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Abstract. The crossing number cr(G) of a graph G, is the smallest
possible number of edge-crossings in a drawing of G in the plane. A
graph G is crossing-critical if cr(G − e) < cr(G) for all edges e of G.
G. Salazar conjectured in 1999 that crossing-critical graphs have path-
width bounded by a function of their crossing number, which roughly
means that such graphs are made up of small pieces joined in a linear
way on small cut-sets. That conjecture was recently proved by the au-
thor [9]. Our paper presents that result together with a brief sketch of
proof ideas. The main focus of the paper is on presenting a new construc-
tion of crossing-critical graphs, which, in particular, gives a nontrivial
lower bound on the path-width. Our construction may be interesting
also to other areas concerned with the crossing number.

1 Introduction

In this section we informally introduce the problem and our contributions to it.
The reader is referred to the next section for formal definition and statements.

We are interested in drawing of (nonplanar) graphs in the plane that have a
small number of edge-crossings. There are many practical applications of such
drawings, including VLSI design [3], or graph visualization [4,14]. Crossing-
number problems are often discussed on Graph Drawing conferences, recently
for example [12,18,14].

Determining the crossing number of a graph is a hard problem [6] in general,
and the crossing number is not even known exactly for complete or complete
bipartite graphs. A lot of work has been done investigating the crossing number
of particular graph classes like Cm×Cn, see [15,16,8]. For general graphs, research
so far focused mainly on relations of the crossing number to nonstructural graph
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properties like the number of edges, for example [1,11,13]. On the other hand,
crossing-critical graphs play a key role in investigation of structural properties of
the crossing number. Our result tries to give some insight to the general structure
of crossing-critical graphs, about which is not much known yet.

In Section 2, we state that if G is a k-crossing-critical graph, then G cannot
contain a subdivision of a “large in k” binary tree. It is known [17] that the
latter condition is equivalent to G having “bounded in k path-width”, which
roughly means that G is made up of small pieces joined in a linear way on small
cut-sets. We also sketch basic proof ideas for this result in Section 3, while the
whole proof (which is rather long) can be found in [9].

We mainly focus on constructions of crossing-critical graphs that give good
lower bounds on the path-width (in terms of binary trees) in Section 4. Specifi-
cally, we present new general classes of k-crossing-critical graphs for k ≥ 3, and
we prove their values of the crossing number. These classes contain graphs with
binary trees of heights up to k + 2. We think that these classes may be also
interesting to other areas concerned with the crossing number.

2 Definitions and Results

We consider finite simple graphs in the paper. We usually speak about actual
drawings of graphs instead of abstract graphs here. If � : [0, 1] → IR2 is a simple
continuous function, then �([0, 1]) is a simple curve, and �((0, 1)) is a simple
open curve.

Definition. A graph G is drawn in the plane if the vertices of G are distinct
points of IR2, and every edge e = uv ∈ E(G) is a simple open curve � such that
�(0) = u, �(1) = v. Moreover, it is required that no edge contains a vertex of G,
and that no three distinct edges of G share a common point. An (edge-) crossing
is any point of the drawing that belongs to two distinct edges.
(Notice that our edge as a topological object does not include its endpoints. In
particular, when we speak about a crossing, we do not mean a common end of
two edges.)

Definition. The crossing number cr(G) of a graph G is the smallest possible
number of edge-crossings in a drawing of G in the plane. A graph G is crossing-
critical if cr(G − e) < cr(G) for all edges e ∈ E(G). A graph G is k-crossing-
critical if G is crossing-critical and cr(G) = k.

