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Abstract. This paper presents a domain decomposition method for fi-
nite element meshes created using the Delaunay criterion. The decom-
position is performed at the intermediate stage of the generation process
and is successively refined as the number of nodes in the mesh increases.
The efficiency of the algorithm and the quality of the partitioning is eval-
uated for different partition heuristics and various finite element meshes.

1 Introduction

The mesh partitioning problem is to partition the vertices (or elements) of a
mesh in k roughly equal partitions, such that the communication overhead dur-
ing the parallel simulation is minimized. The quality of the partition is a function
of several criteria, depending upon the computer architecture and the problem
being computed. In most cases, the cut-size of the partition (the number of edges
connecting vertices in different clusters) is assumed as the main quality coeffi-
cient. The graph partitioning problem is NP-complete (e.g. [1]), regardless of
the number of partitions. However, there have been developed many algorithms
calculating reasonably good partitionings[2, 3].

Recently a class of multilevel algorithms[4, 5] has emerged as a highly effec-
tive method for computing a partitioning of a graph. The basic structure of a
multilevel partitioning algorithm consist of three phases: coarsening, initial par-
titioning and refinement. In the first phase the multilevel algorithm repeatedly
reduces the size of the graph by joining pairs of adjacent nodes. At each step the
maximum matching is found by applying some strategy of edge collapsing, the
graph is reduced and the weights of nodes and edges are updated. The second
phase partitions the reduced graph into required number of clusters. Since the
number of nodes is small, the partitioning can be effectively computed. The only
requirement for the partitioning algorithm is to be able to handle graphs with
weighted nodes and edges. In the third step the graph is repeatedly uncoarsened
until it reaches the original size. Because of the weighted nodes and edges, the
balanced partition of the smaller graph corresponds to a balanced partition of
the larger graph with the same cut size. At each step of uncoarsening the graph
can be further improved by local refinement heuristics.

In this article we present a similar method applied to the decomposition of
finite element meshes generated with the Delaunay triangulation. In the process
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of triangulation using the Delaunay criterion the mesh is created by an incremen-
tal refinement of initial simple triangulation. First phase consists of successive
insertion of all boundary nodes. Then, inner nodes are added until the quality
measure (e.g. size or geometric quality) for all triangles in the mesh is satisfac-
tory. Inner nodes are inserted in the currently worst areas of the triangulation,
which results in the uniform refinement of the mesh. In the presented method,
instead of coarsening the complete mesh, an intermediate mesh is selected as a
coarse graph and is initially partitioned into the required number of clusters.
The process of the further construction of the mesh is similar to the uncoarsen-
ing stage in the multilevel method. Each newly inserted node becomes a part of
some cluster, depending upon the partition numbers of adjacent nodes. Periodi-
cally, after a specified number of nodes are included into the mesh, a smoothing
process is started. The smoothing method should be fast and improve the quality
of the partitioning locally.

The remainder of the paper is organized as follows. Section 2 defines the
graph partitioning problem and presents shortly the most important heuristics
for both the partitioning and smoothing task. Section 3 presents the description
of the domain decomposition during the Delaunay triangulation. In section 4
various parameters of the presented method are evaluated.

2 Graph Partitioning

Given a graph G = (V,E) with nodes V (n = |V | is the number of nodes) and
undirected edges E, let π : V → {0, 1, . . . k − 1} be a partition of a graph G,
that distributes the nodes among k clusters V0, V1, . . . Vk−1. The balance of π
is defined as follows: bal(π) := max |Vi|; 0 ≤ i < k −min |Vj |; 0 ≤ j < k; and the
cut-size: cut(π) := |{{v, w} ∈ E;π(v) %= π(w)}|.

2.1 Decomposition Algorithms

There are several different criteria a heuristic can focus on. Many methods are
very powerful with regard to one criterion, but don’t satisfy others. The following
description summarizes the most popular schemes.

The greedy strategy[6] starts with one cluster holding the whole graph, others
being empty. Then, nodes are repeatedly moved to the successive underweighted
clusters in such way, that each movement minimally increases the cut size. If the
number of clusters k > 2 both direct approach and recursive bisection can be
applied.

The layer method[7] starts with a random initial node and repeatedly iden-
tifies successive layers of adjacent nodes. After all nodes are visited, the graph is
accordingly split with the first cluster containing n

2 nodes from successive layers.
In the simple geometric bisection the longest expansion of any dimension is

determined and the nodes are split according to their coordinate in this dimen-
sion. The inertial method[8] considers nodes as mass points and cuts the graph
with the line (plane) orthogonal to the principle axis of this collection of mass
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points. In the shortest cut strategy several lines (planes) containing the mass
center of the graph are created. All edges of the graph are inspected, the cut
size for each of these lines (planes) is evaluated, and the line (plane) with the
smallest number of crossing edges is selected.

