

(n)
jω (1 − A

(n)
i,j )1−s

(n)
iω s

(n)
jω α(n)(ω)

(24)

3.5 Selecting the Number of Modes

One of the practical difficulties associated with using a mixture model is that of
selecting the number of components. There are several well established ways of
addressing this problem. These frequently involve removing or splitting compo-
nents so as to optimise a measure of model-order complexity [11,18,10]. There are
several possible choices of utility measures including the minimum description
length [12] and the Akaike criterion.

However, here we take a different route and use the modal structure of the
initial affinity matrix to set the number of mixing components. Here we use a
result due to Sarkar and Boyer [14] who have shown how matrix factorisation
methods can be used to locate the set of edges which partition the nodes into
distinct perceptual clusters. One way of viewing this is as the search for the per-
mutation matrix which re-orders the elements of A into non-overlapping blocks.
Unfortunately, when the elements of the matrix A are not binary in nature, then
this is not a straightforward task. However, Sarkar and Boyer [14] have shown
how the positive eigenvectors of the matrix of link-weights can be used to assign
nodes to perceptual clusters. Using the Rayleigh-Ritz theorem, they observe
that the scalar quantity x

¯
tA(0)x

¯
, where A(0) is the initial weighted adjacency

matrix, is maximised when x
¯

is the leading eigenvector of A. Moreover, each
of the subdominant eigenvectors corresponds to a disjoint cluster. They confine
their attention to the same-sign positive eigenvectors. If a component of a posi-
tive eigenvector is non-zero, then the corresponding node belongs to the cluster
associated with the eigenmodes of the weighted adjacency matrix. The eigenval-
ues λ1, λ2.... of A(0) are the solutions of the equation |A(0) − λI| = 0 where I
is the |V | × |V | identity matrix. The corresponding eigenvectors x

¯λ1
, x
¯λ2

, ... are
found by solving the equation A(0)x

¯λi
= λix¯λi

. Let the set of positive same-sign
eigenvectors be represented by Ω = {ω|λω > 0 ∧ [(x

¯
∗
ω(i) > 0∀i) ∨ x

¯
∗
ω(i) < 0∀i])}.

Since the positive eigenvectors are orthogonal, this means that there is only one
value of ω for which x

¯
∗
ω(i) 
= 0. We denote the set of nodes assigned to the clus-

ter with modal index ω as Vω = {i|x
¯

∗
ω(i) 
= 0}. Hence each positive same-sign

eigenvector is associated with a distinct mixing component. This is done using
the magnitudes of the modal co-efficients and we set

s
(0)
iw =

|x
¯

∗
ω(i)|∑

i∈Vω
|x
¯

∗
ω(i)| (25)

We use the eigenvectors of the initial affinity matrix to initialise the cluster
membership variables.
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4 Motion Segmentation

The application of our pairwise clustering method focusses on the segmenta-
tion of independently moving objects from image sequences. The motion vec-
tors used in our analysis have been computed using a single resolution block
matching algorithm [6]. The method measures the similarity of motion blocks
using spatial correlation and uses predictive search to efficiently compute block-
correspondences in different frames. The block matching algorithm assumes that
the translational motion from frame to frame is constant. The current frame is
divided into blocks that will be compared with the next frame in order to find
the displaced coordinates of the corresponding block within the search area of
the reference frame. Since the computational complexity is much lower than the
optical flow equation and the pel-recursive methods, block matching has been
widely adopted as a standard for video coding and hence it provides a good
starting point.

However, the drawback of the single resolution block-matching scheme is that
while the high resolution field of motion vectors obtained with small block sizes
captures fine detail, it is susceptible to noise. At low resolution, i.e. for large
block sizes, the field of motion vectors is less noisy but the fine structure is
lost. To strike a compromise between low-resolution noise suppression and high
resolution recovery of fine detail, there have been several attempts to develop
multi-resolution block matching algorithms. These methods have provided good
predictive performance and also improvements in speed. However, one of the
major problems with the multi-resolution block matching method is that random
motions can have a significant degradational effect on the estimated motion field.
For these reasons, we have used a single high-resolution block matching algorithm
to estimate the raw motion field. This potentially noisy information is refined in
the motion segmentation step, where we exploit hierarchical information.

We pose the problem of grouping motion blocks into coherent moving objects
as that of finding pairwise clusters. The 2D velocity vectors for the extracted
motion blocks are characterised using a matrix of pairwise similarity weights.
Suppose that n̂i and n̂j are the unit motion vectors for the blocks indexed i and
j. The elements of this weight matrix are given by

A
(0)
i,j =

{
1
2 (1 + n̂i.n̂j) if i 
= j

0 otherwise
(26)

4.1 Hierarchical Motion Segmentation

As mentioned earlier, we use a single-level high-resolution block-matching
method to estimate the motion field. The resulting field of motion vectors is
therefore likely to be noisy. To control the effects of motion-vector noise, we
have developed a multi-resolution extension to the clustering approach described
above.

