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Abstract. The air pollution, and especially the reduction of the air pol-
lution to some acceptable levels, is an important environmental problem,
which will become even more important in the next two-three decades.
This problem can successfully be studied only when high-resolution com-
prehensive models are developed and used on a routinely basis. However,
such models are very time-consuming, also when modern high-speed com-
puters are available. Indeed, if an air pollution model is to be applied
on a large space domain by using �ne grids, then its discretization will
always lead to huge computational problems. Assume, for example, that
the space domain is discretized by using a (288x288) grid and that the
number of chemical species studied by the model is 35. Then ODE sys-
tems containing 2903040 equations have to be treated at every time-step
(the number of time-steps being typically several thousand). If a three-
dimensional version of the air pollution model is to be used, then the
number of equations must be multiplied by the number of layers. The
treatment of large air pollution models on modern parallel computers by
using eÆcient numerical algorithms will be discussed in this paper.

1 Large-scale air pollution models

Mathematical models are indispensable tools when di�erent air pollution phe-
nomena are to be studied on a large space domain (say, the whole of Europe).
Such models can be used to �nd out when and where certain critical levels are
exceeded or will soon be exceeded. All important physical and chemical processes
must be taken into account in order to obtain reliable results. This leads to huge
computational tasks, which have to be handled on big high-speed computers.

A short description of the particular air pollution model used, the Danish
Eulerian Model, [11], will be given in this section in order to illustrate the nu-
merical diÆculties that are to be overcome when large air pollution models are
treated on modern computers. We shall concentrate our attention on the math-
ematical backgrounds of this model. However, many details about the physical
and chemical processes involved in the models as well as many of the validation
tests and di�erent air pollution studies that were carried out with the Danish
Eulerian Model are documented in [2], [4], [5], [9], [11]-[16]. Many comparisons
of model results with measurements can be seen in web-site of this model, [8].

The Danish Eulerian Model is described by a system of partial di�erential
equations (PDE's):

V.N. Alexandrov et al. (Eds.): ICCS 2001, LNCS 2074, pp. 82−91, 2001.
Ó Springer-Verlag Berlin Heidelberg 2001



@cs

@t
= �

@(ucs)

@x
�

@(vcs)

@y
�

@(wcs)

@z
(1)

+
@

@x

�
Kx

@cs

@x

�
+

@

@y

�
Ky

@cs

@y

�
+

@

@z

�
Kz

@cs

@z

�

+Es � (�1s + �2s)cs +Qs(c1; c2; : : : ; cq); s = 1; 2; : : : ; q:

The notation used in the system of PDEs (1) can be explained as follows: (i)
the concentrations of the chemical species are denoted by cs, (ii) the variables u,
v and w are wind velocities, (iii)Kx,Ky andKz are di�usion coeÆcients, (iv) the
emission sources are described by Es, (v) k1s and k2s are deposition coeÆcients
(dry deposition and wet deposition, respectively) and (vi) the chemical reactions
are represented by the non-linear functions Qs(c1; c2; : : : ; cq).

2 Splitting procedures

It is diÆcult to treat the system of PDE's (1) directly. This is the reason for
using di�erent kinds of splitting. A splitting procedure, based on ideas proposed
in [6] and [7], leads to �ve sub-models, representing respectively: (i) the hor-
izontal transport (the advection) of the pollutants in the atmosphere, (ii) the
horizontal di�usion, (iii) the chemistry (together with the emission terms), (iv)
the deposition and (v) the vertical exchange. These sub-models are transformed
to systems of ordinary di�erential equations, ODEs, by using di�erent kinds of
space discretization. The splitting procedure, actually used when the Danish Eu-
lerian Model is handled on computers, is discussed in detail in [11] and [14]. The
most time- consuming sub-models are the horizontal transport and the chem-
istry. The numerical methods used in these sub-models are shortly discussed in
the next two sections.

