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Abstract. Our aim is to minimize the electrical energy used during the
execution of signal processing applications that are a sequence of loop
nests. This energy is mostly used to transfer data among various levels
of memory hierarchy. To minimize these transfers, we transform these
programs by using simultaneously loop permutation, tiling, loop fusion
with shifting and memory reuse. Each input nest uses a stencil of data
produced in the previous nest and the references to the same array are
equal, up to a shift. All transformations described in this paper have
been implemented in pips, our optimizing compiler and cache misses
reductions have been measured.

1 Introduction

In this paper we are interested in the application of fusion with tiling to a
sequence of loop nests and in memory reuse in the merged and tiled nest. Our
transformations aim at improving data locality so as to replace costly transfers
from main memory to cheaper cache or register memory accesses. Many authors
have worked in tiling [9,16,14], fusion [5,4,11,17], loop shifting [5,4] and memory
reuse [6,13,8]. Here, we combine these techniques to apply them to sequence of
loop nests.

We assume that input programs are sequences of loop nests. Each of these
nests uses a stencil of data produced in the previous nest and the references
to the same array are equal, up to a shift. Consequently, the dependences are
uniform. We limit our method to this class of code (chains of jobs), because the
problem of loop fusion with shifting in general (graphs of jobs) is NP hard [4].

Our tiling is used as a loop transformation [16] and is represented by two
matrices: (1) a matrix A of hierarchical tiling that gives the various tile coef-
ficients and (2) a permutation matrix P that allows to exchange several loops
and so to specify the organization of tiles and to consider all possible schedules.

After application of fusion with tiling, we have to guarantee that all necessary
data for the computation of a given iteration has already been computed by the
previous iterations. For this purpose, we shift the computation of each nest by a
delay hk. Contrary to the other works, it is always possible to apply our fusion
with tiling. To avoid loading several times the same data, we use the notion of
live data introduced initially by Gannon et al [8] and applied by Einsenbeis et al
[6], to fusion with tiling. Our method replaces the array associated to each nest
by a set of buffers that will contain the live data of the corresponding array.
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2 Input Code

The input codes are signal processing applications [10], that are sequences of
loop nests of equal but arbitrary depth (see Figure 1 (a)). Each of these nests
uses a stencil of data produced in the previous nest and represented by a set
V k = {vk

1 , vk
2 , · · · ,vk

mk
}. The references to the same array are equal, up to a

shift. The bounds of these various nests are numerical constants and the various
arrays have the same dimension.

do i1 ∈ D1

A1(i1) = A0(i1 + v1
1) ⊗ .... ⊗ A0(i1 + v1

m1
)

enddo
.
do ik ∈ Dk

Ak(ik) = Ak−1(ik + vk
1 ) ⊗ .... ⊗ Ak−1(ik + vk

mk
)

enddo
.
do in ∈ Dn

An(in) = An−1(in + vn
1 ) ⊗ .... ⊗ An−1(in + vn

mn
)

enddo
(a) Input code in general form

do (i = 4, N − 5)
do (j = 4, N − 5)
A1(i, j) = A0(i − 4, j) + A0(i, j − 4)
+A0(i, j) + A0(i, j + 4) + A0(i + 4, j)

enddo
enddo
do (i = 8, N − 9)
do (j = 8, N − 9)
A2(i, j) = A1(i − 4, j) + A1(i, j − 4)
+A1(i, j) + A1(i, j + 4) + A1(i + 4, j)

enddo
enddo
(b) Specific example

Fig. 1. General input code and a specific example. Where ⊗ represents any operation.

Domain D0 associated with the array A0 is defined by the user. To avoid
illegal accesses to the various arrays, the domains Dk (1 ≤ k ≤ n) are derived in
the following way: Dk = {i | ∀v ∈ V k : i+v ∈ Dk−1}. We suppose that vectors
of the various stencils are lexicographically ordered: ∀k : vk

1 
 vk
2 
 ..... 
 vk

mk
.

In this paper, we limited our study to codes given in Figure 1 (a), Ak(i) is
computed using elements of array Ak−1. Our method is generalizable easily to
a code, such as the computation of the element Ak(i) in the nest k, it will be
according to the arrays A0, · · ·Ak−1.

