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Abstract. We present detailed analysis of the accuracy of the lattice 
Boltzmann BGK (LBGK) method in simulating oscillatory flow in a 
two dimensional channel. Flow parameters such as velocity and shear 
stress have been compared to the analytic solutions. Effects of different 
boundary conditions on the accuracy have been tested. When the flow 
is driven by a body force, we have observed a shift in time between the 
theory and the simulation, being about +0.5, which when taken into 
account enhances the accuracy at least one order of magnitude. 

1 Introduction 

Recently, it has been demonstrated that the lattice-Boltzmann method (LBM) 
is useful in simulation of time-dependent fluid flow problems [I]. The method 
is attracting more attention for its inherent parallelism and straightforward im- 
plementation [2]. It is well known that, for steady flow, LBM is second order 
accurate in the velocity fields and the stress tensor when second order boundary 
conditions are applied [3],[4], [5]. Although the accuracy has been studied ex- 
tensively for steady flow, studies on the accuracy of the LBM method for time 
dependent flows are quite rare [6]. 

Pulsatile flow characteristics are quite important in haemodynamics: Car- 
diovascular diseases are considered as the main causes of death in the world [7]. 
It is reasonably believed that the shear stress plays a dominant role in locality, 
diagnosis and treatment of such diseases [8]. With LBM, it is possible to com- 
pute the local components of the stress tensor without a need to  estimate the 
velocity gradients from the velocity profiles [9], [5]. In addition, the equation of 
state defines the pressure as a linear function of the density which makes it quite 
simple to obtain the pressure from the density gradient. All these advantages 
makes the LBM suit able for simulating time-dependent flows. 

In this article, we present the capability and investigate the accuracy of the 
lattice Boltzmann BGK (LBGK) model in recovering analytic solutions for oscil- 
latory two dimensional (2D) channel flow in a range of Womersley and Reynolds 
numbers. We will first shortly review the model, then present the simulation 
results and conclude with a discussion. 
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2 The Lattice Boltzmann BGK Method 

Although the LBGK model historically evolved from the lattice gas automata, 
it can be derived directly from the simplified Boltzmann BGK equation [lo] 
which mainly describes rarefied gases in the Boltzmann gas limit. This approxi- 
mation works well for incompressible and isothermal flows. The method ensures 
isotropy and Galilean invariance. It is called LBGK since it simplifies the colli- 
sion operator of the Boltzmann equation via the single particle relaxation time 
approximation proposed by Bhatnagar, Gross and Krook in 1954 [Ill .  The evo- 
lution equation of the distribution functions is [lo] 

where f E f (x, <, t)  is the single particle distribution function, < is the micro- 
scopic velocity, X is the collision relaxation time and g is the Maxwell-Boltzmann 
distribution function. The numeric solution for f is obtained by discretizing 
Eq.(l) in the velocity space < using a finite set of velocities ei without violating 
the conservation laws of the hydrodynamic moments. This gives [lo] 

af i w.  of. - -- f .  - f!'~' , 
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where fi(x, t)  E f (x, ei, t)  and fjeq) (x, t)  = f ('1 (x, ei, t)  are the distribution 
function and the equilibrium distribution function of ei, respectively. The equi- 
librium distribution function, which is the Taylor expansion of the Maxwellian 
distribution, takes the following form [12] in the limit of low Mach number: 

where wi is a weighting factor, u = &,/St is the lattice speed, and 6 ,  and St are 
the lattice spacing and the time step, respectively. The values of the weighting 
factor and the discrete velocities depend on the used LBM model and can be 
found in literature (see e.g. ref.[l2]). In this study, we have used the improved 
incompressible D2Q9i model [12], which has three types of particles on each 
node; a rest particle, four particles moving along x and y principal directions 
with speeds leil = f 1, and four particles moving along diagonal directions with 
speeds leil = fi. The hydrodynamic density, p, and the macroscopic velocity, 
u ,  are determined in terms of the particle distribution functions from 

and 
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Equation (2) is then discretized in space and time into the well-known lattice 
BGK equation [6] 

where T = $ is the dimensionless relaxation time. Taylor expansion of Eq. (6) 
up to  0(6 ,2)  and application of the multi-scale Chapman-Enskog technique [13] 
by expanding f i  about f j O )  , we can derive the evolution equations and the 
momentum flux tensor up-to second order in the Knudsen number. The Navier- 
Stokes equation can be derived from this equation to yield 

where p = pc; is the scalar pressure and v is the kinematic viscosity of the lattice 
Boltzmann model, given by 

where c, is the speed of sound. Also, the stress tensor is 

which can be computed directly during the collision process [5], without a need 
to compute the derivatives of the velocity fields. This extensively enhances the 
lattice Boltzmann BGK method, as other CFD methods are more elaborate and 
estimate the stress tensor components from the simulated velocity field. With 
this LBM model, the flow fields and the stress tensor components are accurate 
up to  the second order in the Knudsen number. We emphasize that, with com- 
pressible LBM models, when the forcing term is time-dependent, compressibility 
effects may arise and using an incompressible model is a must [6]. However, since 
the D2Q9i model has already been tested for steady flows, for which it was pro- 
posed, we test it here for unsteady flows. 

