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LLAIC1 - IUT Département Informatique
BP 86

63172 AUBIERE CEDEX
{Burguet,Remy.Malgouyres}@llaic.u-clermont1.fr

Abstract. In this article, we first propose a method to discretize a
surface represented by a polyhedron. Then, we define a data structure
used to work on such a discrete surface and that allows us to consider
multi-scale discrete surfaces. Then, we explain how to perform easily
and quickly boolean set operations on this data structure. Finally, we
expose a method to reconstruct the whole surface and we display some
results obtained from the boolean set operations.
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1 Introduction

In this article, we work on surfaces of the objects, instead of working directely
on the volumes. Indeed, the data sizes are then generally smaller.
We explain the contexts in which our work make sense in Geometric Mod-

eling. ([4], [10]). In the field of Constructive Solid Geometry (CSG), the prin-
ciple is to construct complicated objects from elementary ones (like spheres or
cubes), using boolean set operations such as union, intersection or set difference.
These complicated objets are not explicitely encoded, but are represented by
trees which nodes are boolean set operations and leaves are elementary objects.
There is no method to display the objects of CSG that could allow us to perform
real-time navigation programs. But such programs (OpenGL for example) are
available for surfaces represented by polyhedra. So, it could be interesting to
compute explicitely the surfaces of the objects of CSG. In the field of Computer
Assisted Design (CAD) (see [5]), the aim is to construct automatically real ob-
jects with machines, and it also could be useful to use a representation of the
surfaces of these objects. The algorithms used to compute the set operations
on continuous surfaces encounter problems in some cases, for example when the
considered surfaces are tangent.
Our idea is to have a discrete step, since the discrete surfaces are natu-

rally adapted to perform boolean set operations. In [1], a complete method to
discretize polyhedrons, to compute the boolean set operations on the obtained
discrete surfaces and to polyhedrize these ones is discribed. But a multi-scale
definition of the discrete surfaces is necessary. For example, if we want to com-
pute the union of a little nail and a wall, it is interesting to be able to represent
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these two objects with different scales: a small one for the nail and a bigger one
for the wall. The notion of multi-scale discrete surface is one major originality
of our work.
The main purpose of this article is first to propose a quick method to obtain

a discrete multi-scale approximation of a surface made of polyhedrons, then to
define a data structure to represent such discrete surfaces, whatever its size and
the discretization level, and finally to compute the boolean set operations on
such data structures.
The discretization process and the so-obtained data structure are presented

in Section 3. The discretization method is derived from the z-buffer algorithm
(see [3]). To represent a discrete surface, we use the notion of quad-trees, that is
quickly discribed in the first Section (see [2], [9]), at different levels. Using the
structure we define, we know the surfels orthogonal to a given direction, one of
the axes of the coordinate space. In Section 4, we explain the method to compute
set operations on the discrete surfaces, and some results are proposed in Section
4.4. Finally, from our representation, we have to construct the missing surfels,
i.e. the lateral surfels. The method used is discribed in Section 5.

2 Basic Notions

2.1 Classical Notion of Discrete Surface

A voxel v is a point of Z3. We can represent such a voxel by a cube centered on
its coordinates. A discrete 3D object is a set of voxels. We can define adjacency
relation on the voxels: two voxels are said to be 6-adjacent if they share a common
face. Let us define our discrete surfaces. First, a surfel is a pair of 6-adjacent
voxels. We can see a surfel as a square shared by two 6-adjacent voxels. Then, the
surface of a given object O is the set of surfels {(v1, v2)/v1 ∈ O, v2 ∈ O}. We want
the discrete surfaces to have the Jordan property. Indeed, this property allows
us to define an object from its surface, and so the suface separates an interior
(the object) and an exterior (its complementary). In [6] and [7], the properties
that the elements composing the object and the ones of its complementary have
to satisfy to have the Jordan property are exposed. In [8], G.T. Herman deals
with the needed properties of the elements of the surface of the object.
In the following, we work on surfaces without considering the object itself.

Furthermore, the surfels composing a given surface will not always have the same
width. So, we will use an adapted tool to our multi-scale surfaces: quad-trees.