3 Loop Fusion

To merge all the nests into one, we should make sure that all the elements of array
Ak−1 that are necessary for the computation of an element Ak(ik) at iteration
ik in the merged nest have already been computed by previous iterations. To
satisfy this condition, we shift the iteration domain of every nest by a delay
hk. Let Timek be the shifting function associated to nest k and defined in the
following way: Timek : Dk → Zn so that ik �−→ i = ik + hk.

The fusion of all nests is legal if and only if each shifting function Timek

meets the following condition:

∀ik, ∀ik+1 ,∀v ∈ V k+1 : ik = ik+1 + v ⇒ Timek(ik) 
 Timek+1(ik+1) (1)

The condition (1) means that if an iteration ik produces an element that will
be consumed by iteration ik+1, then the shift of the iteration ik by Timek should
be lexicographically lower than the shift of the iteration ik+1 by Timek+1.
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The merged code after shifting of the various iteration domains is given
in Figure 2. Sk is the instruction label and Diter = ∪n

k=1(D′
k), with D′

k =
{i = ik + hk | ik ∈ Dk} the shift of domain Dk by vector hk. This domain
is not necessarily convex. If not, we use its convex hull to generate the code.
As instruction Sk might not be executed at each iteration of domain Diter, we
guard it by condition Ck(i) = if (i ∈ D′

k), which can be later eliminated [12].

do i ∈ Diter

S1 : C1(i) A1(i − h1) = A0(i − h1 + v1
1) ⊗ .... ⊗ A0(i − h1 + v1

m1
)

.
Sk : Ck(i) Ak(i − hk) = Ak−1(i − hk + vk

1 ) ⊗ .... ⊗ Ak−1(i − hk + vk
mk

)
.
Sn : Cn(i) An(i − hn) = An−1(i − hn + vn

1 ) ⊗ · · · ⊗ An−1(i − hn + vn
mn

)
enddo

Fig. 2. Merged nest.

As vk
1 
 vk

2 
 ..... 
 vk
mk

, the validity condition of fusion given in (1) will be
equivalent to −hk � −hk+1 + vk+1

mk+1
(1 ≤ k ≤ n − 1).

3.1 Fusion with Buffer Allocation

To save memory space and to avoid loading several times the same element,
we replace the arrays A1, A2,..and An−1 by circular buffers B1, B2,..and Bn−1.
Buffer Bi is a one-dimensional array that will contain the live data of array Ai.
Each of these buffers will be managed in a circular way and an access function
will be associated with it to load and store its elements.

Live data. Let Ok and Nk + Ok − 1 respectively the lower and upper bound
of domain D′

k : D′
k = {i |Ok ≤ i ≤ Nk + Ok − 1}. The memory volume Mk(i)

corresponding to an iteration i ∈ D′
k (2 ≤ k ≤ n) is the number of elements

of the array Ak−1 that were defined before i and that are not yet fully used:
Mk(i) = |Ek(i)| with Ek(i) = {i1 ∈ D′

k−1| ∃v ∈ V k, ∃ i2 ∈ D′
k : i1 − hk−1 =

i2 − hk + v and i1 
 i 
 i2}.
At iteration i, to compute Ak(i − hk), we use mk elements of array Ak−1

produced respectively by i1, · · · , imk
such that iq = i − (hk − hk−1 − vk

q ).
The oldest of these productions is i1. Consequently the volume Mk(i) is

bounded by the number of iterations in D′
k−1 between i1 and i. This upper

boundary is given by Supk = Ck. (hk − hk−1 − vk
1) + 1 with

Ck = (
∏n

i=2Nk−1,i,
∏n

i=3Nk−1,i, · · · ,
∏n

i=n−1Nk−1,i, Nk−1,n, 1)t and Nk,i

is the ith component of Nk.

