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Abstract. We propose timed multiset rewriting as a framework that
subsumes timed Petri nets and timed automata. In timed multiset rewrit-
ing, which extends multiset rewriting, each element of a multiset has a
clock, and a multiset is transformed not only by usual rewriting but
also by time elapse. Moreover, we can specify conditions on clocks for
rewriting.
In this paper, we analyze reachability, boundedness, and coverability of
timed multiset rewriting. Decidability of each property on the system de-
pends on the presence of invariant rules and diagonal constraints. First,
we show that all three properties are undecidable for systems with in-
variant rules. Then we show that reachability is undecidable, and both
boundedness and coverability are decidable for the system without invari-
ant rules. Finally, we show that all the three properties are undecidable
if we include diagonal constraints even when excluding invariant rules.

Keywords: real-time systems, timed Petri nets, timed automata, decid-
ability.

1 Introduction

Rewriting on multisets is a framework that can naturally model dynamic cre-
ation and destruction of objects or processes [1,2]. In order to model lifetime or
timeouts of objects, a number of frameworks that can handle real-time behavior
have been proposed [3,4,5,6,7]. As well as rewriting on multisets, Petri nets can
model changes in the number of processes, and there are many ways to extend
Petri nets so that they can provide real-time features [8].

Automata, which are used as a basis of automatic verification also have some
real-time extensions [9,10]. In particular, timed automata have been studied by
many researchers and automatic analysis methods using regions or zones are
well-established.

In this paper, we propose timed multiset rewriting, which is a real-time ex-
tension of multiset rewriting, in a way that can naturally handle clocks as in
timed automata. In timed multiset rewriting, each element has its own clock,
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which gives us expressive power. Moreover, it can be seen as an extension of
timed Petri nets.

Among properties on timed multiset rewriting, we focus on reachability,
boundedness, and coverability, all of which are naturally imported from prop-
erties on Petri nets, and discuss their decidability and analysis methods. In
timed multiset rewriting, we can obtain some variations by restricting or allow-
ing various kinds of rules or constraints. In this paper, we analyze decidability
of reachability, boundedness, and coverability of timed multiset rewriting, de-
pending on whether invariant rules and diagonal constraints are allowed or not.
Decidable properties can be analyzed using regions and zones, which have been
used in the analysis of timed automata, and Karp-Miller trees, which have been
used in the analysis of Petri nets.

This paper is organized as follows. Section 2 provides the definition of timed
multiset rewriting and shows that it is an extension of both timed automata
and timed Petri nets. Sections 3 and 4 discuss reachability, boundedness, and
coverability of timed multiset rewriting with and without invariant rules, respec-
tively. The effect of diagonal constraints is discussed in Section 5. Finally, we
summarize the paper in Section 6.

2 Preliminaries

In this section, we give the definition of timed multiset rewriting, and show that
it is an extension of two widely studied classes of real-time systems: timed Petri
nets and timed automata.

2.1 Timed Multiset Rewriting

Definition 1. We write the set of all non-negative real numbers as IR≥0. Let S
be a finite set of elements, and T a set of clock variables. A pattern is defined
as a finite multiset

M = {a1:t1, a2:t2, . . . , an:tn}
(where ai ∈ S, ti ∈ IR≥0 ∪ T ). Since it is a multiset, it may be the case that
ai = aj or ti = tj for i �= j. For a pattern M above, the set Var(M) of clock
variables, the multiplicity |M |, and the multiplicity |M |a of an element a are
defined as follows:

Var(M) def= {ti | ti ∈ T} |M | def= n

|M |a def= the number of elements ai such that ai = a

When Var(M) = ∅, we call M a timed multiset.
For an element a:t of a pattern, we simply call a an element, call t ∈ IR≥0∪T

a clock, and a:t itself a timed element.
We can consider a substitution σ : Var(M) → IR≥0 from clock variables in

a pattern M to non-negative reals. The result of applying a substitution σ to M
becomes a timed multiset, and we denote it by Mσ.
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Let B(T ) be the set of constraints whose element is a conjunction made from
relations t �� c (t ∈ T, c ∈ IN, �� ∈ {=,≤,≥, <, >}) between a clock variable and
a natural number. When σ satisfies a constraint C ∈ B(T ), we write σ |= C.

As its name implies, timed multiset rewriting, which is the main target of
this paper, is defined as rewriting on timed multisets as defined above.

Definition 2. A timed multiset rewriting system (TMSRS) is given by a tuple
R = (S, I, J), where S is a set of elements, and I and J are sets of invariant
rules and jump rules, respectively.

Each invariant rule has the following form:

l | C

where l is a non-empty pattern whose clocks are clock variables (no non-negative
reals), and C ∈ B(Var(l)) is a constraint on clock variables occurring in l. We
say that a timed multiset M satisfies invariants I if

∀σ. lσ ⊆m M =⇒ σ |= C for all l | C in I

where ⊆m denotes multiset inclusion.
Each jump rule has the following form:

R : l → r if C

where R is a label stuck to the rule and occurs only once in J , l is a non-empty
pattern, r is a possibly empty pattern, and C ∈ B(Var(l)∪Var(r)) is a constraint
on clock variables occurring in either l or r. Each clock in l or r must be either
a natural number or a clock variable.