3 Horizontal Transport

The horizontal transport (the advection) is described mathematically by the
following system of q independent PDEs:
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Several numerical algorithms have been tried to handle the horizontal trans-
port sub-model ([5], [11], [14], [15]). All numerical methods, which have been
tried, have both advantages and drawbacks. Two of the methods gave good
results: the pseudo-spectral algorithm and a �nite element method.
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3.1 The pseudo-spectral algorithm

If only the accuracy is considered, then the pseudo-spectral algorithm ([9], [11])
seems to be the best one among the tested methods. However, it requires peri-
odical boundary conditions, which is a serious drawback especially when grid-
re�nement on some parts of the space domain is to be used.

The pseudo-spectral algorithm applied in a version of the Danish Eulerian
Model is fully described in [11]. Approximations of the �rst order spatial deriva-
tives are obtained by expanding the unknown functions cs in Fourier series
containing sine and cosine functions. The truncation of this series leads to a
trigonometric polynomial. The derivative of this polynomial is the required ap-
proximation of the �rst order spatial derivative under consideration. The use of
Fourier series implies a requirement for periodicity of the concentrations on the
boundaries. If high accuracy is to be achieved by keeping not too many terms in
the Fourier series, then an additional requirement for periodicity of the deriva-
tives of the concentrations up to some order n has also to be satis�ed. The last
requirement is a serious drawback of this algorithm, but the results are rather
good if the space domain is very large and if some care is taken in order to
obtain periodicity on the boundaries. The method is not suitable for modern
procedures based on local re�nement in some parts of the space domain.

3.2 Application of a �nite element approach

The �nite element approach, [5], [11], is in general less accurate (unless very
complicated �nite elements are used), but it is much more exible when grid-
re�nement is needed in some parts of the space domain. Moreover, it is easier
to develop parallel codes for the advection sub-model when some kind of �nite
elements are used. The �nite element approach can be considered, as many other
numerical methods for solving systems of PDEs, as a method based on expanding
the unknown functions, the concentrations, in Taylor series. Truncating these
series one arrives at algebraic polynomials. The derivatives of these polynomials
are then used to obtain approximations to the �rst order spatial derivatives of
the concentrations. In the following part of this paper it will be assumed that
the �nite elements algorithm from [3] is used.

4 Treatment of the Chemical Part

The chemical part of an air pollution model (including the emissions) is described
mathematically by a non-linear and sti� system of ODEs, which can be written
in the following form:

dg=dt = f(g; t); g 2 RNx�Ny�Nz�q ; f 2 RNx�Ny�Nz�q ; (3)

whereNx, Nx andNx are the numbers of grid-points along the coordinate axes, g
contains approcximations of the concentrations at the grid-points and f depends
on the chemical reactions.
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This is normally the most time-consuming part. Also here di�erent numerical
algorithms have been tried. A detailed discussion of the algorithms used until now
is given in [1]. Three of the used until now numerical methods will be shortly
discussed here: (i) the QSSA (Quasi-Steady-State-Approximation) algorithm,
(ii) some classical methods for solving systems of ODEs and (iii) numerical
methods based on partitioning the system of ODEs and using the Backward
Euler Method to treat the partitioned system.

4.1 The QSSA algorithm

The QSSA algorithm is based on a division of the chemical reactions into three
groups and trying to use di�erent devices for every group. It is simple and fast.
Moreover, it is easy to implement this algorithm on parallel computers. The low
accuracy of the algorithm is its major drawback. There are several improvements
of the algorithm. More details about the QSSA algorithm and its performance
can be found in [1].

An improved version of the QSSA algorithm, which is also discussed in [1],
will be used in this paper. An attempt to improve the performance of the algo-
rithm is made in the improved version.

4.2 Using classical numerical methods

Classical numerical methods for solving systems of ODEs are also applicable.
The methods used until now were: (i) the Backward Euler Method, (ii) the
Trapezoidal Rule and (iii) a second order Runge-Kutta algorithm.