2.2 Quad-Tree

The quad-trees ([2]) were originally used to represent binary images and this
method is based on successive sub-divisions. If an image I is not entirely made
of 0’s or entirely made of 1’s, we subdivide I into four quadrants (squares),
and so on until each quadrant is only composed of 0’s or 1’s. We represent the
successive divisions by a quaternary tree. The root is the whole image, each node
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Fig. 2. The bounding box and the
coordinate space.

represents a quadrant of the 2D image, and the leaves are 1 or 0, depending on
the values of the pixels composing the quadrant (see Figure 1). In the following,
we will use the same ordering of the children of a node.
In our case, we will use quad-trees to represent the 3D space according to

one of the coordinate axes. This choice is motivated by the multi-scale character
of our discrete surfaces. Moreover, the structures used to represent two surfaces
with different sizes will be the same.

3 Discretization and Definition of the Surfaces Data
Structures

After the discretization of a polyhedron, the result will be a discrete surface that
will be composed of surfels of the same width, as defined in Section 2.1. In the
following, we denote by Oxy the plane containing the origin O of the coordinate
space and the axes x and y.
First, we compute a bounding box B which contains the whole initial poly-

hedron. In the following, we assume that the width of the box is a power of 2
denoted by CB . Furthermore, the origin of the coordinate space is a vertex of
the bounding box and the axes are according to the edges of the box (see Figure
2). We also assume that the width of the surfels composing our obtained discrete
surface is a power of 2, with range from 1 to CB .
We consider a surface represented by a closed polyhedron P . We want to

compute a discrete approximation of P, in other words a set of surfels which
is close to P. Let us denote by wP the wanted width of each surfel after the
discretization of P . The idea is the following: first we build a 2-dimensional array
A of lists of floating points. The dimensions of A are (CB/wP )× (CB/wP ). Each
cell of the array represents a square, of width equal to w, in Oxy. For each i, j
such that 0 ≤ i ≤ CB and 0 ≤ j ≤ CB , a list Lij contains the depths z of the
intersections of the line defined by x = i, y = j, and the faces of the surface.
To compute these lists, we use a method derived from the z-buffer algorithm
([3]): we project each face F of the polyhedron on the plane z = 0. Then we
use a polygon filling algorithm: for each projected face Fp, we cover the integer
points k = (ki, kj) contained in Fp and we compute the intersections of the
corresponding lines x = ki and y = kj with F , that we put in Lij .
Once we have computed the lists of floating points, we can construct the

surfels of the surface, considering integer approximations d of the intersections
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Fig. 3. The surfels of the tree that represents the discrete version of a sphere.

represented by elements of Lij . The value of d depends on whether we enter
into the surface or we get out (we use a parity rule), and on the width w of the
surfels composing the discretized surface. If we enter, then d = �z/w� × w, and
d = �z/w	 × w if we get out. On Figure 3, the pictures show the result of the
surfels obtained by the discretization algorithm. Note that only surfels which are
orthogonal to the z axis are computed; this enables us to reconstruct a voxelized
volume, still using a parity rule.

3.1 A Quad-Tree of Virtual Surfels

For each discretized surface, we have an array that contains some surfels com-
posing this surface. But our motivation is to work on surfaces that have different
scales, and to obtain multi-scale surfaces. An array have a static nature and is
not adapted. Then we decide to use a better tool for our purpose: quad-trees.
First, let us consider the bounding box B of a fixed surface (see above). We

build a quad-tree of virtual surfels as follows: the root of the tree represents a
face F of B (the one that is contained in Oxy), we subdivide F to build a quad-
tree, and we stop the construction of a branch when we reach the size of the
surfels of the surface. The leaves of this tree are lists of special structures, the
quad-tree of surfels (see Figure 4 and Section 3.2). Note that there are two kinds
of quad-trees: quad-trees of virtual surfels and quad-trees of surfels. Considering
that the depth of the root is 0, the surfels of the list of a leaf at a depth d in
the tree have a size equal to CB/2d, and the position of these surfels according
to the plane Oxy depends on the position of the list in the virtual tree. In order
to build only useful parts of the tree, we stop the construction of the branches
which end with empty lists in A (see Figure 5). Note that the virtual tree of
depth n has almost 22×n leaves.
In the following, we call virtual tree the tree of virtual surfels.