The crossing number stays the same if we consider drawings on the sphere
instead of the plane, or if we require piecewise-linear drawings. (However, if we
require the edges to be straight segments – so called rectilinear crossing number,
we get completely different behavior; but we are not dealing with this concept
here.) Also, the crossing number is clearly preserved under subdivisions of edges
(although not under contractions). Thus it is not an essential restriction when
we consider simple graphs only.
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One annoying thing about the crossing number is that there exist other
possible definitions of it, and we do not know whether they are all equivalent or
not. The pairwise-crossing number crpair is defined similarly, but it counts the
number of crossing pairs of edges, instead of crossing points. The odd-crossing
number crodd counts the number of pairs of edges that cross odd number of
times only. It clearly follows that crodd(G) ≤ crpair(G) ≤ cr(G), and it was
proved by Tutte [19] that crodd(G) = 0 implies cr(G) = 0. The best known
general relation between these crossing numbers is due to Pach and Tóth [13]
who proved cr(G) ≤ 2 crodd(G)2. Our results are formulated for the ordinary
crossing number, however, they hold as well for the pairwise-crossing number.

Further we define the path-width of a graph and present its basic properties.
A notation G �X is used for the subgraph of G induced by the vertex set X. A
minor is a graph obtained from a subgraph by contractions of edges.

Definition. A path decomposition of a graph G is a sequence of sets (W1,W2,
. . . ,Wp) such that

⋃
1≤i≤pWi = V (G),

⋃
1≤i≤p E(G � Wi) = E(G), and

Wi ∩Wk ⊆ Wj for all 1 ≤ i < j < k ≤ p. The width of a path decomposition is
max{|Wi| − 1 : 1 ≤ i ≤ p}. The path-width of a graph G, denoted by pw(G), is
the smallest width of a path decomposition of G.

It is known [17] that if G is a minor of H, then pw(G) ≤ pw(H). A binary
tree of height h a rooted tree T such that the root has degree 2, all other non-
leaf vertices of T have degrees 3, and every leaf of T has distance h from the
root. (A binary tree of height h has 2h+1−1 vertices.) Since the maximal degree
of a binary tree T is 3, a graph H contains T as a minor if and only if H
contains T as a subdivision. The important connection between binary trees
and path-width was first established by Robertson and Seymour in [17], while
the following strengthening is due to [2]:

Theorem 2.1. (Bienstock, Robertson, Seymour, Thomas)
(a) If T is a binary tree of height h, then pw(T ) ≥ h

2 .
(b) If pw(G) ≥ p, then G contains any tree on p vertices as a minor.

We look closer at some facts about crossing-critical graphs. By the Kura-
towski theorem, there are only two 1-crossing-critical graphs K5 and K3,3, up
to subdivisions. On the other hand, an infinite family of 2-crossing-critical graphs
with minimal degree more than 2 was found by Kochol in [10]. One may easily
observe that every edge-transitive graph is crossing-critical, while the converse
is not true, of course.

Ding, Oporowski, Thomas and Vertigan [5] have proved that every 2-crossing-
critical graph satisfying certain simple assumptions and having sufficiently many
vertices belongs to a well-defined infinite graph class. In particular, these graphs
have bounded path-width. Analyzing the structure of other known infinite classes
of crossing-critical graphs, G. Salazar formulated the following conjecture, ap-
pearing in [7].
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Conjecture 2.2. (Salazar, 1999) There exists a function g such that any k-
crossing-critical graph has path-width at most g(k).

The paper [7] proves a weaker statement that the tree-width of a crossing-
critical graph is bounded. Our Theorem 2.3 [9], together with Theorem 2.1,
immediately imply a solution to Salazar’s conjecture.

Theorem 2.3. There exists a function f such that no k-crossing-critical graph
contains a subdivision of a (complete) binary tree of height f(k). In particular,
f(k) ≤ 6 · (72 log2 k + 248) · k3.

Corollary 2.4. Let f be the function from Theorem 2.3. If G is a k-crossing-
critical graph, then the path-width of G is at most 2f(k)+1 − 2.

Remark. It is important that Theorem 2.3 speaks about crossing-critical
graphs, since an arbitrary graph of a fixed crossing number k may contain a
binary tree of any height. There is no direct connection between the crossing
number and the path-width of a graph without an assumption of being crossing-
critical.