If these methods are carefully implemented they can become competitive
with the QSSA algorithm when performance is considered and, furthermore,
the classical numerical methods are more accurate than the QSSA algorithm.
There are, however, still some open problems when the classical methods are to
be used on parallel architecture. The major diÆculties are connected with the
quasi-Newton iterative methods, which have to be used, because all considered
methods are implicit. The iterative procedure converges with di�erent rates in
di�erent parts of the space domain. This leads to lack of loading balance and,
thus, deteriorates the performance of the code on the parallel computers. It
should be mentioned, however, that some progress has been achieved recently
(see, for example, [3]).

Some more details about the classical methods for solving systems of ODEs,
which have been used until now, can be found in [1].

4.3 Using partitioning

Some of the chemical reactions used in a large-scale air pollution model are slow,
while the others are fast. This fact can be exploited in the solution of the system
of ODEs arising in the chemical sub-model. A method based on this idea has
been developed and tested in [1]. The system of ODEs is �rst partitioned and
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then the Backward Euler Method is used to handle the partitioned system. The
results were very encouraging. However, if the method has to be applied on a
parallel computer, then diÆculties, which are quite similar to those arising when
classical numerical methods are used, have to be overcome. The conclusion is that
the partitioning methods can successfully be used on a sequential computer, but
some more work is needed in order to make them more eÆcient when a parallel
computer is to be applied.

5 Major Modules of the Code

When a code for running a large-scale air pollution model on computers is de-
veloped, then it is important to have di�erent easily exchangeable modules for
the di�erent parts of the computational work. Two two-dimensional versions of
the Danish Eulerian model, which are discussed in this paper, consists of the
following �ve major modules:

{ Advection module. This module treats the horizontal transport. The dif-
fusion subroutines have been added to this module.

{ Chemistry module. This module handles the chemical reactions involved
in the model. The deposition subroutines have been added to this module.

{ Initialization module. All operations needed to initialize arrays and to
perform the �rst readings of input data are united in this module.

{ Input operations module. Input data are read in this module when this
is necessary; otherwise simple interpolation rules are used, both in space and
in time, to produce the needed data.

{ Output operations module.This module prepares output data. The total
number of output �les prepared in the 2-D versions of the model is at present
eight. The total amount of the output data is about 675 Mbytes when the
2-D model is discretized on a (288x288) grid and run over a time-period
of one month (but it must be emphasized here that the model is normally
run over a time-period of several, up to ten, years). For some of the con-
centrations (ozone and nitrogen dioxide) hourly mean values are calculated.
For other concentrations and some depositions, diurnal mean values are pre-
pared. For all concentrations and depositions studied by the model, monthly
mean values are calculated in one of the �les.

The initialization module is called only once (in the beginning of the com-
putations), while all other modules are called at every time-step.

6 Use of Parallel Computers

The performance of two 2-D versions of the Danish Eulerian Model will be
discussed in this section. The �rst version is discretized on a (96x96) grid, while
the second one is discretized on a (288x288) grid. It is assumed that the model
is run over a time-period of one month. In practice, many such runs, several

86 Z. Zlatev



hundreds or even several thousands, are to be performed. The computational
tasks that are to be handled in these two versions consist of four systems of
ODEs that have to be treated during more than 10 thousand time-steps. The
two versions have been run on several large supercomputers (such as Fujitsu,
SGI Origin 2000, IBM SP, etc.). The performance of the code on IBM SMP
nodes will be demonstrated in this section.

6.1 The IBM SMP Nodes

Every IBM SMP nodes of the available architecture at the Danish Computing
Centre contains 8 processors. There are two nodes at present. Each node can
be considered as a shared memory computer. A combination of several nodes
can be considered as a distributed memory machine. Thus, there are two levels
of parallelism: (i) a shared memory mode within each node of the IBM SMP
computer and (ii) a distributed memory mode across the nodes of the IBM SMP
computer.