3.2 Construction of the Lists at the Leaves of the Virtual Tree

Let us consider a virtual tree V . Up to now, from the discretization, each list
of the leaves of V must contain surfels which have the same size wP . But in
the sequel (after multi-scale boolean set operations for example), it may happen
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Fig. 6. Virtual tree and lists of surfels corresponding to the example of Figure 5.

that such a list has to contain surfels with different sizes w ≤ wP , with w =
wP , wP /2, wP /4, · · · , 1 . So, each leaf is a list of structures composed of a boolean
quad-tree of surfels, both with the integer depth according the z axis (see Figure
6). In the following, we simply call these lists lists of surfels.
We have just defined a tree data structure which can represent a discretized

surface according to a given direction. So, we know all the surfels which are
parallel to the plane Oxy. We are going to explain how to perform boolean set
operations on surfaces discretized at various scales using such structures, thus
obtaining a multi-scale surface.

4 Boolean Set Operations on Tree Surfaces
Representation

Before doing boolean set operations on the trees representing the surfaces, we
make the assumption that the considered bounding boxes of the surfaces are the
same. It is not really a drawback since the virtual tree does not contain useless
branches (see section 3.1). Furthermore, the representations of the surfaces follow
to the same axis of the coordinate space and we remind that the width of the
surfels of the surfaces we consider are always powers of 2. Since our data structure
is not translation invariant, we also assume that the different objects are correctly
located relatively to each other in the bounding boxes.
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The method is more or less the same whatever the considered boolean set
operation, so we only explain the process for the union (therefore, we can replace
the word union by intersection or difference in the following).

4.1 Cover of the Virtual Quad-Trees

We denote by A1 and A2 the virtual trees representing two surfaces S1 and S2.
We simultaneously apply a depth-first exploration for the two trees. So, during
the recover, we always consider the same part of the plane Oxy. We have 3 cases.
If none of the trees is a leaf, we continue the cover with the first children of

A1 and A2, the second ones and so on. If both of the trees are leaves, we compute
the union of the corresponding respective lists L1 and L2 (see Section 4.3). If
only one of the trees is a leaf (for example A2). Then the result of the union of
A1 and A2 is the union of the children of A1 and the corresponding children of
the surfels trees of the list of surfels of A2 (if a surfel tree is a node with value
v, it is transformed into a tree with four leaves which have value v), and so on.
In practice, we replace A1 by a leaf of which the list of surfels is constructed
recursively from the lists of the children of A2 (see Figure 7).
There remains to compute the union of two lists of the leaves of the virtual

quad-trees. First, we introduce a useful tool.

4.2 The Booltrees

In the following, in order to perform the boolean set operations we need to know,
during the cover of a list of surfels, if we enter or get out of the surface when
we meet a quad-tree of surfels. So, we use a quad-tree that we call booltree and
that represents a boolean matrix, for each list of surfels. At the beginning of
the cover of a list of surfels, the booltree B is just a node with boolean value
equal to 0. When we meet a quad-tree of surfels, for each surfel in the tree (i.e. a
leaf with value equal to 1), we update B by reversing the boolean values of the
corresponding part of the booltree. Then, we know if a surfel is opening (we enter
into the surface), closing (we get out), partly opening or closing. For example,
if a part of the booltree passes from 0 to 1, the surfel is opening for this part.
Moreover, a booltree indicates the parts of the space which are in the interior
or the exterior of the surface: between two quad-trees of surfels with depth d1
and d2, the parts of the booltree with value equal to 1 are in the interior of the
surface between d1 and d2.
For a better understanding, let us consider on Figure 8 the example with the

list L. The booltree B is initially a matrix of 0 and is represented by a white
square. The first tree of surfels t1 is a node with a value equal to 1. Then, all
the booltree is reversed and now B is a matrix of 1 (the square is gray). So, we
know that the unique surfel in t1 is an opening one (we pass from 0 to 1 in the
booltree). The next tree of surfels t2 is not a leaf. So, the booltree is partially
transformed according to the parts of the tree that have a value equal to 1. Since
these parts become 0, we know that the two corresponding surfels are closing
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Fig. 7. Example of the construction of a list of surfels from the children of a virtual
tree. We replace A1 by a leaf with a list constructed from the children of A1.
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Fig. 8. Evolution of a booltree during the cover of a list.

ones. The last tree t3 contains two closing surfels. Since there are no more trees
in L, the booltree is made of 0 again.
We are ready to perform the boolean set operations on lists of surfels.