When writing a pattern in I or J , we omit the surrounding “{” and “}”.
Rewriting in a TMSRS R is classified into two kinds: jump and flow. Jump

corresponds to jump rules. For a jump rule R : l → r if C and a timed multi-
set M satisfying invariants I, if there exist timed multisets M ′ and N , and a
substitution σ satisfying

M = lσ + N, M ′ = rσ + N, σ |= C, M ′ satisfies I

(where + denotes multiset union), then we say that M is rewritable to M ′ and

write M
(R,σ)−→ M ′ or simply M

R→ M ′.
The other kind of rewriting, flow, corresponds to passage of time. For a timed

multiset M = {a1:t1, . . . , an:tn} satisfying invariants I and a positive real d ∈
IR>0, we define M + d as M + d

def= {a1:t1+d, . . . , an:tn+d}. If M + d satisfies
invariants I, then we say M is rewritable to M ′ = M + d and write M

d→ M ′.
When M is rewritable to M ′ using either jump or flow, we write M → M ′.

The reflexive transitive closure and transitive closure of → are written →∗ and
→+, respectively.
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2.2 Relation with Timed Petri Nets

A timed Petri net [8] is a Petri net augmented by the notion of age. Each token
has its own age, and each arc has a time interval.

Definition 3. A timed Petri net is given by a tuple N = (P, T, In,Out) where
P is a finite set of places, T is a finite set of transitions (P ∩ T = ∅), In,Out :
T × P → M(IN × (IN ∪ {∞})) are functions each of which takes a pair of a
transition and a place and returns a finite multiset of intervals.

Since each token has its own age, a marking M in a timed Petri net is
represented by a function from a place P to a multiset M(IR≥0) of non-negative
reals. In the initial marking, each token is assumed to have its age 0.

Transitions in timed Petri nets are classified into two kinds: those by firing
as in the usual Petri nets, and those by passage of time. A marking M is fireable
at a transition only if the age of each token (corresponding to the transition) is
in the interval given by In. After firing, new tokens are created so that their ages
satisfy the interval specified by Out. The transition by passage of time increases
all of the ages of tokens by a positive real d.

A timed Petri net can be simulated by a TMSRS as follows.

Definition 4. For a timed Petri net N = (P, T, F, W, times), we define a TM-
SRS R = (S, I, J) as follows:

– S = P and I = ∅
– For each τ ∈ T , J has the following rule:

Rτ : p1:t11, . . . , p1:tw1
1 , . . . , pn:t1n, . . . , pn:twn

n →
q1:s1

1, . . . , q1:sv1
1 , . . . , qm:s1

m, . . . , qm:svm
m

if c1
1 ∧ · · · ∧ cw1

1 ∧ · · · ∧ c1
n ∧ · · · ∧ cwn

n ∧
d1
1 ∧ · · · ∧ dv1

1 ∧ · · · ∧ d1
n ∧ · · · ∧ dvm

m

where

{p1, . . . , pn} = {p | In(τ, p) �= ∅}, wi = |In(τ, pi)|,
{q1, . . . , qm} = {q | Out(τ, q) �= ∅}, vi = |Out(τ, qi)|,
If In(τ, pi) = {(l1, u1), . . . , (lwi , uwi)},

{
cj
i = lj ≤ tji if uj = ∞

cj
i = lj ≤ tji ∧ tji ≤ uj otherwise

,

If Out(τ, qi) = {(l1, u1), . . . , (lvi
, uvi

)},

{
dj

i = lj ≤ sj
i if uj = ∞

dj
i = lj ≤ sj

i ∧ sj
i ≤ uj otherwise

We assume tji and sj
i are clock variables in R.

– The initial timed multiset M0 is a multiset of tokens in the initial marking
with all their clocks 0.

The close relation between TMSRSs and timed Petri nets naturally induces
properties on TMSRSs that are originally defined on Petri nets, and they can
be used for safety analysis, i.e., proving bad things never happen starting from
a certain state.
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Definition 5. Assume that a TMSRS R and an initial timed multiset M0 are
given. A timed multiset M is reachable from M0 if M0 →∗ M . For a timed
multiset M ′, M ′ is coverable from M0 if there exists M such that M0 →∗ M
and M ′ ⊆m M . R is bounded from M0 if a timed multiset reachable from M0
has a finite upper bound in its multiplicity.

If we restrict the Out function’s range to be M({(0, 0)}), then we obtain
timed-arc Petri nets. For timed-arc Petri nets, the reachability is shown to be
undecidable [11], hence it is also undecidable for timed Petri nets. In [12], bound-
edness and coverability are shown to be decidable for discrete-time timed-arc
Petri nets, i.e., the age of each token is always a natural number. The full
continuous-time timed Petri nets are analyzed in [13], and their coverability
is decidable.

It should be noted that there are differences between timed Petri nets and
TMSRSs in their expressiveness. Besides the presence of invariant rules, timed
Petri nets can not express a jump rule in which there are multiple occurrences of
a single variable. This feature enables us to express preservation of clock values
and a limited form of diagonal constraints, which will be discussed in Section 5.

In [7], correspondence between a timed Petri net and a system that operates
on multisets is also described in the context of first-order linear logic programs,
which can express more broader classes than timed Petri nets. Although [7]
uses the result of the coverability of timed Petri nets for the analysis of first-
order linear logic programs, it does not extend the decidable class. Thus our
coverability result can also extend the decidable class for first-order linear logic
programs.

2.3 Relation with Timed Automata

A timed automaton [9] is a timed extension of a usual automaton, by adding
several (fixed number of) clocks to the states. It enable us to specify both discrete
behavior of control and continuous behavior of time.

