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Abstract. We have developed numerical methods and performed nu-
merical simulations of the proposed Muon Collider target. The target
will be designed as a pulsed jet of mercury interacting with strong pro-
ton beams in a 20 Tesla magnetic field. A numerical approach based
on the method of front tracking for numerical simulation of magnetohy-
drodynamic flows in discontinuous media was implemented in FronTier,
a hydrodynamics code with free interface support. The FronTier-MHD
code was used to study the evolution of the mercury jet in the target mag-
net system. To model accurately the interaction of the mercury target
with proton pulses, a realistic equation of state for mercury was created
in a wide temperature - pressure domain. The mercury target - proton
pulse interaction was simulated during 120 microseconds. Simulations
predict that the mercury target will be broken into a set of droplets with
velocities in the range 20 - 60 m/sec.

1 Introduction

In order to understand the fundamental structure of matter and energy, an ad-
vance in the energy frontier of particle accelerators is required. Advances in
high energy particle physics are paced by advances in accelerator facilities. The
majority of contemporary high-energy physics experiments utilize colliders. A
study group was organized at Brookhaven National Laboratory to explore the
feasibility of a high energy, high luminosity Muon-Muon Collider [11]. Such a
collider offers the advantages of greatly increased particle energies over tradi-
tional electron-positron machines (linear colliders). However, several challenging
technological problems remain to be solved. One of the most important is to
create an effective target able to generate high-flux muon beams. The need to
operate high atomic number material targets, that will be able to withstand
intense thermal shocks, has led to the exploration of free liquid jets as potential
target candidates for the proposed Muon Collider. The target will be designed
as a pulsed jet of mercury (high Z-liquid) interacting in a strong magnetic field
with a high energy proton beam [10, 11]. This paper presents results of numerical
studies of hydro- and magnetohydrodynamic (MHD) processes in such a target.
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We have developed an MHD code for multifluid systems based on FronTier,
a hydrodynamics code with free interface support. FronTier is based on front
tracking [2, 4, 5], a numerical method for solving systems of conservation laws
in which the evolution of discontinuities is determined through solutions of the
associated Riemann problems. We also have developed a realistic equation of
state for mercury in a wide temperature - pressure domain.

The paper is organized as follows. In Section 2, we describe some details of the
Muon Collider target design. In Section 3, we formulate the main system of MHD
equations, boundary conditions and discuss some simplifying assumptions used
in our numerical schemes. The numerical implementation of the MHD system
in the FronTier code is presented in Section 4. Subsection 5 presents simulation
results of the mercury target - proton pulse interaction. Subsection 5.2 contains
results of the numerical simulation of conducting liquid jets in strong nonuniform
magnetic fields and the evolution of the mercury jet in the target solenoid system.
Finally, we conclude the paper with the discussion of our results and perspectives
for the future work.

2 Muon Collider Target

The muon collider target [10] is shown schematically in Figure 1. It will contain
a series of mercury jet pulses of about 0.5 cm in radius and 60 cm in length.
Each pulse will be shot at a velocity of 30-35 m/sec into a 20 Tesla magnetic
field at a small angle (0.1 rad) to the axis of the field. When the jet reaches the
center of the magnet, it is hit with 3 ns proton pulses arriving with 20 ms time
period; each proton pulse will deposit about 100 J/g of energy in the mercury.

The main issues of the target design addressed in our numerical studies are
the distortion of the jet due to eddy currents as it propagates through the mag-
netic coil, the deformation of the jet surface due to strong pressure waves caused
by the proton pulses and the probability of the jet breakup. Studying the state
of the target during its interaction with proton pulses will help to achieve the
maximal proton production rate and therefore an optimal target performance.
The target behavior after the interaction with proton pulses during its motion
outside the magnet determines the design of the chamber.

3 Magnetohydrodynamics of Liquid Metal Jets

The basic set of equations describing the interaction of a compressible conducting
fluid flow and a magnetic field is contained in Maxwell’s equations and in the
equations of fluid dynamics suitably modified [1, 8]. Namely, the systems contains
the mass, momentum and energy conservation equations for the fluid which have
hyperbolic nature and a parabolic equation for the evolution of the magnetic
field.

∂ρ

∂t
= −∇ · (ρu), (1)
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Fig. 1. Schematic of the muon collider target.
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∇×B), (4)

∇ · B = 0, (5)

Here u, ρ and U are the velocity, density and total energy of the fluid, respec-
tively, P is the total stress tensor, X includes external forces of non-magnetic
origin, B is the magnetic field induction, J is the current density distribution
and σ is the fluid conductivity. The magnetic field H and magnetic induction B
are related by the magnetic permeability coefficient µ: B = µH.