4.3 Boolean Set Operations on Two Lists of Surfels

Let us consider two non-empty lists of surfels L1 and L2, in the same level in
the virtual surfels tree. If one of the two lists is null, the result of the union is
the other list.
Initially, for the two lists, the respective booltrees B1 and B2 of L1 and L2 are

completely made of 0. Let us consider the first elements e1 of depth d1 and e2 of
depth d2 of L1 and L2. We also construct a booltree B representing L = L1∪L2,
initially made of 0. There are three different cases.
First, if d1 < d2, we update B1 using e1. Then, we compute the union B∪ of

B1 and B2. If B is not equal to B∪, for each part of B which is different to B∪,
we have a surfel of L. Therefore, we can construct the quad-tree of surfels at the
depth d1. If B∪ = B, we do not construct a quad-tree. Then, B is now equal to
B∪, L1 becomes the next element of L1, and we do the process again with the
new values.
The case d2 < d1 is similar.
If d1 = d2, we update B1 using e1 and B2 using e2, we compute the union

B∪ of B1 and B2, we compare B∪ and B, and we construct the quad-tree of
surfels, if it exists, at the depth d1. Then, we update B with B∪, L1 and L2,
and we do the process again with the new values.
This procedure ends when L1 and L2 are both null. If at one step, one of the

lists becomes null, the result list is equal to the other one.
As an example, we will consider the union of the objects O1 and O2 of Figure

9. The lists L1 and L2 correspond to the objects and are at the same place in
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Fig. 9. Union of two objects represented by their lists of surfels using the corresponding
booltrees.

the respective virtual quad-trees representing the objects. In this Figure are
represented the evolution of the booltrees B1 and B2, according to the depths,
and the union of the booltrees B at each depth. Initially, the booltrees are white.
At depth 2, we meet the first surfel of L1. The booltree B1 becomes grey, B2

remains the same (since there is no surfel at this depth in L2), and so B, which
is the union of B1 and B2 at depth 2, becomes grey. From the comparison of the
initial B and B at depth 2, we conclude that we have to construct a surfel of L
of which the quad-tree is a node with value 1 and d = 2.
At depth 3, we meet a surfel of L2, and we consequently update B2. The

booltree B1 is unchanged. The union of B1 and B2 at depth 3 is equal to B at
depth 2, so we do not have to create a surfel at this level.
At depth 4, B1 becomes empty and B2 is unchanged. The comparison of the

union of these booltrees and the last B shows that we have to create 3 surfels
corresponding to the places of B that have changed at level 4.
Finaly, at depth 5, B1 and B2 becomes white and so we have to build the

last surfel, as shown on Figure 9.
Then, we have obtained the list L which is the union of L1 and L2.

4.4 Results of the Boolean Set Operations

Figure 10 shows an example of the result of the set operations. The surfels of
the lists, which are orthogonal to the z axis, are shown. The bounding box has
a width equal to 32, and this is the result of the difference between the surface
of a voxel of width 16 and a sphere made of surfels of width 1.
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Fig. 10. Surfels of the lists of the leaves of a virtual tree. This object has been obtained
by the difference of a voxel of width 16 and a sphere composed of voxels of width 1.

As we can see, the upper face of the cube has been subdivided into smaller
surfels, but the lower one is unchanged.

5 Reconstruction of the Whole Surface

To build and to display the whole surface from the quad-tree structure V , we
once again use booltrees. Note that there exist more than one possibility to
reconstruct the surface depending on the chosen size of surfels. First, there are
four orientations of the lateral surfels, one by edge of the surfels of the lists of
surfels. We denote these ones by N for North, S for south, E for east and W for
west. We explain the way we use to build the N surfels, and it is similar for the
other orientations.
First, we easily construct an array CB × CB denoted by A. Each cell of A

contains a list of integers that is constructed from the recover of each list of
surfels of V . They represent the intervals of the space which are in the interior
of the surface and are obtained from the booltrees of the lists. If we consider
a list of surfels L of width 1, and if the list at the north of L contains a list
composed of 2 elements, 0 and (CB − 1), then the whole north of L is in the
interior of the surface and there are no N surfel to construct for L.
We construct the N surfels from A and the virtual tree, in such a way that

the size of all surfels is as large as possible for the considered list (see the right
part of Figure 11). To do this, we treat the lists at the leaves of V one by one. Let
us consider a list of surfels L and the corresponding booltree B. Let us denote by
Cmax the maximal width of the surfels of L (depending on the place of L in V ),
by e the first element of L and by d the depth of e. We consider L by successive
intervals of length Cmax, and we begin at the depth p = �d/Cmax� × d. So, the
first interval we consider is I = [p, p+ Cmax]. We denote by w the width of the
surfels we consider. Initially, w = Cmax. Let us introduce the procedure.
If L is empty or contains only one element, we stop here the process for the

current list. If d = p, we update B using e, L becomes the element after e in L,
and d is the depth of the new first element of L. We consider several cases for I.