Definition 6. A timed automaton is given by a tuple A = (L, l0,X ,E , Inv),
where L is a finite set of locations, l0(∈ L) is the initial location, E (⊆ L ×
B(X ) × 2X × L) is a set of edges, and Inv : L → B(X ) is an assignment of
invariants to locations. In the case of (l, g, r, l′) ∈ E, we write l

g,r−→ l′.
A state of a timed automaton is represented by a pair (l, u) of a location l and

a clock assignment u : X → IR≥0. In the initial state, the location l coincides
with the initial location l0, and the clock assignment u = u0 assigns 0 to each
clock x ∈ X .

A timed automaton has two kinds of transitions as follows:

– (l, u) → (l′, u′) where l
g,r−→ l′, u |= g, u′ = [r �→ 0]u, u′ |= Inv(l′)

– (l, u) → (l, u + d) if u + d |= Inv(l)

The former is a transition between locations through an edge as in the usual
automata, and one can reset the values of the clocks, which are specified in the
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edge, to 0. The latter is a transition by time elapse without changing its location,
and the value of every clock increases uniformly. For both transitions, the des-
tination state (l, u) has to satisfy the invariant condition Inv(l) that is assigned
to the destination location l.

Since the timed automaton defined above contains location invariants, it is
actually a timed safety automaton [14], rather than the original timed automaton
in [9] that has Büchi acceptance conditions instead of location invariants.

As in the case of timed Petri nets, a timed automaton can be simulated by
a TMSRS. Both locations and clocks in a timed automaton are represented by
clock variables in a TMSRS, permissive time progress at each location by an
invariant, and a possible transition by a constraint on clock variables. A similar
formulation of timed automata is also described as a special class of real-time
systems in [15].

Definition 7. For a given timed automaton A = (L, l0,X ,E , Inv), we define a
TMSRS R = (S, I, J) as follows.

– S = L ∪ {cx | x ∈ X }
– For each l ∈ L, I has the following invariant rule:

l:t, cx1 :x1, . . . , cxn
:xn | Inv(l)

where xi is a clock variable occurring in Inv(l). We assume t and xi are
clock variables in R.

– For each e = (l, g, r, l′) ∈ E, J has the following jump rule.

Re : l:t, cx1 :x1, . . . , cxn
:xn → l′:t, cx1 :y1, . . . cxn

:yn if g

where xi is a clock variable occurring in either g or r, and yi is 0 if xi ∈ r,
otherwise xi. We assume t and xi are clock variables in R.

– The initial timed multiset M0 is given by {l0:0} ∪ {cx:0 | x ∈ X }.
In timed automata, both reachability and coverability are decidable since we

can enumerate all reachable states using regions. On the other hand, bounded-
ness is meaningless since the multiplicity does not change through the transitions.

3 With Invariant Rules

This section is devoted to the undecidability results for reachability, bounded-
ness, and coverability of the TMSRS given in the previous section. We consider
the full version of a TMSRS including invariant rules in this section, and the
next section is for a TMSRS without invariant rules.

3.1 Simulating 2-Counter Machines

The undecidability of reachability, boundedness, and coverability of a TMSRS
are shown by using the fact that the halting problem of 2-counter machines is
undecidable.
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Definition 8. A 2-counter machine is given by a sequence I1, . . . , In of instruc-
tions, which are operations on two counters r1 and r2.

The execution of a 2-counter machine starts from I1. There is an instruc-
tion Ie that designates the end of the execution, and when the execution reaches
the instruction Ie, the execution terminates. Each instruction has either of the
following two types.

– Increment: I(i, j, k)
Ij : ri := ri + 1; goto Ik

– Test&Decrement: D(i, j, k, l)

Ij : if ri > 0 then ri := ri − 1; goto Ik else goto Il

Theorem 1. The halting problem of 2-counter machines is undecidable.

Next, we simulate 2-counter machines by a TMSRS. The method shown here
is based on the simulation of 2-counter machines by timed-arc Petri nets given
in [11], where undecidability of reachability of timed-arc Petri nets is shown
using the simulation. Compared with [11], our simulation is strong enough to
show undecidability of boundedness and coverability, as well as reachability,
using invariant rules.

Definition 9. We associate an element pj for each instruction Ij in a 2-counter
machine. The multiplicity of pj is assumed to be at most 1, and it corresponds
to the execution of the instruction Ij. Moreover, we associate an element ri for
each counter ri in a 2-counter machine. The multiplicity of the timed element
ri:1 stands for the value of ri in a 2-counter machine.

For each type of instruction, we associate the following jump rules.

– Increment: I(i, j, k)
Ij : pj :1 → pk:1, ri:1

– Test&Decrement: D(i, j, k, l)

I1
j : pj :1, ri:1 → pk:1

I2
j : pj :2 → qj :0

I3
j : r3−i:2, qj :0 → r3−i:0, qj :0

I4
j : qj :0 → pl:0

where r3−i is the counter that is not examined whether its value is 0 or not.