6.2 Shared Memory Mode

Assume �rst that the computer is to be used as a shared memory machine. It is
important to identify large parallel tasks in the two most time-consuming parts
of the code: (i) the advection module and (ii) the chemistry module.

6.2.1. Parallel Tasks in the Advection Module. In the advection module,
the horizontal transport of each pollutant can be considered as a parallel task.
The number of pollutants in the Danish Eulerian Model is 35. This means that
the loading balance is not perfect. This is partly compensated by the fact that
the parallel tasks so selected are very large.

6.2.2. Parallel Tasks in the Chemical Module. In the chemical module, the
chemical reactions at a given grid-point can be considered as parallel tasks. This
means that the number of parallel tasks is very large (i.e. the loading balance is
perfect). This number is (i) 82944 in the version of the model that is discretized
on a (288x288) grid and (ii) 9216 in the version of the model that is discretized
on a (96x96) grid. However, the tasks are not large. Therefore it is convenient to
group several grid-points as a bigger task. It will be shown that the performance
can be improved considerably by a suitable choice of the groups of grid-points.

6.3 Distributed Memory Mode

Consider now the case where parallelism across the nodes is to be utilized. Then
we need two extra modules: (i) a pre-processing module and (ii) a post-processing
module.

6.3.1. Pre-processing Module. The �rst of these modules performs a pre-
processing procedure. In this procedure the data is divided into several parts
(according to the nodes that are to be applied) and sent to the assigned for the
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job nodes. In this way each node will work on its own data during the whole
run.

6.3.2. Post-processingModule.The second module performs a post-processing
procedure. This means that every node prepares during the run its own output
�les. At the end of the job, the post-processing module is activated (i) to col-
lect the output data on one of the nodes and (ii) to prepare them for future
applications (visualizations, animations, etc.).

6.3.3. Bene�ts of Using the Additional Modules.By the preparation of the
two additional modules, one avoids some excessive communications during the
run. However, it should also be stressed that not all communications are avoided.
The use of the pre-processor and the post-processor is in fact equivalent to the
application of a kind of domain decomposition. Therefore, it is clear that some
communications are needed along the inner boundaries of the domains. Such
communications are to be carried out only once per step and only a few data are
to be communicated. Thus, the actual communications that are to be carried
out during the computational process are very cheap.

6.4 Numerical results

Many hundreds of runs have been carried out in order to check the performance
under di�erent conditions. The most important results are summarized below.

6.4.1. Choosing the size of the parallel tasks. One of the crucial issues is
the proper division of the grid-points into a suitable number of parallel tasks
in the chemical module. Tests with more than 20 numbers of grid-points per
parallel task (i.e. with di�erent sizes of the parallel tasks) have been carried out.
Some results are given in Table 1.

Size Advection Chemistry Total time

1 62 586 730

24 63 276 432

48 63 272 424

96 64 288 447

576 61 389 612

Table 1

Computing times (given in seconds) obtained in runs of the version discretized on
a (96x96) grid on the IBM SMP computer with di�erent numbers of grid-points
per parallel task in the chemical part. The numbers of grid-points per parallel task
in the chemical part are given in the �rst column (under "Size"). The number
of processors used in these runs is 16.

Three conclusions can be drawn from the tests with di�erent sizes of the
parallel tasks: (i) if the parallel tasks are too small, then the computing times
are large, (ii) if the parallel tasks are too large, then the computing times are also
large and (iii) for tasks with medium sizes the performance is best. It is diÆcult
to explain this behaviour. The following explanation should be further tested and
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justi�ed. If the tasks are very small (1,2 and 4 grid- points per parallel task),
then the overhead needed to start the large number of parallel tasks becomes
considerable. On the other hand, if the parallel tasks are too large (576 grid-
points per parallel task), then the data needed to carry out them are too big
and cannot stay in cache. Parallel tasks of medium sizes seem to be a good
compromise.