The adopted approach is as follows.
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Fig. 1. Motion segmentation system.

– We obtain the a high resolution field of motion vectors UH using blocks of
size k-pixels and a low-resolution motion field UL using blocks of size 2k
pixels.

– We apply our clustering algorithm to the low resolution motion field UL

numbering the NL clusters detected.
– We make a second application of our clustering algorithm to the hight-

resolution motion field UH . Here we select only the first NL eigenvalues
of the motion-vector similarity matrix as cluster centres.

In this way we successively perform the motion estimation at low and high
resolution. The number of clusters detected at low resolution is used to con-
strain the number of permissible high resolution clusters. This allows the high-
resolution clustering process to deal with fine detail motion fields without suc-
cumbing to noise. There is scope to extend the method and develop a pyramidal
segmentation strategy. The structure of the hierarchical system can be seen in
Figure 1.

4.2 Motion Experiments

We have conducted experiments on motion sequences with known ground truth.
In Figure 2 we show some results obtained with five frames of the well-known
“Hamburg Taxi” sequence. The top row shows the hand-labelled ground-truth
segmentation for the motion sequence. The second row shows the correspond-
ing image frames from the motion sequence. In the third and fourth rows we
respectively show the low resolution and high resolution block motion vectors.
The low-resolution uses 16 × 16 pixel blocks to perform motion correspondence
and compute the motion vectors; for the high resolution motion field the block
size is 8 × 8 pixels. The fifth row shows the moving objects segmented from the
motion field using pairwise clustering. In each frame there are 3 clusters which
match closely to the ground truth data shown. It is interesting to note that the
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results are comparable to those reported in [3] where a 5 dimensional feature
vector and a neural network was used. The proposed algorithm converges in an
average of four iterations.

Fig. 2. Top row: ground truth for the 1st, 4th, 8th, 12th and 16th frame of the ”Ham-
burg Taxi” sequence; Second row: original frames ; Third and fourth row: resolution
motion maps; Fifth row: Final motion segmentation; Bottom row: smoothed motion
maps.
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Fig. 3. Top row: ground truth for the 1st, 5th, 10th, 15th and 20th frame of the ”Trevor
White” sequence; Second row: original frames ; Third and fourth row: motion maps;
Fifth row: Final motion segmentation; Bottom row: smoothed motion maps.
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Table 1. Error percentage for the two image sequences.

Sequence Cluster % of Error Sequence Cluster % of Error
Trevor White Right Arm 8 % Ham. Taxi Taxi 4 %
Trevor White Chest 6 % Ham. Taxi Left Car 3 %
Trevor White Head 12 % Ham. Taxi Right Car 10 %

Figure 3 repeats these experiments for the “Trevor White” sequence. The
sequence of rows is the same as in in Figure 3. Here the block sizes are respectively
24 × 24 and 12 × 12 pixels. There are three motion clusters which correspond to
the head, the right arm, and the chest plus left arm. These clusters again match
closely to the ground-truth data.

In Table 1 we provide a more quantitive analysis of these results. The table
lists the fraction of the pixels in each region of the ground truth data which are
misasigned by the clustering algorithm. The best results are obtained for the
chest-region, the taxi and the far-left car, where the error rate is a few percent.
For the far-right car and the head of the Trevor White, the error rates are about
10%. The problems with the far-right car probably relate to the fact that it is
close to the periphery of the image.

5 Conclusions

In this paper, we have developed an Expectation-maximization framework for
pairwise clustering. The method commences from a specification of the pair-
wise clustering problem in terms of a matrix of link-weights and a set of cluster
membership indicators. The Expected log-likelihood function underpinning our
method is developed under the assumption that the cluster membership indica-
tors are random variables which are drawn from a Bernoulli distributions.The
parameter of the Benoulli distributions are the link-weights. Based on this model,
we develop an iterative process for updating the link-weights and the cluster
membership indicators in interleaved steps.

To understand the relationships between our probabilistic method and the
graph-spectral approach to pairwise clustering, we present a variational analy-
sis for the expected log-likelihood function. This reveals two important results.
First, we demonstrate a relationshiop between the updated cluster membership
variables resulting from our variational analysis and the eigenvectors of the link-
weight matrix. Second, we show that the log-likelihood function is maximsied
by the leading eigenvector of the link-weight matrix.

There are a number of ways in which the work presented in this paper can
be extended and improved. First, we intend to investigate alternatives to the
Bernoulli model of the clustering process. Second, our present method does not
facilitate data-closeness between the final arrangement of clusters and the raw
data. Our future work will therefore focus on developing a clustering process
which minimizes the Kullback-Leibler divergence between the initial matrix of
link-weights and the final arrangement of pairwise clusters.
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