Moreover we add the following invariant rules:

ri:t | t ≤ 2 (i = 1, 2)

A state in a 2-counter machine is represented by the following timed multiset:

{pj :1,

n1︷ ︸︸ ︷
r1:1, . . . , r1:1,

n2︷ ︸︸ ︷
r2:1, . . . , r2:1}

For brevity, the above timed multiset is denoted by (j, n1, n2).
The initial multiset is given by (1, n1, n2), if the initial value of the counter

ri is ni in a 2-counter machine.
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Lemma 1. Let CM be a 2-counter machine, and R a TMSRS given by Defi-
nition 9. Then for a timed multiset M = (j, n1, n2), there exists a sequence of
at least 1 rewrite starting from M and reaching the timed multiset of the form
(j′, n′

1, n
′
2). Moreover, for such a multiset (j′, n′

1, n
′
2), if the instruction at Ij is

Increment (I(i, j, k)), we have

j′ = k, n′
i = ni + 1, n′

3−i = n3−i

and if it is Test&Decrement(D(i, j, k, l)), we have

{
j′ = k, n′

i = ni − 1, n′
3−i = n3−i (if ni > 0)

j′ = l, n′
i = 0, n′

3−i = n3−i (if ni = 0)

Proof. 1. Case where the instruction Ij is Increment I(i, j, k): We only consider
the case i = 1, but the case i = 2 is similar. The only applicable jump rule

is Ij and we have (j, n1, n2)
Ij→ (k, n1 + 1, n2).

If we apply flow, the clock assigned to pj exceeds 1, and no more jumps are
applicable. So no further rewriting reaches (j′, n′

1, n
′
2).

2. Case where the instruction Ij is Test&Decrement D(i, j, k, l): As in the case
of Increment, we only consider the case i = 1. If n1 = 0, then the possible
sequence of rewrites is:

{pj :1, r2:1, . . . , r2:1} d1→ · · · dn→ {pj :2, r2:2, . . . , r2:2} I2
j→

{qj :0, r2:2, . . . , r2:2}
I3

j

→∗ {qj :0, r2:t1, . . . , r2:tm} I4
j→ {pl:0, r2:t1, . . . , r2:tm}

where ti is either 0 or 2 and d1 + · · ·+dn = 1. If ti is 0 for i = 1, . . . , m, then
we can rewrite to (l, 0, n2) by flow. Otherwise, no jump rule is applicable,
and neither is flow because of invariant rules.
If n1 > 0, we have two possibilities: rewrite to (k, n1 − 1, n2) with the jump
rule I1

j , or to
{pj :2, r1:2, . . . , r1:2, r2:2, . . . , r2:2}

with I2
j after 1 time unit. In the latter, we can further apply I3

j several times
and then I4

j , but at least one r1:2 remains. Hence no further rewriting is
applicable.

��

Theorem 2. Let CM be a 2-counter machine, and R be the corresponding TM-
SRS. Then the following two conditions are equivalent.

1. If we execute CM from the state for which the initial value of ri is ni, then
it terminates at the state for which the value of ri is mi.

2. In R, (1, n1, n2) →∗ (e, m1, m2).
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3.2 Reachability, Boundedness, and Coverability

The undecidability of reachability of a TMSRS is a direct consequence of that of
timed-arc Petri nets [11]. However, we can also easily show it using the simulation
given in Definition 9.

In general, the values of counters r1 and r2 are arbitrary when a 2-counter
machine reaches Ie. However, without loss of generality, we can consider an
extended machine that the final values of counters become 0 whenever it termi-
nates, by adding appropriate instructions after Ie. We use the extended machine
in the arguments on the reachability of a TMSRS.

Theorem 3. The reachability of a TMSRS is undecidable.

Proof. By Theorem 2, for an extended 2-counter machine CM , the initial values
n1 and n2 and the corresponding TMSRS R, the termination of CM and the
existence of a sequence of rewrites (1, n1, n2) →∗ (e, 0, 0) in R is equivalent.
Since the halting problem of 2-counter machines is undecidable, the reachability
of a TMSRS is also undecidable.

As in reachability, the undecidability of boundedness of a TMSRS is shown
by that of the halting problem of 2-counter machines. First, we eliminate the
jump rules corresponding to the instruction Ie, so that we may not apply jump
rules after reaching Ie.

Since we represent the value of a counter by a multiplicity of the corre-
sponding timed element, if a TMSRS R simulating a 2-counter machine CM
is bounded, then the space of possible values of counters is finite. In this case,
we can determine whether the machine terminates or not using some exhaustive
search. Therefore, if we can show that

R is unbounded =⇒ CM does not terminate,

then the boundedness of the TMSRS determines the termination of the 2-counter
machine, hence boundedness of a TMSRS is undecidable.

Lemma 2. For a 2-counter machine CM , let R be a TMSRS simulating CM
(with elimination of the jump rules corresponding to the instruction Ie). Then
CM does not terminate whenever R is unbounded.

Proof. In order to make R unbounded, rewriting by jump must occur infinitely
often. This corresponds to the infinite execution of CM . ��
Theorem 4. The boundedness of a TMSRS is undecidable.

Finally, the undecidability of coverability of a TMSRS is shown using the
same simulation.

Lemma 3. Let CM be a 2-counter machine, and R be the simulating TMSRS.
Then CM terminates if and only if {pe:1} is coverable in R.

Proof. A sequence of rewrites reaching a timed multiset that contains pe:1 cor-
responds to the execution of the 2-counter machine that reaches Ie. ��
Theorem 5. The coverability of a TMSRS is undecidable.



174 Mitsuharu Yamamoto, Jean-Marie Cottin, and Masami Hagiya

4 Without Invariant Rules

As we mentioned in the previous section, reachability, boundedness, and cover-
ability are all undecidable in general for a TMSRS. In this section, we consider
restricted TMSRSs that do not contain invariant rules, and discuss reachability,
boundedness, and coverability of those systems. A “TMSRS” in this section is
assumed to be one without invariant rules even if we do not state it explicitly.

4.1 Reachability

In Definition 8, the simulation of timed(-arc) Petri nets by a TMSRS does not
require invariant rules. Thus the undecidability result for the reachability of
timed-arc Petri nets [11] is also applicable to a TMSRS without invariant rules.
In fact, the essential part of the argument in [11] can also be imitated in the
simulation given in Definition 9.