The system (1-4) must be closed with an equation of state. Equation of state
models for the jet material and the ambient gas are discussed in Section 5.

The following boundary conditions must be satisfied at the jet surface:
i) the normal component of the velocity field is continuous across the material

interface.
ii) the normal and tangential components of the magnetic field at the material

interface are related as
n · (B2 −B1) = 0, (6)

n× (H2 −H1) =
4π

c
K, (7)

where K is the surface current density. The above jump conditions define the
refraction of magnetic lines on the material interface. We can assume µ = 1 for
most fluids. Notice that the surface current density K corresponds to a current
localized in a thin fluid boundary layer (δ-functional current) which is non-
zero only for superconducting materials. The current density in fluids at normal
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conditions is distributed in the 3D volume and K = 0. Therefore, the equations
(6,7) simply require the continuity of the normal and tangential components of
the magnetic field.

The behavior of a fluid in the presence of electromagnetic fields is governed to
a large extent by the magnitude of the conductivity. For fluid at rest (4) reduces
to the diffusion equation

∂B

∂t
=

c2

4πµσ
∆B (8)

This means that an initial configuration of magnetic field will decay with typical
diffusion time

τ =
4πµσL2

c2
,

where L is a characteristic length of the spatial variation of B. Despite being
good enough conductors, most of liquid metals including mercury are charac-
terized by small diffusion times (33 microseconds for a mercury droplet of 1 cm
radius) compared to some solid conductors (1 sec for a copper sphere of 1 cm
radius). Therefore the magnetic field penetration in such liquid conductors can
be considered as an instantaneous process.

Another crucial phenomena for MHD flows of compressible conducting fluids
is the propagation of Alfven waves. For mercury at room temperature the Alfven
velocity

vA =
B0√
4πρ0

,

where B0 and ρ0 are unperturbed (mean) values of the magnetic induction and
density of the fluid, respectively, is [B0(Gauss)/13.1] cm/sec. This is a small num-
ber compared with the speed of sound of 1.45×105 cm/sec even for the magnetic
field of 20 T. In many cases, however, it is not desirable to compute Alfven waves
explicitly in the system. If, in addition, both the magnetic field diffusion time
and the eddy current induced magnetic field are small, an assumption of the
constant in time magnetic field can be made. The current density distribution
can be obtained in this case using Ohm’s law

J = σ

(
−gradφ +

1

c
u×B

)
. (9)

Here φ is the electric field potential. The potential φ satisfies the following Pois-
son equation

∆φ =
1

c
div(u×B), (10)

and the Neumann boundary conditions

∂φ

∂n

∣∣∣∣
Γ

=
1

c
(u ×B) · n,

where n is a normal vector at the fluid boundary Γ . This approach is applicable
for the study of a liquid metal jet moving in a strong magnetic field.
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We shall use also the following simplification for the modeling of a thin jet
moving along the solenoid axis. Let us consider a ring of liquid metal of radius
r that is inside a thin jet moving with velocity uz along the axis of a solenoid
magnet. The magnetic flux Φ = πr2Bz through the ring varies with time because
the ring is moving through the spatially varying magnetic field, and because the
radius of the ring is varying at rate ur = dr/dt. Therefore, an azimuthal electric
field is induced around the ring:

2πrEφ = −1

c

dΦ

dt
= −πr

2

c

dBz

dt
− 2πrurBz

c

= −πr
2uz
c

∂Bz

∂z
− 2πrurBz

c
.

This electric field leads to an azimuthal current density

Jφ = σEφ = −σruz
2c

∂Bz

∂z
− σurBz

c
, (11)

which defines the Lorentz force in the momentum equation (2) and leads to the
distortion of the jet moving in a non-uniform magnetic field.

The linear stability analysis of thin conducting liquid jets moving along the
axis of a uniform magnetic field [1] and the corresponding analysis for the Muon
Collider target [6] show that an axial uniform field tends to stabilize the jet
surface. The influence of a strong nonuniform field is studied below by means of
the numerical simulation.