The spectral bisection heuristic[7, 8] is based on algebraic graph theory. The
Laplacian matrix is constructed on the basis of the adjacency information of
the graph and the eigenvector ȳ of the second smallest eigenvalue of this matrix
is used to bisect the graph. This method gives good results, unfortunately the
time and space required to compute accurately the eigenvalues and eigenvectors
of the Laplacian matrix is very high.

The multilevel class[4, 5]) of graph partitioning methods employs the reduc-
tion of large graphs both to shorten the partitioning time and to improve the
solution quality. First the graph is successively reduced by collapsing vertices
and edges, the smaller graph is partitioned and finally uncoarsened level by level
with addition of local refinement.

2.2 Refinement Algorithms

The initial (global) partitioning can be further improved by applying some local
smoothing method, which concentrates on the refining of the current partitioning
in order to obtain a lower cut size (or to improve others desirable properties).

The Kernighan-Lin heuristic[9, 10] is the most frequently used local refine-
ment method. Originally, it uses a sequence of node pair exchanges to determine
the changes in the initial partitioning. After the given number of steps is exe-
cuted, the history of changes is checked and the step with the best incremental
gain is selected. The whole procedure continues until there is no improvement.
Several improvements and generalization were proposed since the original pub-
lication of this algorithm such as moving single nodes, limiting the maximum
number of moved nodes in a single pass, using cost metrics other than cut-size,
refining k-way partition.

3 Simultaneous Mesh Generation and Decomposition

The preparation stage of the parallel numerical simulation of physical processes
using finite element method consists usually of several phases: definition of the
process domain, generation of the finite element mesh, decomposition of this
mesh in the given number of clusters and mapping these clusters to the processor-
nodes of the parallel machine. In the approach presented in this paper, the mesh
generation procedure (based on the Delaunay property) is coupled with the
mesh decomposition. By running the partitioning procedure at an early phase
of the mesh construction, both time complexity and the quality of the overall
process can be improved. It should be noted, that addition of the decomposition
procedures doesn’t influence the geometrical structure of the final finite element
mesh.

The domain decomposition can be incorporated into the mesh generation
scheme as follows:
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[First stage]

Create simple mesh (two triangles) containing all boundary nodes.

Insert all boundary nodes into the mesh

(respecting the Delaunay property).

[Second stage]

Evaluate the quality coefficients for all triangles.

While the worst triangle is not good enough:

insert a new node inside this triangle,

retriangulate the mesh locally.

(*) if(node_count == N1) initial decomposition

(*) else if(node_count == N1 + k*N2) decomposition smoothing

The initial decomposition is performed when the number of nodes (both
boundary and inner ones) reaches N1. After this decomposition the smoothing
procedure is called in regular intervals (every N2 number of inserted nodes).

In Fig. 1 there are presented successive steps of the mesh generation process
using the Delaunay property. Figure 1a shows the mesh containing boundary
nodes only. Figures 1b,c present intermediate mesh with a number of inner nodes
already inserted and finally the complete mesh.

(a) Triangulation of
boundary nodes

(b) Intermediate step (c) Final mesh

Fig. 1. Successive steps of Delaunay mesh generation

3.1 Initial Decomposition

The decomposition of the mesh can take place at any time during the second
phase of the Delaunay triangulation algorithm, while the mesh is being refined
by insertion of inner nodes. At the beginning of this phase the mesh may sub-
stantially differ from the final mesh. As the refinement of the mesh progresses,
the mesh structure stabilizes. The initial partitioning of the mesh should be per-
formed when the overall variance of the mesh density is reasonably uniform. The
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“resemblance” of the intermediate mesh to the final form is increasing with each
inserted inner node. Unfortunately, so does the time required for the partitioning
process.

The choice of the step when the initial partitioning is run (the parameter N1)
influences noticeably the final quality of the mesh decomposition. Partitioning
of the mesh at an early stage allows to concentrate on the main characteristics
of the mesh structure. Unfortunately, if the final mesh density is variegated,
splitting the mesh too soon can result in highly unbalanced clusters.

The selection of the partitioning heuristic is arbitrary (e.g. any method de-
scribed in the section 2.1 can be used). The obtained partitioning, however,
should be of good quality (with connected clusters), so that any further smooth-
ing would adjust the boundaries of clusters locally only.

3.2 Decomposition Smoothing

After the initial partitioning of the mesh, the generation process is continued.
As the number of inserted nodes increases, the structure of the mesh can alter
and an adequate adjustment of the decomposition separators should be per-
formed. Additionally, finer mesh has more degrees of freedom, and the quality
of decomposition can be further improved.

In order to meet these needs, a smoothing method is periodically executed
(every N2 inserted nodes and when the mesh generation process ends). A class
of local refinement algorithms that tend to produce good results are those based
on the Kernighan-Lin algorithm. In the variation used in this work the vertices
are incrementally swapped among partitions to reduce the edge-cut and balance
of the partitioning.