A natural question arises about lower bounds on the function f from The-
orem 2.3. An easy argument shows that f(k) must grow with k: The complete
graph Kn is crossing-critical for n ≥ 5 with the crossing number growing roughly
as Θ(n4), and Kn contains a binary tree of height log2 n�−1. (In fact, the path-
width of Kn is n− 1.) However, we are able to provide much better bounds on
f as consequences of a general construction presented in Section 4:

Theorem 2.5. Let f be the function from Theorem 2.3, and k ≥ 3. Then f(k) ≥
k + 3, or f(k) ≥ k if we consider only simple 3-connected graphs.

3 Upper Bound Sketch

The whole proof [9] of Theorem 2.3 is quite long, so here we present only an
informal short sketch of it. Suppose that G is a graph drawn in the plane with
k crossings. The basic idea behind our proof is that if sufficiently many nested
edge-disjoint cycles “separate” all crossed edges from some edge e in G, then G
cannot be crossing-critical since deleting e cannot decrease its crossing number.
(This trick was suggested earlier by Salazar in connection with the tree-width
of crossing-critical graphs.) Unfortunately, considering sequences of single cycles
is not enough to achieve our goal. So we actually work with so called “nesting”
and “cutting” sequences in the graph G (see Lemmas 3.1 and 3.2).

Recall that G is a graph drawn in the plane. Informally speaking, a multicycle
M in G is a collection of (not necessarily disjoint) cycles of G such that no two
of these cycles are crossed or nested. (These words implicitly refer to the infinite
face of the drawing.) The finite faces bounded by the cycles of M are called the
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interior faces of M . We say that a multicycle M is nested in a multicycle M ′,
denoted by M � M ′, if each interior face of M is contained in some interior face
of M ′. We say that M is strictly nested in M ′, denoted by M≺≺M ′, if M � M ′,
and if M and M ′ share at most one vertex. See an illustration in Fig. 1.

Fig. 1. An example of two strictly nested multicycles M≺≺M ′ (shaded M consists of
4 cycles, and M ′ consists of 3 cycles).

Let M1≺≺M2≺≺ . . .≺≺Mc be a sequence of c strictly nested multicycles in the
graph G. Suppose that all crossed edges of G are contained in the interior faces
of M1, and that, for each interior face Φ of Mi, 2 ≤ i ≤ c, every component
of the subgraph of G drawn inside Φ intersects some cycle of Mi−1 in Φ. Then
Mc(G) = (M1, . . . ,Mc) is called a c-nesting sequence in G.

Lemma 3.1. Suppose that there exists a (3k − 1)-nesting sequence in a 2-
connected graph H drawn in the plane. Then H is not k-crossing-critical.

C1 C2

C3

C−
1C−

2

C−
3

H: e H−:

Fig. 2. An illustration to Lemma 3.1; how a better drawing of H is obtained using
parts of the drawing H− � H − e that has fewer than k crossings.

Proof. Let M3k−1(H) = (M1, . . . ,M3k−1) be a (3k − 1)-nesting sequence
in H. Briefly speaking, our goal is to delete an edge e in the exterior of M3k−1,
draw the new graph with fewer crossings, and use pieces of the new drawing to
“improve” the drawing H. Notice that M1 consists of at most k cycles (one for
each crossings), and that the number of cycles does not increase in the sequence.

If H is k-crossing-critical, then there exists a drawing H− of the graph H−e
with fewer than k crossings. We denote by M−

1 , . . . ,M
−
3k−1 the corresponding
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multicycles in H−. One edge-crossing may involve at most two multicycles, so at
least k multicycles of M−

2 , . . . ,M
−
3k−1 are not crossed in H−. Thus there exists

an index 2 ≤ i ≤ 3k−1 such thatM−
i is not crossed, and thatM−

i ,M−
i−1 consist

of the same number m of cycles. Let Hj , j = 1, . . . ,m be the subgraph of H
drawn inside the j-th cycle of Mi, and let H−

j be the corresponding subgraph in
H−. The graphs Hj � H−

j are connected by the definition. Since the multicycle
M−

i in H− is not crossed, we may “cut” the subdrawings H−
j and “paste” them

into the interior faces of Mi in H instead of Hj , j = 1, . . . ,m. Recall that all
crossings of H belonged to some Hj . Therefore, the new drawing of H has at
most as many crossings as cr(H−) < k, a contradiction.