Theorem 6. The reachability of a TMSRS without invariant rules is undecid-
able.

4.2 Boundedness

Here we show that the boundedness of a TMSRS is decidable. In a TMSRS, there
are uncountably many rewrites from a certain timed multiset, and that makes it
difficult to analyze a TMSRS directly. Hence we use the notion of regions in order
to make rewrites finitely many. The notion of regions was originally introduced
on a fixed set of clock variables for analysis of timed automata, and it was
extended to that on multisets for reachability analysis of timed processes [16].

Definition 10. For a given TMSRS R, we denote by CM the maximum natural
number occurring in R as a constant in a constraint.

The region M� corresponding to a timed multiset M is defined by the triple
consisting of the following components.

1. The multiset {(a:t) | a:t ∈ M, t ∈ IN, t ≤ CM}
2. The list of multisets [B1; B2; . . . ; Bn] defined as follows. Let 0 < f1 < f2 <

· · · < fn be all the non-zero fractional parts of clocks in M . Then Bi is
defined as the multiset {(a:�t�) | a:t ∈ M, fr(t) = fi, t < CM}, where �t� and
fr(t) denote the integral and fractional parts of t, respectively.

3. The multiset of multisets {C1, . . . , Cm} defined as follows. Let I = {ci, . . . ,
cm} be a set of natural numbers satisfying I = {t | a:t ∈ M, t > CM}. Then
Ci is defined as the multiset {a | a:ci ∈ M}.
For a region U , its multiplicity |U | is defined as the number of elements ((a:t)

or a for all a ∈ S), and the multiplicity |U |a of an element a is defined as the
number of a occurring in U .
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Example 1. When CM = 3 and a timed multiset M is

{a:2.2, a:1.2, a:1.2, a:1, b:3.2, b:3, b:3, c:0.9},

then M� is

({(a:1), (b:3), (b:3)}, [{(a:2), (a:1), (a:1)}; {(c:0)}], {{b}}).

For the above M�, |M�| = 8 and |M�|b = 3.

Proposition 1. |M�| = |M | and |M�|a = |M |a for a multiset M and an ele-
ment a ∈ S.

Proposition 2. For a region U , there exists a timed multiset M such that M� =
U .

Rewriting on regions is defined as well as on timed multisets.

Definition 11. Let R be a TMSRS.
For a region U and a jump rule R : l → r if C, if there exists a timed

multiset N , a region U ′, and an assignment σ such that

U = (lσ + N)�, U ′ = (rσ + N)�, σ |= C,

then we say that U is rewritable to U ′, and write U
R→ U ′.

A rewrite by flow is defined as follows. For a region U = (A, [B1; . . . ; Bn], C)
(n ≥ 0) satisfying either A �= ∅ or n > 0, a region U ′ is defined as follows:

1. Case A �= ∅:

U ′ def=
{

(∅, [A′; B1; . . . ; Bn], C ′ + C) if A′ �= ∅
(∅, [B1; . . . ; Bn], C ′ + C) if A′ = ∅

where A′ def= {(a:t) | (a:t) ∈ A, t < CM}, A′′ def= {a | (a:t) ∈ A, t = CM}, and
C ′ = ∅ if A′′ = ∅ otherwise C ′ = {A′′}.

2. Case A = ∅ and n > 0:

U ′ def= (B′
n, [B1; . . . ; Bn−1], C)

where B′
n

def= {(a:t+1) | (a:t) ∈ Bn}.
Then we say that U is rewritable to U ′ and write as U

τ→ U ′.
When U is rewritable to U ′ by either jump or flow, we write U → U ′. The

reflexive transitive closure (transitive closure, resp.) of τ→ and → are denoted by
τ→∗

and →∗ ( τ→+
and →+), respectively.

Rewriting relation on timed multisets and that on regions are bisimilar to
each other.
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Proposition 3. For a TMSRS R, we have the following properties:

– M
(R,σ)→ N =⇒ M� R→ N�

– M
d→ N =⇒ M� τ→∗

N�

– M� R→ V =⇒ ∃N.M
R→ N ∧ N� = V

– M� τ→ V =⇒ ∃N d. d ∈ IR>0 ∧ M
d→ N ∧ N� = V

Lemma 4. For a TMSRS R, the boundedness of rewriting on timed multisets
from M and that on regions from M� are equivalent.

Proof. If one system is not bounded, then for any natural number n, there exists
a sequence of rewrites whose result has multiplicity exceeding n. By Proposi-
tion 3, such a sequence is simulated by the other, and the multiplicity of the
result also exceeds n. ��

By Lemma 4, the boundedness of a TMSRS is determined by that on regions.
Therefore, we focus on the decidability of the boundedness of rewriting on regions
in the rest of this subsection.

For regions introduced on TMSRSs, we can define an ordering between them
that can be naturally derived from multiset inclusion, and this ordering plays a
significant role in analysis using regions. This is a distinguishing characteristic
of regions on multisets, compared with those defined on timed automata.
Definition 12. Let U = (A, B, C) and U ′ = (A′, B′, C ′) be regions. We say
that U ′ covers U and write U � U ′ if the following conditions are satisfied,

– A ⊆m A′.
– B ⊆∗

m B′ where ⊆∗
m is a ‘substring’ ordering defined by ⊆m as follows:

[M1; M2; . . . ; Mn] ⊆∗
m [M ′

1; M
′
2; . . . ; M

′
n′ ]

def⇐⇒ ∃ρ : {1, . . . , n} → {1, . . . , n′} strictly monotone.
∀i ∈ {1, . . . , n}. Mi ⊆m M ′

ρ(i)

– C ⊆mm C ′ where ⊆mm is defined as follows: C = {C1, . . . , Cn} ⊆mm C ′ def⇐⇒
there exists C ′′ = {C ′

1, . . . , C
′
n} ⊆m C ′ such that Ci ⊆m C ′

i for all i =
1, . . . , n.