4 Numerical Implementation

In this section, we shall describe numerical ideas implemented in the FronTier
MHD code. FronTier represents interfaces as lower dimensional meshes moving
through a volume filling grid [4]. The traditional volume filling finite difference
grid supports smooth solutions located in the region between interfaces. The
location of the discontinuity and the jump in the solution variables are defined on
the lower dimensional grid or interface. The dynamics of the interface comes from
the mathematical theory of Riemann solutions, which is an idealized solution of
a single jump discontinuity for a conservation law. Where surfaces intersect in
lower dimensional objects (curves in three dimensions), the dynamics is defined
by a theory of higher dimensional Riemann problems such as the theory of
shock polars in gas dynamics. Nonlocal correlations to these idealized Riemann
solutions provide the coupling between the values on these two grid systems.

The computation of a dynamically evolving interface requires the ability to
detect and resolve changes in the topology of the moving front. A valid inter-
face is one where each surface and curve is connected, surfaces only intersect
along curves and curves only intersect at points. We say that such an interface
is untangled. Two independent numerical algorithms, grid-based tracking and
grid-free tracking, were developed [4, 5] to resolve the untangling problem for
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the moving interface. The advantages and deficiencies of the two methods are
complementary and an improved algorithm combining them into a single hybrid
method was implemented in the FronTier code and described in [5].

We solve the hyperbolic subsystem of the MHD equations, namely the equa-
tions (1-3), on a finite difference grid in both domains separated by the free
surface using FronTier’s interface tracking numerical techniques. Some features
of the FronTier hyperbolic solvers include the use of high resolution methods
such as MUSCL, Godunov and Lax-Wendroff with a large selection of Riemann
solvers such as the exact Riemann solver, the Colella-Glaz approximate Riemann
solver, the linear US/UP fit (Dukowich) Riemann solver, and the Gamma law
fit. We use realistic models for the equation of state such as the polytropic and
stiffened polytropic equation of state, the Gruneisen equation of state, and the
SESAME tabular equation of state.

The evolution of the free fluid surface is obtained through the solution of
the Riemann problem for compressible fluids [4, 9]. Notice that since we are
primarily interested in the contact discontinuity propagation, we do not consider
the Riemann problem for the MHD system and therefore neglect elementary
waves typical for MHD Riemann solutions.

We have developed an approach for solving the equation (4) for the mag-
netic field evolution and the Poisson equation (10) using a mixed finite element
method. The existence of a tracked surface, across which physical parameters
and the fluid solution change discontinuously, has important implications for the
solution of an elliptic or parabolic system by finite elements. Strong discontinu-
ities require that the finite element mesh align with the tracked surface in order
not to lose the resolution of the parameter/solution. A method for the generation
of finite element mesh conforming to the interface and scalable elliptic/parabolic
solvers will be presented in a forthcoming paper.

The aim of the present MHD studies is the numerical simulation of free
thin liquid metal jets entering and leaving solenoid magnets using the above-
mentioned simplifying assumptions. The eddy current induced magnetic field in
such problem is negligible compared to the strong external magnetic field. We
applied the approximation dB/dt = 0 and implemented the MHD equations (1-
3) in FronTier’s hyperbolic solvers using the approximate analytical expression
(11) for the current density distribution.

5 Results of Numerical Simulation

5.1 Interaction of Mercury Jet with Proton Pulses

Numerical simulations presented in this section aid in understanding the behav-
ior of the target under the influence of the proton pulse, and in estimating the
evolution of the pressure waves and surface instabilities. We have neglected the
influence of the external magnetic field on the hydrodynamic processes driven
by the proton energy deposition.

The influence of the proton pulse was modeled by adding the proton energy
density distribution to the internal energy density of mercury at a single time
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step. The value and spatial distribution of the proton energy was calculated
using the MARS code [10].

To model accurately the interaction of the mercury target with proton pulses,
a tabulated equation of state for mercury was created in a wide temperature -
pressure domain which includes the liquid-vapor phase transition and the critical
point. The necessary data describing thermodynamic properties of mercury in
such a domain were obtained courtesy of T. Trucano of Sandia National Lab-
oratory. This equation of state was not directly used in the code for current
simulations but it provided necessary input parameters for the stiffened poly-
tropic eos model [9].

The evolution of the mercury target during 120 mks due to the interaction
with a proton pulse is shown in Figure 2. Simulations predict that the mercury
target will be broken into a set of droplets with velocities in the range 20 - 60
m/sec. The pressure field inside the jet developed small regions of negative pres-
sure which indicates a possibility for the formation of cavities. Detailed studies
of the cavitation phenomena in such a target will be done using the original
tabulated equation of state for mercury.