Code generation. Let Bk (1 ≤ k ≤ n − 1) be the buffers associated with
arrays Ak (1 ≤ k ≤ n − 1) and succ(i) the successor of i in the domain D′

k.
Supk+1, given previously, represents an upper bound for the number of live data
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of array Ak. Consequently the size of buffer Bk can safely be set to Supk+1 and
we associate with it the access function Fk : D′

k → N such that:

1. Fk(Ok) = 0

2. Fk(succ(i)) =
{
Fk(i) + 1 if (Fk(i) �= Supk+1 − 1)
0 otherwise

To satisfy these two conditions, it is sufficient to choose
Fk(i) = (Ck . (i − Ok)) mod Supk+1.
Let’s consider statement Sk of the merged code in Figure 2. At iteration

i, we compute the element Ak(i − hk) as a function of the mk elements of
array Ak−1 produced respectively by i1, i2,· · ·and imk

. The element Ak(i − hk)
is stored in the buffer Bk at position Fk(i). The elements of array Ak−1 are
already stored in the buffer Bk−1 at positions Fk−1(i1), Fk−1(i2),..,Fk−1(imk

)
(iq = i − (hk − hk−1 − vk

q )). Thus the statement Sk will be replaced by
Ck(i) Bk(Fk(i)) = Bk−1(Fk−1(i1)) ⊗ · · · ⊗ Bk−1(Fk−1(imk

)).

4 Tiling with Fusion

A lot of work on tiling has been done but most of it is only dedicated to a
single loop nest. In this paper, we present a simple and effective method that
simultaneously applies tiling with fusion to a sequence of loop nests. Our tiling
is used as a loop transformation [16] and is represented by two matrices: (1) a
matrix A of hierarchical tiling that gives the various coefficients of tiles and (2)
a permutation matrix P that allows to exchange several loops and so to specify
the organization of tiles and to consider all possible tilings. As for fusion, the
first step before applying tiling with fusion to a code similar to the one in Figure
1 (a) is to shift the iteration domain of every nest by a delay hk. We note by
D′

k = {i = ik + hk|ik ∈ Dk} the shift of domain Dk by vector hk.

4.1 One-Level Tiling

In this case, we are interested only in data that lives in the cache memory. Thus
our tiling is at one level.

Matrix A. Matrix A(n, 2n) defines the various coefficients of tiles and allows
us to transform every point i = (i1, · · · , in)t ∈ ∪n

i=1(D′
k) into a point i′ =

(i′1, · · · , i′2n)t ∈ Z2n (figure 3 ). This matrix has the following shape:

A =




a1,1 1 0 · · · 0 0 0 · · · 0 0
...

...
...

...
...

...
...

...
0 0 0 · · · ai,2i−1 1 0 · · · 0 0
...

...
...

...
...

...
...

...
0 0 0 · · · 0 0 0 · · · an,2n−1 1
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All the elements of the ith line of this matrix are equal to zero except: 1)
ai,2i−1, which represents the size of tiles on the ith axis and 2) ai,2i, which is
equal to 1.

do (i′ = ...)
S1 : C1(i′) A1(Ai′ − h1) = A0(Ai′ − h1 + v1

1) ⊗ .... ⊗ A0(Ai′ − h1 + v1
m1

)
.
Sk : Ck(i′) Ak(Ai′ − hk) = Ak−1(Ai′ − hk + vk

1 ) ⊗ .... ⊗ Ak−1(Ai′ − hk + vk
mk

)
.
Sn : Cn(i′) An(Ai′ − hn) = An−1(Ai′ − hn + vn

1 ) ⊗ .... ⊗ An−1(Ai′ − hn + vn
mn

)
enddo

Fig. 3. Code after application of A.

The relationship between i and i′ is given by:

1. i = Ai′

2. i′ = (� i1
a1,1

�, i1 mod a1,1, · · · , � im
am,2m−1

�, im mod am,2m−1, · · · ,

� in
an,2n−1

�, in mod an,2n−1)t.

Matrix P. The matrix A has no impact on the execution order of the initial
code. Permutation matrix P(2n, 2n) allows to exchange several loops of code in
Figure 3 and is used to specify the order in which the iterations are executed.
This matrix transforms every point i′ = (i′1, i

′
2, · · · , i′2n)t ∈ Z2n (Figure 3 ) into

a point l = (l1, l2, · · · , l2n)t ∈ Z2n such as l = P i′. Every line and column of
this matrix has one and only one element that is equal to 1.

Tiling modeling. Our tiling is represented by a transformation ω1:
ω1 : Zn → Z2n

i �−→ l = P . (� i1
a1,1

�, i1 mod a1,1, · · · , � im
am,2m−1

�, im mod am,2m−1, · · · ,

� in
an,2n−1

�, in mod an,2n−1)t.