We say that a sequence P1, . . . , Pq of pairwise disjoint paths in a graph G is
a q-cutting sequence if each set V (Pi) is a cut in G separating X ∪P1∪ . . .∪Pi−1
from Pi+1 ∪ . . . ∪ Pq, where X is a subgraph formed by all crossed edges of G.
Similarly as in the previous lemma we prove:

Lemma 3.2. Suppose that there exists a 4k-cutting sequence in a 2-connected
graph H drawn in the plane. Then H cannot be k-crossing-critical.

Finally, the lengthy part of the proof of Theorem 2.3 comes in. We want to
show that a 2-connected graph with a sufficiently large binary tree contains a
long nesting or cutting sequence. Obviously, if our graph H is not 2-connected,
we may prove the theorem separately for the blocks of H.

Lemma 3.3. Let H be a 2-connected graph that is drawn in the plane with
k crossings. Suppose that H contains a subdivision of a binary tree of height
6 · (72 log2 k + 248) · k3. Then there exists a (3k − 1)-nesting sequence or a 4k-
cutting sequence in H.

To prove the lemma, we try to inductively construct a c-nesting sequence
in H for c = 1, 2, . . . , 3k − 1, such that the multicycles in the sequence satisfy
certain rather complicated connectivity property, and that a “large portion”
of the subdivision of a binary tree in H stays outside of the sequence. Let
us denote by f ′(k) = (72 log2 k + 248)k2, by f(k) = 6kf ′(k), and by fi(k) =
(6k − 2i − 1)f ′(k). The first multicycle M1 of the sequence encloses all crossed
edges of H, and, at each step c, there is a subdivision U ⊂ H of a binary tree of
height fc(k) drawn in the infinite face of the last multicycle Mc. For simplicity,
say that U actually is a binary tree.

Now we briefly describe a single step of our construction. We divide the
binary tree U of height fc(k) into “layers” of heights f ′(k), f ′(k), and fc+1(k).
(For example, a subtree of U in the “middle layer” has its root at distance f ′(k)
and its leaves at distance 2f ′(k) from the root of U .)

– First we look whether the leaves of some middle-layer subtree of U are
“surrounded” by a common face of H. If this happens, then either there is a
next multicycleMc+1 for our nesting sequence (using part of boundary of the
common face), or selected paths of the mentioned subtree form a 4k-cutting
sequence.
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– If we are not successful in the previous step, then we argue that most of the
middle-layer subtrees are “cut in half” by closed curves in the drawing H. If
sufficiently many of such curves do not intersect Mc, then they form many
graph cycles in H. We use the cycles to construct a multicycle Mc+1 such
that some of the bottom-layer subtrees of U of height fc+1(k) stays in the
infinite face of Mc+1.

– Otherwise, most of middle-layer subtrees are connected by pairwise disjoint
paths to vertices of Mc. In such case we apply the above mentioned connec-
tivity property of our sequence (which is specifically tailored to solve this
case); and using the connecting paths, we construct another (3k−1)-nesting
or 4k-cutting sequence in H straight away.

We skip the details of this proof here.

4 “Crossed-Fence” Construction

Let k be a positive integer. We describe a graph class parametrized by k, and
we later prove that the graphs from this class are k-crossing-critical. (The name
“fence” for the class was chosen by resemblance of the example from Fig. 3.)