Actually, � is a partial ordering. We write U ≺ U ′ if U � U ′ and U ′ �� U .

Lemma 5. If U � U ′ and U → V , then there exists V ′ such that U ′ →+ V ′

and V � V ′. In particular, U ′ R→ V ′ when U
R→ V .

If a TMSRS contains invariant rules I, Lemma 5 above no longer holds with
respect to a rewrite by flow.

Example 2. Assume that a TMSRS has an invariant rule a:t | t ≤ 2, and CM = 3.
Then a rewrite by flow

({(a:1)}, [], ∅) τ→ (∅, [{(a:1)}], ∅)
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is possible. However,

({(a:1), (a:2)}, [], ∅) τ→ (∅, [{(a:1), (a:2)}], ∅)

is not possible since the right hand side is a region for which the invariant rule
does not hold.

Definition 13. A quasi-ordering ≤ on a set X is well-quasi-ordering (wqo) if
for any sequence x1, x2, . . . of elements in X, there exist i < j such that xi ≤ xj.

Theorem 7. The relation � on regions is wqo.

Proof. There are finitely many (a:t)’s since t is a natural number bounded by
CM. Using the fact that ≤ on natural numbers is wqo and a finite product of wqo
is also wqo, all ⊆m in Definition 12 are wqo. Furthermore, since the ‘substring’
ordering derived from wqo is also wqo (Higman’s lemma), ⊆∗

m is wqo. Hence �
is wqo. ��
Proposition 4. For ν : S → IN, the regions U satisfying ∀a. |U |a = ν(a) are
finite.

Proof. Suppose they are infinitely many. Since |U | = |V | and U � V imply
U = V , it contradicts the fact that � is wqo.

Proposition 5. For a region U , the set {V | U → V } is finite and computable.

Proof. For a rewrite by flow, Definition 11 directly leads to the computation of
the set.

For a rewrite by jump, using Proposition 2, we can take a concrete M such
that M� = U . By Proposition 3, we can collect all regions V such that U

R→ V

by collecting N� for all multisets N such that M
R→ N . For a jump rule R :

l → r if C, the set {σ|Var(l) | σ |= C, lσ ⊆m M} of substitutions are finite, where
σ|Var(l) is the restriction of the domain of σ to Var(l). Thus for each substitution

σ′ : Var(l) → IR≥0, the set G
def= {(rσ)� | σ |= C, σ|Var(l) = σ′} of regions are

also finite by Proposition 4 since |(rσ1)�|a = |(rσ2)�|a for any element a and
substitutions σ1, σ2 ∈ G. Thus the set {V | U

R→ V } = {(rσ + L)� | σ |= C, M =
lσ + L} is finite. ��

The Karp-Miller tree construction is used to determine whether a Petri net
is bounded or not. Here we apply a Karp-Miller tree to a TMSRS, so that it can
be used for the boundedness of a TMSRS.
Definition 14. A Karp-Miller tree for a region U0 is constructed as follows:

1. Attach the label U0 to the root node s0. Execute Step 2 with taking the current
node as s0.

2. Let s be the current node and U be its label. For each U ′ such that U → U ′

and U ′ does not coincide with any labels of nodes on the path from the root
node to s, create a new node s′ as a child of s. The label of s′ is defined as
follows:
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– If U ′ covers the label of some node on the path from the root node to s,
then attach the label ∞ to s′.

– Otherwise, attach the label U ′ to s′ and execute Step 2 taking s′ as the
current node.

Theorem 8. The Karp-Miller tree for a region U0 is finite and computable.

Proof. First, by Proposition 5, {V | U → V } is finite and computable for a
region U . Suppose the Karp-Miller tree is infinite. Any infinite tree with finite
branching contains an infinite path from the root node by König’s lemma. By
the construction of the Karp-Miller tree, for node s and its ancestor s′, if s and
s′ have labels U and U ′, respectively, then U ′ �� U . Thus the existence of such
an infinite path contradicts the fact that � is wqo. ��

Theorem 9. For a TMSRS R without invariant rules, it is bounded from U0 if
and only if the Karp-Miller tree for U0 does not include the label ∞.

Proof. If the Karp-Miller tree for U0 includes a node s with its label ∞, then
there exist an ancestor node s′ of s. By Lemma 5, we can repeatedly apply a path
from s′ to s and increase multiplicity as much as we want. Thus R is unbounded
from U0.

On the other hand, if the Karp-Miller tree for U0 does not include the label
∞, all the possible rewrites are captured by the Karp-Miller tree. Hence R is
bounded from U0. ��

Therefore, we can determine whether a TMSRS R is bounded from a timed
multiset M by examining whether the Karp-Miller tree for M� includes ∞.
Theorem 10. The boundedness of a TMSRS without invariant rules is decid-
able.