As mentioned in our previous work [1,2], the simultaneous application of
tiling with fusion to the code in Figure 1(a) is valid if and only if:

∀ k,∀i ∈ D′
k,∀q : ω1(i + vk+1

q − hk+1 + hk) 
 ω1(i) (2)

One legal delay of formula (2), is −hk = −hk+1 +(maxl vk+1
l,1 , · · · , maxl vk+1

l,n )t

and hn = 0. Where vk+1
l,i is the ith component of vector vk+1

l . The choice of this
delay makes the merged nest fully permutable. We know that if a loop nest is
fully permutable, we can apply to it any tiling parallel to its axis [15].



260 Y. Bouchebaba and F. Coelho

Buffer allocation. To maintain in memory the live data and to avoid loading
several times the same data, we suggested in our previous work [1,2] to replace
arrays A1, A2,...and An−1 by circular buffers B1, B2,...and Bn−1. A buffer Bi is
a one-dimensional array that contains the live data of array Ai. This technique
is effective for the fusion without tiling. On the other hand, in the case of fusion
with tiling, this technique has two drawbacks: 1) dead data are stored in these
buffers to simplify access functions and 2) the size of these buffers increases when
the tile size becomes large. For the purpose of eliminating these two problems,
we replace every array Ak by n + 1 buffers.

a) Buffers associated with external loops: One-level tiling allows to trans-
form a nest of depth n into another nest of depth 2n. The n external loops iterate
over tiles, while the n internal loops iterate over iterations inside these tiles. For
every external loop m, we associate a buffer Bk,m (k corresponds to array Ak)
that will contain the live data of array Ak produced in tiles such that (lm = b)
and used in the next tiles such that (l′m = b + 1). To specify the size of these
buffers, we use the following notations:

– E(n, n), the permutation matrix of external loops: Ei,j =
{

1 if Pi,2j−1 = 1
0 otherwise

– I(n, n), the permutation matrix of internal loops: Ii,j =
{

1 if Pi+n,2j = 1
0 otherwise

– T = (T1, · · · , Tn)t, the tile size vector: Ti = ai,2i−1;
– Nk = (Nk,1, · · · , Nk,n)t where Nk,m is the number of iterations of loop im

in nest k of code in Figure 1(a).
– dk = (dk,1, · · · , dk,n)t, where dk,m is the maximum of the projections of all

dependences on the mth axis (dependences connected to array Ak);
– T ′ = E T , N ′

k = E Nk and d′
k = E dk.

The memory volume required for buffer Bk,m associated with array Ak and
the mth external loop is less than Vk,m =

∏m−1
i=1 T ′

i ∗ d′
k,m ∗ ∏n

i=m+1N
′
k,i. Every

coefficient in this formula corresponds to a dimension in the buffer Bk,m. There
are n! ways to organize the dimensions of this buffer. In this paper, we will
consider the following organization:[T ′

1, .., T
′
m−1, d

′
k,m, N ′

k,m+1, .., N
′
k,n].

To locate the elements of array Ak in the various buffers associated with it,
we define for every buffer Bk,m an access function Fk,m:

Fk,m(i′) = (E1i
′
in, · · · , Em−1i

′
in, Em(i′

in − (T − dk)), (Em+1T ) (Em+1i
′
E)

+Em+1i
′
in, · · · , (En T )(Eni′

E) + Eni′
in), where :

– Em represents the mth line of matrix E;
– i′

E is sub vector of i′ which iterate over tiles;
– i′

in is sub vector of i′ which iterate over iterations inside tiles.

b) Buffers associated with internal loops: For all the internal loops, we
define a single buffer Bk,n+1 which contains the live data inside the same tile. The
memory volume of this buffer is bounded by Vk,n+1 = (I1 dk + 1) ∗∏n

k=2(Ik T ).
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B

B

B

  

i

 j
 k,1

 k,2

 k,3

Fig. 4. Example with allocation of three buffers.

As in the previous case, every coefficient in this formula corresponds to a
dimension in buffer Bk,n+1. There are n! ways to organize these dimensions.
To obtain the best locality in that case, we choose the following organization:
[I1 dk + 1, I2 T , · · · , In T ]. The access function associated with buffer Bk,n+1
is defined by: Fk,n+1(i′) = ((I1 i′

in) mod (I1 dk + 1), I2 i′
in, · · · , In i′

in).
As shown in figure 4, if the nest depth is 2 (n = 2), every array Ak will be

replaced by three buffers : Bk,1, Bk,2 and Bk,3.