Definition. Let C1, C2, . . . , Ck be a sequence of some k edge-disjoint graph cyc-
les, let F 0 = C1∪C2∪. . .∪Ck be a graph, and let u1, u2 ∈ V (C1), u3, u4 ∈ V (Ck).
The 5-tuple (F 0;u1, u2;u3, u4) is called a k-fence if the following conditions (F1-
4) are true:

(F1) For 1 ≤ i, j ≤ k and |i − j| ≥ 2, the cycles Ci, Cj are vertex-disjoint.
Moreover, u1, u2 �∈ V (Ci) for i > 1, and u3, u4 �∈ V (Ci) for i < k.

(F2) The graph F 0 = C1 ∪ . . . ∪ Ck is connected and planar.

Let n = 1, 2. We define a set Xn ⊂ V (F 0) recursively as follows: un ∈ Xn; and,
for i = 1, 2, . . . , k − 1 and j = i+ 1, if x ∈ Xn ∩ V (Ci), x′ ∈ V (Ci) ∩ V (Cj) are
such that there is a path P ⊂ Ci with ends x, x′ internally disjoint from Cj , then
we add x′ into Xn. We define sets Xn, n = 3, 4 analogously for i = k, k−1, . . . , 2
and j = i− 1.

(F3) For n = 1, 2 (for n = 3, 4) and 2 ≤ i ≤ k− 1 the next holds: if P ⊂ Ci is a
path with both ends in Xn ∩V (Ci)∩V (Ci−1) (in Xn ∩V (Ci)∩V (Ci+1) ),
then P intersects V (Ci+1) (P intersects V (Ci−1) ).

(F4) The sets X1, X2, X3, X4 are pairwise disjoint. For 1 ≤ i ≤ k; if vn ∈
Xn ∩ V (Ci), n = 1, 2, 3, 4, then the vertices v1, v3, v2, v4 lie in this cyclic
order on the cycle Ci.

Moreover, a graph F is called a crossed k-fence if F = F 0 ∪ Q1 ∪ Q2 ∪ Q and
u1, u2, u3, u4 are such that the following is true:

(F5) F 0 is a graph, u1, u2, u3, u4 ∈ V (F 0), and (F 0;u1, u2;u3, u4) is a k-fence.
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u3 u4

w1

w2

u1 u2

C8

C1

Fig. 3. A basic example of a crossed 8-fence. (The “fence”is winded on a cylinder.)

(F6) Q1 is a path with ends u1, u2 internally disjoint from F 0, and Q2 is a
path with ends u3, u4 internally disjoint from F 0 ∪Q1. For some internal
vertices w1 ∈ V (Q1), w2 ∈ V (Q2) of the paths Q1, Q2, the path Q connects
w1, w2 and is internally disjoint from F 0 ∪Q1 ∪Q2.

As an illustration to the above definition we present an example of a crossed
8-fence in Fig. 3. We also add some informal comments to the definition: By the
definition, the graph F 0 is planar. Moreover, it immediately follows from (F1-
2) that we may draw F 0 without crossings as a “bunch of concentric cycles”,
i.e. each cycle Ci is a closed curve separating C1 ∪ . . . ∪ Ci−1 from Ci+1 ∪ . . . ∪
Ck. (See also Fig. 4.) Notice that the definition of a fence (F 0;u1, u2;u3, u4) is
symmetric with respect to any one of u1, u2, u3, u4 (possibly reversing the order
of cycles in F 0). Notice also that the sets Xn, n = 1, 2, 3, 4 intersect all cycles of
F 0. More properties of a fence are illustrated by two easy lemmas.

Lemma 4.1. Let (G0;u1, u2;u3, u4) be a k-fence, k ≥ 2, where G0 = C1 ∪C2 ∪
. . .∪Ck. We denote by G′

0 = C2 ∪C3 ∪ . . .∪Ck, and by u′
i, i = 1, 2 some vertex

of C1 ∩ C2 such that there is a path Pi ⊂ C1 with ends ui, u
′
i internally disjoint

from C2. Then (G′
0;u

′
1, u

′
2;u3, u4) is a (k − 1)-fence.