4.3 Coverability

The a coverability of TMSRS can be shown by extending the method used in that
of timed Petri nets [13], where existential zones are used as an abstract domain
of configurations in timed Petri nets. However, the argument in [13] lacks the
relationship between configurations and existential zones, and that buries subtle
conditions required for the decidability of coverability. So, we first precisely relate
multisets, which correspond to configurations in timed Petri nets, and regions
as components of existential zones, and then extend the analysis method by
existential zones so that it can be applied to analysis of a TMSRS.
Definition 15. We say that a set K of timed multisets is total with respect to
the closed part of a region U = (A, B, C) if ∀M ∈ K. M� = U , and {M ′ | M ′� =
(A, B, ∅)} ⊆ {M≤CM | M ∈ K}, where M≤CM

def= {a:t | a:t ∈ M, t ≤ CM}.

Lemma 6. For regions U and V such that U → V , if K is total w.r.t. the closed
part of U , then {N | ∃M ∈ K. M → N} is also total w.r.t. the closed part of V .
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With the above lemma, two kinds of coverability are related as follows:

Lemma 7. Assume a TMSRS R and timed multisets M and N are given. When
all the clocks in M are natural numbers, N is coverable from M if and only if
N� is coverable from M�, with the proviso that we increase CM enough to make
clocks in both M and N smaller than or equal to CM if needed.

Proof. Taking the greater CM does not affect arguments we have done so far.
If we take CM as above, M� and N� are written M� = (A, B, ∅) and N� =
(A′, B′, ∅).

If N� is coverable from M�, then M� →∗ V and N� � V for some V . Since
all the clocks in M are natural numbers and less than or equal to CM, {M}
is total w.r.t. the closed part of M�. If we let V = (A′′, B′′, C ′′), then we can
make N ′ such that N ′� = (A′′, B′′, ∅) by adding some timed elements to N . By
Lemma 6, there exists N ′′ such that N ′ ⊆m N ′′, M →∗ N ′′ and N ′′� = V . Thus
N is coverable from M .

Conversely, if N is coverable from M , then there exists N ′ such that M →∗

N ′ and N ⊆m N ′. By Proposition 3, we have M� →∗ N ′� and N� � N ′�. That
means N� is coverable from M�. ��

A similar argument can be applied to the Karp-Miller tree on regions, and we
can show that the reachability from a timed multiset whose clocks are natural
numbers can be determined by the Karp-Miller tree provided it is bounded (i.e.,
no ∞ labels).

Although it is possible to show the decidability of the coverability of rewriting
on regions using the theory of well-structured transition systems [17], we instead
extend the method in [13] using existential zones since it is more concise. The
argument on the relationship between two kinds of coverability is also applicable
to existential zones since each existential zone can be seen as a union of some
regions, and each region can be expressed by some zone. As in [13], we only
consider the case that the inequalities occurring in the rewrite rules are non-
strict for simplicity, but the general case can be obtained straightforwardly.

Definition 16. An existential zone Z is a triple (m, p, D), where m is a natural
number, p : {1, . . . , m} → S is a mapping from indices to elements, and D :
{0, . . . , m} × {0, . . . , m} → {−CM, . . . , CM} ∪ {∞} is a difference bound matrix.

An existential zone Z = (m, p, D) defines a set �Z� of timed multisets as
follows:

M = {a1:t1, . . . , an:tn} ∈ �Z�
def⇐⇒

∃h : {1, . . . , m} → {1, . . . , n} injection. (ah(i) = p(i) for i = 1, . . . , m) ∧
(th(i) − th(j) ≤ D(i, j) for i �= j and i, j = 1, . . . , m) ∧
(−D(0, i) ≤ th(i) ≤ D(i, 0) for i = 1, . . . , m)

We say that an existential zone Z is consistent if �Z� �= ∅.
Along [13], all we have to show is that we can compute a predecessor Pre(Z)

of a given existential zone Z as a finite set of existential zones {Z1, . . . , Zn} so
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that M → N and N ∈ �Z� for some N if and only if M ∈ �Zi� for some i. For
this purpose, we define four operations on existential regions. The first three are
from [13], but among them, the addition operation is slightly different from that
in [13].

Definition 17. Suppose [u : v] denotes the interval between u and v. Let Z =
(m, p, D) be an existential zone, i, i1, . . . , in ∈ {1, . . . , m} be natural numbers,
and a ∈ S be an element. Then the conjunction Z ⊗ ([u : v], i), the addition
Z ⊕ a, the abstraction Z \ i, and equalization Z � {i1, . . . , in} are defined as
follows:

conjunction Z ⊗ ([u : v], i) def= (m, p, D′) where D′(i, 0) = min(v, D(i, 0)),
D′(0, i) = min(−u, D(0, i)), and D(k, j) = D(k, j) for k �= j, (k, j) �= (i, 0),
and (k, j) �= (0, i).

addition Z ⊕ a
def= (m + 1, p′, D′) where D′(m + 1, 0) = ∞, D′(0, m + 1) = 0,

D′(m + 1, j) = D′(j, m + 1) = ∞ for j ∈ {1, . . . , m}, D′(k, j) = D(k, j) for
j, k ∈ {1, . . . , m}, p′(m + 1) = a, and p′(j) = p(j) for j ∈ {1, . . . , m}.

abstraction Z\i
def= (m−1, p′, D′) where D′(j, k) = D(j, k) for j, k ∈ {0, . . . , i−

1}, D′(j, k) = D(j, k + 1) and D′(k, j) = D(k + 1, j) for j ∈ {0, . . . , i − 1}
and k ∈ {i, . . . , m − 1}, D′(j, k) = D(j + 1, k + 1) for j, k ∈ {i, . . . , m − 1},
p′(j) = p(j) for j ∈ {0, . . . , i−1}, and p′(j) = p(j+1) for j ∈ {i, . . . , m−1}.

equalization Z � {i1, . . . , in} def= (m, p, D′) where D′(j, k) = 0 if j, k ∈ {i1, . . . ,
in}, otherwise D′(j, k) = D(j, k).