If, by considering A, the whole north of L is not completely full from p to p+w
(i.e. is not in the interior of the surface)
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if all the following properties are satisfied:
– B is not a leaf,
– in the successive transformations of B using the possible elements of
L that have a depth from p to p + w − 1, in B the north parts are
always true,

– the north of the list is completely free (by considering A),
then we create a N lateral surfel with width w.

Else
if one of the following cases is true:
1. d < p+ w,
2. B is not a leaf,
3. the north of L is not completely full or completely free,
then, we subdivide. By subdividing, we mean that we do the
process again for each n ∈ {1, 2, 3, 4} and: w = w/2, I = [p +
i, p+ i+w], with i = 0 and i = w, the nth child of B and the nth

children of the elements of L. Indeed, if we verify one of these
hypotheses, we can not put a surfel of the initial width w, and
we try to put surfels with inferior widths.
Else

if B is a leaf. If the value of B is true and the north of the
list is completely free (by considering A), then we create a
N lateral surfel with width w.

We update B thanks to the elements of L which have a depth strictly less
than p+ w, we consequently update L, and we continue with the next interval.

Let us consider, on Figure 11, the reconstruction of the foreground faces of
the object represented by the list of surfels L, with Cmax = 4. Since the second
element of the list is at the depth 3, we cannot put a surfel of size 4. Then we
subdivide L into 4 lists, l1, l2, l3 and l4, numerated like indicated on the Figure.
For each sub-list, Cmax = 2.
From l1 and l3, we can put any surfel because the foreground of these lists

are hidden by respectively l2 and l4.
The list l2 is composed of 3 elements, at depths 0, 3 and 4. We update

the initial booltree using the first surfel and the booltree is now made of 1.
We also update l2. We can put a foreground surfel between 0 and 2 because
the foreground side is completely free. After that we consider the next interval,
between 2 and 4. The first element of l2 is at depth 3, so we cannot put a surfel
of width 2. Then we subdivide again, and we consider the sub-lists of l2 ll1, ll2,
ll3 and ll4. By considering ll1, we put only a surfel of width 1 between 3 and 4,
and from the lists ll2 and ll4, we put three surfels of width 1 between 2 and 4.
From the list l4, we put two foreground surfels of width 2.

6 Final Results

Figure 12 shows the result of the reconstruction for the previous example of
Figure 10.
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Fig. 12. Final result of the difference between a big voxel and a sphere, after the
reconstruction of the lateral faces.

On Figure 13, we can see the result obtained by the difference between a wall
of surfels of width 8 and a thorus made of surfels of width 1 in a bounding box
of width 64. As we can see, only the surfels of the wall “in contact” with the
thorus are subdivided in smaller surfels. Moreover, for each list composing the
surface, we put the surfels with the maximal possible width. This allows us not
to subdivide too much the bigger surfels of the surfaces.

7 Conclusion and Perspectives

In this paper, we presented a method to discretize surfaces represented by poly-
hedra. This method is easy to implement and is derived from the z-buffer al-
gorithm. Next, we proposed a structure to represent the surfaces obtained by
the discretization method. The quad-tree nature of this structure allows us to
represent multi-scale surfaces. Then, we designed a process to perform easily
boolean set operations of these tree structures and using booltree. From the
discrete nature of the surfaces, there exists no class of surfaces that causes diffi-
culties. Furthermore, since we consider only the surfaces of the objects, the data
sizes are quite small and we can compute the set operations very quickly. We
also proposed a method to restitute the whole surface, and some experimental
results were shown.
There are many perspectives to this work. Indeed, we want to be able to

polyhedrize the obtained discrete multi-scale surface. As in the case of poly-
hedrization of a discrete surface presented in [1], we have to construct a graph of
surfels to represent the surface. So, from the structure that represents a multi-
scale surface, we will construct the corresponding multi-scale graph of surface.
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Fig. 13. Result of the difference between a wall and a thorus. Some surfels of the wall
have been subdivided into smaller ones.

We also will define a topology over the multi-scale surfaces. Then, we should
be able to define a polyhedrization method analogue to the one exposed in [1].
Then, we will have a complete method to perform the boolean set operations on
surfaces represented by polyhedrons, using a discrete step. After that, we will be
able to use programs to perform a real-time navigation on the final polyhedrized
surfaces.
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