Proof. Let us look at the definition of a fence on page 108. The conditions (F1-
2) from the definition are clearly satisfied for G′

0. In particular, u′
1, u

′
2 �∈ V (Ci)

for i > 2 since u′
1, u

′
2 ∈ V (C1). We denote by X ′

n, n = 1, 2, 3, 4 the sets defined
analogously to Xn for G′

0. Then X ′
n = Xn \ V (C1) for n = 3, 4, and X ′

n ⊂ Xn

for n = 1, 2 since u′
n ∈ Xn by the definition. So validity of the conditions (F3-4)

for G′
0 follows easily, and G′

0 forms a (k − 1)-fence.

Lemma 4.2. Let G be a crossed k-fence, k ≥ 1. Then cr(G) ≤ k, and
cr(G − e) ≤ k − 1 for all edges e ∈ E(G).

Proof. This is an easy proof again, so we only sketch it. (See the scheme in
Fig. 4.) We use the notation G = G0 ∪ Q1 ∪ Q2 ∪ Q and G0 = C1 ∪ . . . ∪ Ck

analogously to the definition of a crossed fence. As noted above, G0 can be
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Q1

Q2Q

C1

Ck

Fig. 4. A generic plane drawing of a crossed k-fence.

drawn without crossings as a “bunch” of concentric cycles. We may add the
paths Q1, Q2 “outside” and “inside” to G0 again without crossings. Finally, we
draw the path Q connecting a vertex of Q1 to a vertex of Q2 so that it crosses
each of the k cycles Ci of G0 exactly once.

Next, we show how to modify the previous drawing of G to get a drawing of
G − e with less than k crossings: If e ∈ E(G0), then we may avoid the crossing
of Q with the cycle Cj , e ∈ E(Cj). If e ∈ E(Q), then G − e is planar. Lastly, if
e ∈ E(Q1) (which is symmetric to e ∈ E(Q2) ), then we may redraw (Q∪Q1)−e
so that it does not cross C1.

Lemma 4.3. Let G be a crossed k-fence, k = 1 or k ≥ 3. Then cr(G) ≥ k.

Proof. We use induction on k. In the base case k = 1, G is a subdivision of the
nonplanar graph K3,3, and so cr(G) = 1. Unfortunately, our statement is false
for k = 2; a crossed 2-fence may have crossing number 1. Thus we must avoid
referring to that case in the induction. We first present a general inductive step,
and then we show how to overcome the exceptional value of 2.

Q1
R′

1R1

S1 S1

t1

u1
v1 w1

C1

Ck+1

C2

C3

Fig. 5. An illustration to the proof.

Let us have an optimal drawing H of a crossed (k+1)-fence, where H =
H0 ∪Q1 ∪Q2 ∪Q and H0 = C1 ∪ . . .∪Ck+1, u1, u2 ∈ V (C1), u3, u4 ∈ V (Ck+1),
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as in the definition of a crossed fence. By connectivity of H0, there are two
(possibly equal for now) vertices v1, w1 ∈ V (C1) ∩ V (C2) such that the edge-
disjoint paths R1, R′

1 ⊂ C1 connecting u1 to v1 and u1 to w1, resp., are internally
disjoint from C2. (See Fig. 5.) We define vertices v2, w2 and paths R2, R′

2 ⊂ C1
analogously for u2. Then v1, w1 ∈ X1 and v2, w2 ∈ X2 by the definition. It
follows from (F4) that v1, w1, v2, w2 are pairwise distinct.

We first assume that some edge e ∈ E(C1) is crossed in H. Up to symmetry,
we may assume that e �∈ E(R1) and e �∈ E(R2). We set H ′

0 = C2∪C3∪. . .∪Ck+1,
u′
1 = v1, u′

2 = v2. By Lemma 4.1, (H ′
0;u

′
1, u

′
2;u3, u4) is a k-fence; and hence

H ′ = H ′
0∪ (Q1∪R1)∪ (Q2∪R2)∪Q is a crossed k-fence. However, the drawing

H ′ has at least one crossing less than H since e �∈ E(H ′). Therefore, cr(H) ≥
cr(H ′) + 1 ≥ k + 1 if k �= 2.