The selected smoothing method influences greatly both the quality of the
obtained decomposition and the running time of the whole process. Both fre-
quency of smoothing and the complexity of the method itself should be carefully
selected. The complexity aspect is especially important as the number of parti-
tions increases, which makes the complexity of this method much higher.

3.3 Introduction of Inner Nodes

During the continued process of the generation of a preliminary partitioned mesh,
all newly inserted nodes must be assigned to the proper cluster. The decision is
based on the nodes adjacent to the node in question. If all these nodes belong to
a single cluster (Fig. 2a) the new node is assigned to the same cluster. However,
if there are more available clusters (Fig. 2b,c) several criteria can be considered:

– cut-size – cluster with the most number of edges incident to this node should
be selected.

– balance – prefers the smallest of incident clusters.
– other quality properties (e.g. avoiding nodes adjacent to several different

clusters).
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(a) (b) (c)

Fig. 2. Identification of the inner nodes

4 Results

The described method was tested on several domains with various control spaces,
which resulted in generation of meshes with different shape and the variation of
the density of elements. All meshes had roughly equal number of nodes and were
partitioned into eight clusters. In [11] these meshes are presented along with a
detailed analysis (including several aspects of the decomposition quality) of the
results obtained with different partitioning algorithms.

In this work we tested the efficiency of the proposed algorithm and the influ-
ence of different values of parameters N1 and N2 (along with other parameters of
the decomposition process). The results were evaluated using several quality co-
efficients such as cut-size, balance, boundary balance, local cut-size, connectivity,
multiconnected nodes, and running time.

Table 1 presents the results obtained for a three selected meshes (Fig. 3)
containing about 8000 nodes partitioned into 8 clusters. The cut-size was chosen
as a representative coefficient of the decomposition quality. The Roman num-
bers denote partitioning algorithms used to perform the initial decomposition:
(I) direct greedy, (II) recursive greedy, (III) recursive layer, (IV) recursive in-
ertial, and (V) recursive shortest-cut. In each case the partitioning was further
improved by a Kernighan-Lin smoothing method.

Table 1. Cut-size of meshes decomposed into 8 clusters with different methods (P0
denotes the decomposition of the final mesh, P1 – simultaneous mesh generation and
decomposition with the parameters N1=1000, N2=1000, and P2 – with the parameters
N1=1500, N2=500)

cheese mountain gear

P0 P1 P2 P0 P1 P2 P0 P1 P2

I 659 769 596 804 868 834 599 805 685
II 632 647 610 819 808 795 553 595 650
III 542 572 513 915 782 674 519 855 590
IV 588 607 701 920 717 711 501 625 525
V 471 613 522 699 694 662 404 455 432
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Coefficients presented in table 1 visualize the typical characteristic of ob-
tained results. Depending upon the various parameters of the overall mesh gen-
eration and decomposition process, different variants gain prevalence. In the
discussed example, the results were in most cases better when the value of pa-
rameter N1 (denoting the step at which the initial partitioning is performed) was
increased from 1000 to 1500, and the frequency of smoothing (N2) was decreased
from 1000 to 500. For different meshes the quality of decomposition calculated
during the mesh generation as compared to the partitioning of the complete
mesh has no regular tendency. E.g. the partitioning during the generation of the
mesh (P2) is usually better than the partitioning of the final mesh (P0) in case
of the mesh mountain, and consistently worse for the mesh gear.

(a) cheese (b) mountain (c) gear

Fig. 3. Tested meshes

Fig. 4 shows the intermediate phases and the final result of the simultaneous
mesh generation and partitioning. As can be seen, the final partitioning is much
alike the initial one. This property is very advantageous, especially with respect
to the task of a parallel mesh generation, when the partitions should be prelim-
inary distributed to the proper processors of a parallel machine and any further
movement of these nodes results in the degradation of the overall performance.

(a) Initial phase
(1500 nodes)

(b) Intermediate
step (5000 nodes)

(c) Final result
(8362 nodes)

Fig. 4. Example of generation and decomposition process (N1=1500, N2=500).
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5 Summary

In our work we tested and compared the efficiency and quality of the decomposi-
tion of various algorithms applied to variegated finite element meshes. The exper-
iments with the presented approach of combined mesh generation and partition-
ing have shown that these algorithms work quite well for many different meshes.
The main requirements needed for a successful employment of this scheme are a
good, global initial partitioning algorithm and fast locally smoothing method.

The future research will concentrate on improving the mesh refinement pro-
cedure in order to make it more efficient in terms of both the decomposition
quality and the running time. The aspects of the presented approach connected
with the problem of a parallel mesh generation will also be addressed.
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