Lemma 8. For a TMSRS R, and a jump rule

R : a1:t1, . . . , ak:tk → b1:s1, . . . , bl:sl if C,

the predecessor PreR(Z) of a given existential zone Z = (m, p, D) with respect to
R is given by the smallest set containing each existential zone Z ′ such that there
is a partial injection h : {1, . . . , m} → {1, . . . , l} with a domain {i1, . . . , in}, and
existential zones Z1, Z2, and Z3 satisfying the following conditions:

– p(ij) = bh(ij) for j ∈ {1, . . . , n}.
– Z1 = Z ⊕ a1 ⊕ · · · ⊕ ak.
– Z2 = Z1⊗(C(sh(i1)), i1)⊗· · ·⊗(C(sh(in)), in)⊗(C(t1), m+1)⊗· · ·⊗(C(tk), m+

k).
– Z3 = Z2 � K(x1) � · · · � K(xr) is consistent.
– Z ′ = Z̃3 \ i1 \ · · · \ in

where

– C(t) def= [t : t] if t ∈ IN, otherwise C(t) def= [u : v] satisfying C ⇔ (t ∈ [u : v]) ∧
C′ for some C′ ∈ B(Var(C) \ {t}), where Var(C) is the set of clock variables
occurring in C.

– {x1, . . . , xr} = Var(C) and K(xi)
def= {ij | xi = sh(ij), j ∈ {1, . . . , n}}∪{m+

j | xi = tj , j ∈ {1, . . . , k}}.
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– Z̃3 = (m3, p3, D̃3) is a “normal form” of Z3, i.e., �Z̃3� = �Z3� and D̃3(i, j) ≤
D̃3(i, q) + D̃3(q, j) for i, j, q ∈ {0, . . . , m + k}.
Together with the lemma that states the predecessor of τ→ is computable

in [13], we have that Pre(Z) is computable for any existential zone Z.

Theorem 11. The coverability of rewriting on existential zones is decidable.
Therefore the coverability of a TMSRS from the timed multiset whose clocks are
natural numbers is also decidable.

5 With Diagonal Constraints

For timed automata, it is known that the expressiveness is not increased even if
we allow diagonal constraints (x − y �� c) as transition conditions [9]. Moreover,
if clocks are updatable by constants (x := c) or by copying (x := y) through
transition through edges, the expressiveness remains the same. There are some
classes of updatable timed automata [18] such that the emptiness problem is
undecidable if the automaton has diagonal constraints whereas it is decidable if
the automaton is diagonal-free.

Here we consider how diagonal constraints affect the expressiveness of TM-
SRSs. Note that we already have the implicit restricted form of diagonal con-
straints such that x − y = 0 since we can use the same clock variable more than
once in a single jump rule. Since the three properties on a general TMSRS are
already undecidable, we consider the TMSRSs with diagonal constraints with-
out invariant rules. Contrary to the case of timed automata, all three properties
become undecidable once a TMSRS contain diagonal constraints even if clocks
are updated only by constants or copying.

Definition 18. We define a simulation of 2-counter machines by a TMSRS
with diagonal constraints. The value ni of the counter ri is represented by a
multiset {ai:0, . . . , ai:ni−1, bi:ni}.
– Increment: I(i, j, k)

I1
j : pj :1, a3−i:t, b3−i:s → pk:0, ai:0, a3−i:0, b3−i:t if s − t = 1

I2
j : pj :1, b3−i:1 → pk:0, ai:0, b3−i:0

– Test&Decrement: D(i, j, k, l)

I1
j : pj :0, ai:t, bi:s → pk:0, bi:t if s − t = 1 I2

j : pj :0, bi:0 → pl:0, bi:0

The simulation of Test&Decrement is straightforward, and there is no nonde-
terminism as in Definition 8. To increment a counter ri, we first wait 1 time unit,
then add a timed element ai:0 and ‘rewind’ the clock of the other counter r3−i

by replacing {a3−i:t, b3−i:t+1} with {a3−i:0, b3−i:t} (or {b3−i:1} with {b3−i:0}).
The above definition enables us to simulate an execution in a 2-counter ma-

chine by a TMSRS, and the undecidability of reachability, boundedness, and
coverability can be shown with an argument similar to Section 3.2.



182 Mitsuharu Yamamoto, Jean-Marie Cottin, and Masami Hagiya

6 Conclusion

In this paper, we discussed the decidability of reachability, boundedness, and cov-
erability of TMSRSs with or without invariant rules and diagonal constraints.
All the three properties for TMSRSs with invariant rules, and the reachabil-
ity of TMSRSs without invariant rules are undecidable, and they are shown
by simulating 2-counter machines whose halting problem is undecidable. The
boundedness and coverability of TMSRSs without invariant rules are decidable,
and they are shown using regions, Karp-Miller trees, and existential zones. If we
allow diagonal constraints in the rules, then all three properties are undecidable
even if we disallow invariant rules.

The results of undecidability with invariant rules are too coarse to apply
to the simulation of timed automata. We anticipate that if the elements in in-
variant rules are bounded, which is true for the simulation of timed automata,
then boundedness and coverability would be decidable. Including this aspect,
we should explore the system more in detail in order to make fine distinction
between decidable classes.
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