Second, we assume that no edge of C1 is crossed in H. We denote by S1 ⊂ C2
the path with ends v1, w1 and disjoint from v2, w2; and S2 ⊂ C2 with ends v2, w2
analogously. By (F3), both paths S1, S2 intersect the cycle C3. Moreover, since
C3∪ . . .∪Ck+1∪Q1∪Q2∪Q is a connected graph, all three paths S1, S2, Q1 are
drawn in the same region of C1 by the Jordan Curve Theorem. (Recall that C1
is drawn as an uncrossed closed curve.) It follows from the order of the path ends
on C1 that the path Q1 must cross both paths S1, S2, say in edges e1 ∈ E(S1),
e2 ∈ E(S2). We denote by tn ∈ V (Sn) ∩ V (C3), n = 1, 2 vertices such that (F3)
there are subpaths S′

n ⊂ Sn − en connecting vn (or wn, up to symmetry) to tn
and internally disjoint from C3. We set H ′′

0 = C3 ∪ . . .∪Ck+1, u′′
1 = t1, u′′

2 = t2.
Then (H ′′

0 ;u
′′
1 , u

′′
2 ;u3, u4) is a (k− 1)-fence by double application of Lemma 4.1,

and so H ′′ = H ′′
0 ∪ (Q1∪R1∪S′

1)∪ (Q2∪R2∪S′
2)∪Q is a crossed (k−1)-fence.

Therefore, cr(H) ≥ cr(H ′′) + 2 ≥ k + 1 if k − 1 �= 2.
Finally, we resolve the exceptions left above. Suppose that k = 2 in the first

case, and that the second case cannot be symmetrically applied (i.e. C3 is crossed
as well). Then we may actually repeat this step twice (for C1 and C3 in H),
and refer to the inductive assumption for k − 1 = 1. Suppose that k = 3 in the
second case, and that the first case cannot be symmetrically applied (i.e. neither
C4 is crossed). Then again, we argue twice in the same way, showing that both
cycles C2, C3 of H are crossed at least twice each by the paths Q1, Q2, resp.
Hence cr(H) ≥ 2 + 2 = 4 in this case, as desired.

The previous Lemmas 4.2,4.3 immediately imply:

Theorem 4.4. Let G be a crossed k-fence, k = 1 or k ≥ 3. Then G is a k-
crossing-critical graph.

5 Lower Bounds

In this section we are going to prove Theorem 2.5 by exhibiting crossed fences
that contain large binary trees. (The example of a crossed k-fence from Fig. 3
contains a subdivision of a binary tree of height about k

2 , however, we provide
even better constructions now.)
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Lemma 5.1. There exists a graph Hk, k ≥ 1 such that Hk is a crossed k-fence,
and that Hk contains a binary tree of height k + 2.

∆4 :

∆k
1 ∆k

2

∆k
4

Q2

Q1 Q

∆k
3

k k

Fig. 6. A scheme of the construction of graph Hk (cf. Lemma 5.1).

Proof. We denote by ∆k a graph described as follows: The vertex set of ∆k

consists of all words starting with a symbol r and appending a sequence of at
most k symbols chosen from 0, 1. Each vertex (word) 〈x〉 of ∆k is adjacent to
both 〈x 0〉, 〈x 1〉 (unless x is longer than k). Moreover, each vertex of pattern
〈y 01i〉, i ≥ 1 in ∆k is adjacent to 〈y 10i〉. (The exponent of a symbol counts
repetition of this symbol in the word.) The construction is illustrated by an
example of ∆4 on the top of Fig. 6. Clearly, ∆k has a spanning binary tree with
the root 〈r〉.