The maximum number of grid-points per parallel tasks when the version of
the model discretized on a (96x96) grid is 9216/p, where p is the number of
processors used. The maximum number is 576 when 16 processors are used

6.4.2. Runs on di�erent numbers of processors. The version of the model,
which is discretized on a (96x96) grid, has been run on 1, 2, 4, 8 and 16 processors.
When the number of processors is less than 16, only one node of the IBM SMP
computer has been used. This means that in this case the code works in a shared
memory mode only. Two nodes of the IBM SMP computer are used when 16
processors are selected. In this case a shared memory mode is used within each
node, while the code performs in a distributed memory mode across the nodes.
Some results are given in Table 2 (computing times) and Table 3 (speed-ups and
eÆciency of the parallel computations).

The results show clearly that good performance can be achieved in both
cases: (i) when the code is running in a shared memory mode during the whole
run (this happens when the number of processors is less than 16) and (ii) when
the code is running by utilizing both modes (this is the case when the number
of processors is 16). OPEN MP instructions are used when the code distributed
memory mode. runs in a shared memory mode, while MPI subroutines are called
when the code is run in a distributed memory mode.

6.4.3. Scalability of the code. It is important to be able to run eÆciently the
code when the grid is re�ned. Some tests with a version of the code, which is
discretized on a (288x288) grid, have been carried out. There are plans to carry
out some runs with a version of the code discretized on a (480x480) grid in the
near future.

The computational work in the advection part is increased by a factor of 27
when the (288x288) grid is used, because the number of grid-points is increased
by a factor of 9, while the time-step is decreased 3 times.

The computational work in the chemical part is increased only by a factor of
9 when the (288x288) grid is used, because the number of grid points is increased
by a factor of 9, while the time-step used in the chemical part remains unchanged.

A few runs with the version discretized on a (288x288) grid have been carried
out and compared with the corresponding runs for he version discretized on a
(96x96) grid. The purpose was to check if the times spent are changed as should
be expected (about 27 times for the advection part and about 9 time for the
chemical part) when the same number of processors are used. Some results are
given in Table 4. It is seen that the results are rather closed to the
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Processors Advection Chemistry Total time

1 933 4185 5225

2 478 1878 2427

4 244 1099 1405

8 144 521 799

16 62 272 424

Table 2

Computing times (given in seconds) obtained in runs of the version discretized on
a (96x96) grid on the IBM SMP computer with di�erent number of processors.
The number of grid-points per parallel task in the chemical part is 48.

Processors Advection Chemistry Total time

2 1.95 (98%) 2.23 (112%) 2.15 (108%)

4 3.82 (96%) 3.81 ( 95%) 3.72 ( 93%)

8 6.48 (81%) 8.03 (100%) 6.54 ( 82%)

16 15.01 (94%) 15.39 ( 96%) 12.32 ( 77%)

Table 3

Speed-ups and eÆciency (given in brackets) obtained in runs of the version dis-
cretized on a (96x96) grid on the IBM SMP computer with di�erent number of
processors. The number of grid-points per parallel task in the chemical part is
48. expected results. Some more experiments are needed.

Process (288x288) (96x96) Ratio

Advection 1523 63 24.6

Chemistry 2883 288 10.0

Total 6209 432 14.4

Table 4

Computing times (given in seconds) obtained in runs of the two versions of the
code, discretized on a (96x96) grid and on a (288x288) grid, on the IBM SMP
computer by using 16 processors. The number of grid-points per parallel task in
the chemical part is 96.

7 Conclusions

Many important environmental studies can successfully be performed only if (i)
eÆcient numerical methods are implemented in the mathematical models used
and (ii) the great potential power of the modern supercomputers is utilized in
an optimal way.

Some results obtained in the e�ort to solve these two tasks have been pre-
sented. There are still a lot of unresolved problems. The e�orts to �nd more
eÆcient numerical methods for the large air pollution models and to optimize
further the code for runs on parallel machines are continuing.
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