3 Simulations 

We have conducted a number of 2D simulations for time dependent flow in a 
channel. Various boundary conditions have been tested: the Bounce-back on the 
nodes, the body force, periodic boundaries, non slip, and inlet and outlet bound- 
ary conditions. For all simulations described below, unless otherwise specified, 
the flow is assumed to be laminar, the Mach number is low, the driving force is 
the body force, the Reynolds number is defined as Re = 3 [3], the Womersley 

number is defined as cu = $6 [14] and the Strouhal number is defined as 
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S t  = $&, [7], where L is the channel width, u = is the kinematic viscosity, 
G is the body force, T is the sampling period and w = is the angular fre- 
quency. The density is p and the pressure gradient is sinusoidal with amplitude 
A which is normalized to 1 by dividing by the magnitude of the body force when 
comparing simulation results to analytic solutions. 

3.1 Oscillatory channel flow 

We have studied the flow in an infinite 2D channel due to an oscillatory pres- 
sure gradient = Asin(wt), where A is a constant. The pressure gradient is 
implemented by applying an equivalent body force G. The analytic solution for 
the velocity in this case is given by[14] 

where p is the fluid density, L is the width of the channel, and b = -iw/u. 
To check the accuracy of the LBGK model, we have performed a number of 
simulations. At first, we have used the bounce-back on the nodes which is quite 
simple and is known to be of second order accuracy[3]. The driving force for the 
flow is the body force G. Periodic boundary conditions are used for the inlet and 
the outlet boundaries. Both the Reynolds and the Womersley numbers were kept 
fixed by fixing the distance L between the two plates and varying the relaxation 
parameter T, the period T and the body force G. The error in velocity at each 
time step is defined by 

where uth is the analytic solution for the horizontal velocity, ulb is the velocity 
obtained from the LBGK simulations, T is the period and n is the number of 
lattice nodes representing the width of the channel. The overall error , Eav , is 
averaged over the period T. The relaxation time ranges from T = 0.6 to T = 3, 
the body force ranges from G = 25 x to  G = 0.04 and the sampling period 
lies in the range 500 - 20, giving corresponding values of 0.2 - 5 for St, with 
St = 1 corresponding to the case where T = 1. The system was initialized by 
setting the velocity to zero everywhere in the system. The convergence criterion 
is attained by comparing simulation results from two successive periods and the 
stop criterion is when this difference is less than 

The agreement between the simulation and analytic solutions is quite good, 
as it is shown by the dashed lines in Fig. 1 which shows the velocity profiles 
for a, = 4.34 for t = 0.75T. However, there seems to  be a small shift in time 
between the simulation and the theory. This shift is a function of time and 
T. We have found that if we assume that the theory lags the simulation with 
a half time step, i.e tlb = tth + 0.5, the error reduces at least one order of 
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magnitude for all T values. Figure 1 shows a typical simulation result compared 
to the analytic solution with and without shifting the time coordinate. We have 
used this observation to compare the simulation results with the shifted analytic 
solution which leads to excellent agreement for all values of time, as shown in 
Fig. 2. The error behavior is shown in Fig. 3, from which it can be seen that the 
error is minimum at T = 1, as expected, since there is no slip velocity at this 
specific case. An error of the order of the round-off error could be reached for 
the special case when T = 1, when the bounce-back on the nodes is used [3], 
and assuming the 0.5 time shift. 

Fig. 1. Velocity profiles at  t = 0.75T with T = 1 and a = 4.34 in a 2D oscillatory 
channel flow. The dots are the LBGK results. The dashed line is the analytic solution 
and the solid line is the analytic solution with a shift of 0.5 in time. 

This shift in time has been observed before by Matthaeus [15]. It may be 
attributed to  the way the driving force is imposed in the simulation and the 
used LBM model. We also believe that the way in which time coordinates are 
discretized may have some effects on this shift. For the other cases, when T # 1, 
the effect of the slip velocity dominates. Up to  now, the slip velocity has analytic 
formulae for steady channel flow, but not yet for unsteady flow. 

3.2 Non slip boundaries 

In order to remove errors arising from the slip velocity, we have conducted sim- 
ilar simulations with a no-slip boundary condition [16] at the walls and periodic 
boundary conditions at the inflow and the outflow boundaries. The body force 
that corresponds to  a desired Reynolds number drives the flow. The Strouhal 
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Fig. 2. Results from LBGK (dots) compared to the shifted theory (lines) for a complete 
period for a = 4.34 with T = 1. The measurements are taken at the middle of the 
channel, at  each t = 0.05nT where n = 0,1, ..., 20. 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 

t r r  

Fig. 3. Error behavior as a function of St without (lines) and with (points) time-shift 
correction a = 4.34 in a 2D oscillatory tube flow 
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number is kept constant by keeping fixed both the Reynolds and the Womersley 
numbers and looking at the accuracy in time. This is done by fixing the width 
L and assigning the corresponding values for the sampling period T ,  the body 
force G, and the relaxation parameter T. In this way, St will change. The results 
are shown in Fig.4 which shows the error behavior as a function of St .  From this 
figure, we clearly see that the LBM is of first order in time (slope = 0.9). The 
error is again decreased when the half-time step correction is used, specially at 
T = 1, as shown in the same graph. From this experiment, we conclude that the 
shift in time doesn't depend on the used boundary condition. 