A graph Hk
0 is a disjoint union of four copies ∆k

1 ,∆
k
2 ,∆

k
3 ,∆

k
4 of ∆k joined

by edges in the following way: For i = 1, . . . , k, a vertex 〈r 0i〉 of ∆k
1 is adjacent

to a vertex 〈r 0k+1−i〉 of ∆k
4 ; and a vertex 〈r 1i〉 of ∆k

1 is adjacent to a vertex
〈r 1k+1−i〉 of ∆k

3 . Vertices of ∆k
2 are analogously adjacent to ∆k

3 and to ∆k
4 .

Fig. 6 shows a scheme of the construction. We claim that Hk
0 is a k-fence (see

the definition on page 108): It is easy to see the cycles Ci – the vertex set V (Ci)
is formed by all words in ∆k

1 , ∆k
2 of length i or i + 1, and by all words in ∆k

3 ,
∆k
4 of length k+2− i or k+1− i. The vertices u1, u2, u3, u4 from the definition

are the respective roots, and the sets X1, X2, X3, X4 are the respective vertex
sets, of ∆k

1 ,∆
k
2 ,∆

k
3 ,∆

k
4 .

The graph Hk results from Hk
0 by adding paths Q1, Q2 and Q, each of length

two, as required by the definition of a crossed fence. Then Hk has a spanning
binary tree of height k + 2, the root of which is the middle vertex of path Q.
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Lemma 5.2. There exists a simple 3-connected graph H̃k, k ≥ 1 such that H̃k

is a crossed k-fence, and H̃k contains a binary tree of height k − 1.

Fig. 7. A modified construction of a graph ∆̃6 (cf. Lemma 5.2).

Proof. The construction of H̃k is almost the same as the previous construction
of Hk, but we use copies of a graph ∆̃k instead of ∆k. Simply speaking, ∆̃k

is obtained from ∆k−2 by adding two paths that “form a lace on the bottom
vertices”, as shown in Fig. 7. Rest follows the scheme in Fig. 6, with a minor
variation that the path Q now consists of one edge.

We formally describe the construction as follows: The graph ∆̃k results from
∆k−1 (see in the proof of Lemma 5.1) by contracting all edges of the pattern
{〈y 01i〉, 〈y 10i〉} where y is a prefix of length k − 1 − i, and by adding all edges
of the pattern {〈z 0〉, 〈z 1〉} where z is a prefix of length k− 1. Then H̃k

0 is con-
structed from four copies ∆̃k

1 , ∆̃
k
2 , ∆̃

k
3 , ∆̃

k
4 of ∆̃k. A vertex 〈r 0i〉, i = 2, . . . , k−1

of ∆̃k
1 is adjacent to a vertex 〈r 0k+1−i〉 of ∆̃k

3 , a vertex 〈r 0〉 of ∆̃k
1 is adjacent

to 〈r 0k−1〉 of ∆̃k
3 , and 〈r 0k−1〉 of ∆̃k

1 is adjacent to 〈r 0〉 of ∆̃k
3 . Analogously,

vertices of ∆̃k
1 are adjacent to vertices of ∆̃k

4 , and vertices of ∆̃k
2 are adjacent

to vertices of ∆̃k
3 and of ∆̃k

4 .
It is a routine work to verify that H̃k is a simple 3-connected graph and a

crossed k-fence. The largest binary tree in H̃k spans ∆̃k
1 ∪ ∆̃k

2 ∪Q1 and it has
height k − 1.

Using Theorem 4.4, the proof of Theorem 2.5 is now finished.

6 Conclusions

We have shown polynomial lower and upper bounds on the height f(k) of a
subdivision of a largest binary tree that may be contained in a k-crossing-critical
graph. Unfortunately, these bounds are still far apart. We do not make any
conjecture about the correct asymptotic for the function f(k) from Theorem 2.3,
but we think that it would be closer to the linear lower bound than to the cubic
upper bound.
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