Fig. 2. Evolution of the target during 120 mks driven by the proton energy deposition.

5.2 Motion of Liquid Metal Jets in Magnetic Fields

In this section, we shall present numerical simulation results of thin jets of con-
ducting fluid in highly nonuniform magnetic fields. In this numerical experiment,
a 1 cm radius liquid jet is sent into a 20 T solenoid with the velocity 90 m/sec
along the solenoid axis. The density of the liquid is 1 g/cm3, the electric conduc-
tivity is 1016 in Gaussian units, and the initial pressure in the liquid is 1 atm.
The electrically and magnetically neutral gas outside the jet has density 0.01
g/cm and the same initial pressure. The thermodynamic properties of the am-
bient gas were modeled using the polytropic equation of state [3] with the ratio
of specific heat γ = 1.4 and the ideal gas constant R = 1. The properties of the
liquid jet were modeled using the stiffened polytropic equation of state with the
Gruneisen exponent = 5 and the stiffened gas constant P∞ = 3 ·109g/(cm ·sec2).
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The field of a magnetic coil of rectangular profile and 8 × 8 × 20 cm size was
calculated using exact analytical expressions.

A set of images describing the evolution of the liquid jet as it enters and leaves
the solenoid is depicted in Figure 3. The strong nonuniform magnetic field near
the solenoid entrance squeezes and distorts the jet. The magnetic field outside
the solenoid stretches the jet which results in the jet breakup. Notice that the
expression (11) is not valid for an asymmetrically deformed jet as well as for a
system of liquid droplets. The simulation looses the quantitative accuracy when
the jet is close to the breakup. The numerical algorithm based on finite elements
conforming to the moving interface described briefly in Section 3 is designed for
solving accurately the equation for the current density distribution and magnetic
field evolution. The numerical simulation of the jet breakup phenomena using
such approach will be presented in a forthcoming paper.

Fig. 3. Liquid metal jet in a 20 T solenoid.

The numerical simulation demonstrates the influence of strong magnetic field
gradients on the jet distortion. To avoid such instabilities of the mercury target
during its propagation in a 20 T magnetic field, a special magnet system was
designed [10]. The nozzle of the mercury target was placed inside the main 20
T resistive magnetic coil. Therefore the jet will not meet strong magnetic field
gradients before the interaction with the proton pulses. The magnetic field of
superconducting and matching solenoids, needed for carrying muons to the linear
accelerator (RF linac), essentially reduce the magnetic field gradient outside the
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main solenoid. Therefore the motion of the mercury target between the nozzle
and the mercury dump is within a region of an almost uniform magnetic field.

We performed numerical simulations of the mercury jet motion in such mag-
netic system. Our results show that the magnetic field influence will not lead to
significant jet deformations. However, the pressure waves, caused by the mag-
netic field forces, which propagate mainly along the jet axis speedup surface
instabilities of the jet.

6 Conclusions

In this paper, we described a numerical approach based on the method of
front tracking for the numerical simulation of magnetohydrodynamic free sur-
face flows. The method was implemented in FronTier, a hydrodynamics code
with free interface support. The FronTier MHD code was used for the numerical
simulation of thin conducting liquid jets in strong nonuniform magnetic fields.
Our results demonstrate a big influence of the Lorentz force on the stability of
jets. The Loerntz force distorts a jet and stimulates the jet breakup in the region
of nonuniform magnetic field behind a solenoid.

The method was also used for numerical simulation of the muon collider
target. The magnetic field of the solenoid system designed for the muon collider
experiments slowly decreases behind the main 20 T solenoid. This allows the
mercury target to leave the interaction chamber without significant distortions.
However, the magnetic forces speedup the natural instability and the pinchoff of
the mercury jet.

We performed also numerical simulations of the interaction of the mercury
jet with a proton pulse. Simulations predict that the mercury target will be
broken into a set of droplets with velocities in the range 20 - 60 m/sec. An
accurate analysis of the pressure field inside the jet indicates a possibility for the
formation of cavities.

We have developed an algorithm for accurate numerical calculation of the
magnetic field evolution and the current distribution in moving domains based on
mixed finite elements dynamically conforming to evolving interfaces. Our future
goals include studies of the jet breakup phenomena in nonuniform fields, the
stabilizing effects of uniform magnetic field on liquid jets, and global numerical
simulations of the mercury target including the target - proton beam interaction
in the presence of a strong magnetic field.
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