Fig. 4. Overall Relative Error of velocity vs St for a = 15.53 and Re = 10 in a 2D 
oscillatory channel flow. The slope of the straight line is 0.90. The dashed line is the 
error with reference to the shifted in time analytic solution. 

3.3 Influence of the Reynolds number 

We have conducted another set of simulations to see the influence of the Reynolds 
number on the error in the flow fields. Here, the relaxation parameter is kept 
fixed at the value T = 1, the width of the channel is varied to achieve higher 
Reynols numbers and the period is changed analogously to keep the Womersley 
parameter constant. The length of the channel is 5L. In summary, we change 
the Reynolds number Re, the body force G, the width L and the period T.  
Simulations for Reynolds numbers in the range 1 + 200 at a, = 15.533 were 
performed. Figure 5 shows comparisons of numerical and analytical solutions of 
the velocity profile for Re = 200 at t = 0.2T. Similar agreements between theory 
and simulations has been observed for the whole period at different Reynolds 
numbers (data not shown). When compared to  the analytic solutions, with and 
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without shift in time, the error decreases from 0.0085 to 0.00024 for Re = 200. 

It can be seen that the difference between the two analytic solutions (the 
original and the shifted) becomes less as the Reynolds number increases. This 
suggests that the shift is inversely proportional to the applied body force which 
may have direct influence on it. It is therefore necessary to conduct another set 
of simulations in which the body force has no influence. 

3.4 Inlet and Outlet Pressure Boundary Conditions 

In order to  remove the influence of the body force, we have conducted another 
set of simulations in which the flow in a 2D channel is driven with a sinusoidal 
pressure gradient of magnitude A = O.OO1/Lx where L ,  is the length of the 
channel. The length of the channel is 10 times the width and the period of the 
driving pressure is T = 1000. The density at the inlet is 1 + Asin(wt) and is 
set to be 1.0 at the outlet. The convergence criterion is attained by comparing 
simulation results from two successive periods and the stop criterion is when 
this difference is less than All the flow fields were initialized from zero. We 
have again observed excellent agreement with the theory, as it is shown in Fig. 
6 . The shift in time has diminished in magnitude, but it is still there. From this 
experiment, we conclude that the main reason for this shift in time is due to an 
artifact in LBGK and is mainly attributed to incorrect implementation of the 
forcing term. 

Fig. 5. Velocity profiles obtained from LBGK simulations (dots) for a = 15.53 and 
Re = 200 in a 2D oscillatory channel flow, showing excellent agreement with the 
analytic solutions (lines). The effect of time shift is not observable. 

368 A.M. Artoli, A.G. Hoekstra, and P.M.A. Sloot



Fig. 6 .  Velocity profiles obtained from LBGK simulations (dots) for a = 4.00017 in 
a 2D oscillatory channel flow when inflow and outflow boundary conditions are used. 
Selected simulation times are shown. The shift in time ( lines) has little effect but still 
there. 

3.5 Discussion and Conclusion 

We have shown that the lattice Boltzmann LBGK model can be used to simu- 
late time dependent flows in 2D within acceptable accuracy if suitable simulation 
parameters and accurate boundary conditions are used. We have conducted a 
number of 2D simulations for time-dependent flow in a channel with different 
boundary conditions. We have observed a shift in time and have shown that the 
lattice Boltzmann BGK model is more accurate when a half time step correction 
is added to  the time coordinates. We have investigated the time shift association 
with the used boundary conditions, and have found that it is always present for 
the cases we have studied. The effects of the Womersley, the Reynolds and the 
Strouhal numbers have also been studied. We also have looked at the accuracy 
in time for time-dependent flows and have shown that it is of first order, in 
agreement with the theory [lo]. 
We have also measured the shear stress from the non-equilibrium parts of the dis- 
tribution functions and have found good agreement with the analyticly derived 
stresses. However, it has been reported that LBGK is thermodynamically incon- 
sistent and the forcing term leads to  incorrect energy balance equation when the 
acceleration is not constant in space [17]. Therefore, it is argued that, it is better 
to use a general LBM model rather then the LBGK to overcome problems arising 
from artifacts in the LBGK model, since it is not suitable for dense gases. The 
modified Lattice Boltzmann method that is derived from the Enskog equation 
in which the H theorems can be proved and the forcing term recovers correct 
energy balance equations [17]. However, on the other hand, the LBGK is simple 
and could work properly if being used cautiously. Currently, we have performed 
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a number of three dimensional simulations using a quasi-incompressible model. 
The error is more than 12 % with the simple bounce-back rule due mainly to  the 
slip velocity and the artifacts in the LBKG model. Currently, we are working 
in enhancing the model and using more accurate boundary conditions. All this 
will be applied t o  simulations of a human pressure systolic cycle in order to  be 
suitable for blood flow simulations of large arteries. 
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