4.2 Two-Level Tiling

In this case we are interested in data that lives in the cache and registers. Thus
our tiling is at two levels.

Matrix A. Matrix A(n, 3n) allows to transform every point i = (i1, · · · , in)t ∈
Zn into a point i′ = (i′1, · · · , i′3n)t ∈ Z3n and has the following shape:

A =




a1,1 a1,2 1 0 · · · 0 0 0 0 · · · 0 0 0
...

...
...

...
...

...
...

...
...

...
...

0 0 0 0 · · · ai,3i−2 ai,3i−1 1 0 · · · 0 0 0
...

...
...

...
...

...
...

...
...

...
...

0 0 0 0 · · · 0 0 0 0 · · · an,3n−2 an,3n−1 1




All elements of the ith line of this matrix are equal to zero except:

– ai,3i−2, which represents the external tile size on the ith axis.
– ai,3i−1, which represents the internal tile size on the ith axis.
– ai,3i, which is equal at 1.
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The relationship between i and i′ is given by:

1. i = Ai′

2. i′ = (� i1
a1,1

�, � i1 mod a1,1

a1,2
�, i1 mod a1,2, · · · ,

� in
an,3n−2

�, � in mod an,3n−2

an,3n−1
�, in mod an,3n−2)t.

Matrix P. Matrix P(3n, 3n) is a permutation matrix used to transform every
point i′ = (i′1, i

′
2, · · · , i′3n)t ∈ Z3n into a point l = (l1, l2, · · · , l3n)t ∈ Z3n, with

l = P.i′.

Tiling modeling. Our tiling is represented by a transformation ω2 :
ω2 : Zn → Z3n

i �−→ l = P . (� i1
a1,1

�, � i1 mod a1,1

a1,2
�, i1 mod a1,2, · · · ,

� in
an,3n−2

�, � in mod an,3n−2

an,3n−1
�, in mod an,3n−2)t

As for one-level tiling, to apply tiling at two levels with fusion to the code in
figure 1(a), we have to shift every domain Dk by a delay hk and these various
delays should satisfy the following condition:

∀ k,∀i ∈ D′
k,∀q : ω2(i + vk+1

q − hk+1 + hk) 
 ω2(i) (3)

As before, one possible solution is −hk = −hk+1+(maxl vk+1
l,1 , · · · , maxl vk+1

l,n )t.

5 Implementation and Tests

All transformations described in this paper have been implemented in Pips [7].
To measure the external cache misses caused by the various transformations of
the example in Figure 1 (b), we used an UltraSparc10 machine with 512 MB
main memory, 2 MB external cache (L2) and 16 KB internal cache (L1). Figure
5 gives the experimental results for the external cache misses caused by these
various transformations. As one can see from this figure, all the transformations
considerably decrease the number of external cache misses when compared to the
initial code. Our new method of buffer allocation for tiling with fusion gives the
best result and reduces the cache misses by almost a factor of 2 when compared
to the initial code.

As often with cache we obtained a few points incompatible with the average
behavior. We haven’t explained them yet but they have not occurred with the
tiled versions. The line of rate 16/L ( L is size of external cache line ) represents
the theoretical values for cache misses of the initial code. We do not give the
execution times, because we are interested in the energy consumption, which is
strongly dependent on cache misses [3].
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Fig. 5. External cache misses caused by transformations of code in Figure 1(b).

6 Conclusion

There is a lot of work on the application of tiling[9,16,14], fusion [5,4,11,17], loop
shifting [5,4] and memory allocations[6,13,8]. To our knowledge, the simultaneous
application of all these transformations has not been treated. In this paper, we
combined all these transformations to apply them to a sequence of loop nests.

We gave a system of inequalities that takes into account the relationships
between the added delays, the various stencils, and the two matrices A and P
defining the tiling. For this system of inequalities, we give a solution for a class
of tiling. We have proposed a new method to increase data locality that replaces
the array associated with each nest by a set of buffers that contain the live data
of the corresponding array. Our tests show that the replacement of the various
arrays by buffers considerably decreases the number of external cache misses.

All the transformations described in this paper have been implemented in
pips [7]. In our future work, we shall study the generalization of our method of
buffer allocations in tiling at two levels and we shall look at the issues introduced
by combining for buffer and register allocations.
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