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Abstract. In POPL’00, Cousot and Cousot introduced
and studied a
x
?
novel general temporal specification language, called µ -calculus, in particular featuring a natural and rich time-symmetric trace-based
semanx
?
tics. The classical state-based model checking of the µ -calculus is an
abstract interpretation of its trace-based semantics, which, surprisingly,
turns out to be incomplete, even for finite systems. Cousot and Cousot
identified the temporal connectives causing such incompleteness. In this
paper, we first characterize the least, i.e. least informative, refinements of
the state-based model checking abstraction which are complete relatively
to any incomplete temporal connective. On the basis of this analysis, we
show that the least refinement of the state-based modelxchecking seman?
tics of (a slight and natural monotone restriction of) the µ -calculus which
is complete w.r.t. the trace-based semantics does exist, and it is essentially the trace-based semantics itself. This x
result can be read as stating
?
that any model checking algorithm for the µ -calculus abstracting away
from sets of traces will be necessarily incomplete.

1

Introduction

The classical semantics of standard temporal specification languages for model
checking, like CTL, µ-calculus and variations thereof, are state-based and timeasymmetric [3,6,11,12]. State-based means that, given a transition system modelling some reactive system, the semantics of a temporal formula φ is given by
the set of states of the transition system satisfying φ, possibly w.r.t. some environment whenever φ contains free variables. Time-asymmetry refers to the
asymmetric nature of the classical notion of trace in transition systems, since
traces are commonly indexed on natural numbers and therefore have a finite past
and an infinite future. Recently, Cousot and
Cousot [6] introduced a novel genx
?
[9]
eral temporal specification language, called µ -calculus, inspired from Kozen’s
x
?
µ-calculus and featuring a time-symmetric trace-based semantics. In the µ -calculus semantics, traces are indexed over integer numbers, i.e. both past and
future are infinite, and a time reversal operator allows a uniform symmetric
treatment of past and future. Traces record the present time, and hence the
present state as well, by an integer number, and temporal
formulae are therefore
x
?
interpreted as sets of traces. The generality of the µ -calculus stems from mixing
linear and branching time modalities, and this allows to recover most standard
D. Sands (Ed.): ESOP 2001, LNCS 2028, pp. 137–154, 2001.
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specification languages like CTL, CTL∗ and Kozen’s µ-calculus as suitable fragments.
The most relevant feature in Cousot and Cousot’s [6] work isxin the appli?
cation of the abstract interpretation methodology [4,5] to the µ -calculus. In
particular, it is shown how to derive standard state-based model
checking by
x
?
abstract interpretation from the trace-based semantics of the µ -calculus. This is
∀
: given
performed exploiting a so-called universal checking abstraction map αM
a model to check M (i.e., the set ofxtraces generated by some transition system),
?
∀
abstracts a trace-interpreted µ -calculus temporal formula φ to the set of
αM
present states s of M such that any (here we are considering the universal case:
dually, in the existential checking abstraction “any” becomes “some”) execution
of M departing from the state s satisfies φ. Thus, the abstract domain consists
∀
abstracts sets of traces to sets of states. In particular,
of sets of states, since αM
∀
αM (φ) encodes a classical state-based interpretation like {s ∈ States | M, s |= φ},
and therefore the state-based local model-checking problem of determining if a
∀
(φ). This
given state s in M satisfies φ amounts to checking whether s ∈ αM
abstraction map from sets of traces to sets ofxstates compositionally induces a
?
state-based abstract semantics [[·]]state for the µ -calculus, which, by construction
through the abstract interpretation technique, is sound w.r.t. the trace-based se∀
([[φ]]trace ) ⊇ [[φ]]state .
mantics: for any formula φ, αM
Completeness for the abstract state-based semantics in general does not hold,
i.e. the containment above may be strict, even for finite systems (see [6, Counterexample
(60)]). This means that trace-based and state-based model checking
x
?
for the µ -calculus, in general, are not equivalent: there exist some formula φ
and state s such that M, s |=trace φ, while M, s6|=state φ. The consequence of
such incompleteness
is that in order to deal with general temporal specifications
x
?
of the µ -calculus, model checking algorithms should handle sets of traces instead
of sets of traces, and this is evidently infeasible. Moreover, Cousot and Cousot
single out
the sources of such incompleteness, that is, the temporal connectives
x
?
of the µ -calculus which are incomplete for the universal checking abstraction:
these are the predecessor, shifting the present time one step in the past, the disjunction, and the reversal, exchanging past and future w.r.t. the present time.
Giacobazzi et al. [8] observed that completeness for an abstract interpretation, i.e. abstract domains plus abstract operations, only depends on the underlying abstract domains. Hence, this opens up the key question of making an
abstract interpretation complete by minimally extending the underlying abstract
domain. Following the terminology in [8], we call complete shell of an abstract
domain A the most abstract, i.e. containing the least amount of information,
domain, when this exists, which extends A and is complete for some operation
or (fixpoint) semantics. The relevance of such concept should be clear: the complete shell of an abstract domain A characterizes exactly the least amount of
information which must be added to A in order to get completeness, when this
can be done. It is shown in [8] that complete shells relative to sets of concrete
operations, the so-called absolute complete shells, exist under weak and reasonable hypotheses, and some constructive methods to characterize them are given.
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On the other hand, for complete shells relative to fixpoint operators, it is argued
that no general result of existence can be given, even under very restrictive hypotheses.
This paper analyzes the incompleteness of state-based model checking within
the Cousot and Cousot [6] framework described above from the perspective of
minimally making an abstract intepretation complete. We first characterize the
∀
— namely, the
absolute complete shells of the universal checking abstraction αM
abstract domain of sets of states approximating the domain of sets of traces —
relatively to each incomplete temporal connective, namely predecessor, disjunction and reversal. The results are quite illuminating. Completeness w.r.t. the
predecessor leads to an absolute complete shell which refines sets of states to a
domain of sequences indexed over natural numbers (intended to represent the
∀
which is complete for
past time) of sets of states. The least refinement of αM
the reversal operator is simply a domain consisting of pairs of sets of states,
where the meaning is as follows: if x M denotes the reversal of the model M , a
∀
∀
(φ), αx
trace-interpreted formula φ is abstracted to the pair hαM
M (φ)i. Hence,
as expected, completeness for the reversal requires an additional component taking into account the universal checking abstraction for the reversed model x M .
Finally, disjunction is, somehow, the more demanding connective: the abstract
domain of the corresponding absolute complete shell consists of sets of traces belonging to the model to check M , and therefore this amounts to an abstraction
which essentially is the identity. Morever, this abstraction is complete for the
predecessor too, and hence more concrete than its absolute complete shell men∀
tioned above. Globally, we also characterize the absolute complete
shell of αM
x
?
1
relatively to all the temporal connectives involved by the µ -calculus. Hence,
this abstract domain must be complete both for disjunction and reversal. Actually, we show that this global absolute complete shell consists of sets of traces
belonging to M or to its reversal. Thus, this abstract domain is even more close
to the concrete domain of sets of generic traces.
Finally and more importantly, we faced the problem of characterizing the
complete shell of the universal checking
abstraction relatively to the whole tracex
?
based concrete semantics of the µ -calculus. In other terms, we are seeking to
characterize the most abstract domain As extending the universal checking abstract domain of sets of states and inducing a complete abstract semantics, i.e.,
x
?
s
such that for any formula φ, αAs ([[φ]]trace ) = [[φ]]A . In this case, since the µ calculus involves (least and greatest) fixpoints, as recalled above, it should be
remarked that no general result in [8] ensures the existence of such complete
abstract domain. Nevertheless, it turns out that this complete shell does exist,
and it coincides with the absolute complete shell relative to all the temporal
connectives, namely the identity on sets of traces in M or its reversal. This
complete shell therefore induces an abstract semantics which essentially is the
trace-based semantics itself. Thus, the intuitive interpretation of this important
1

There is a technical detail here: abstract interpretation requires concrete operations
to be monotone or antitone. Thus, in the paper we consider a standard monotone
restriction of the new general universal state quantification introduced in [6].
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result is as follows: any semantic refinementxof the state-based model checking
?
which aims at being trace-complete for the µ -calculus ineluctably leads to the
trace-based
semantics itself. Otherwise stated, any model checking algorithm for
x
?
the µ -calculus abstracting away from sets of traces will be necessarily incomplete.

2

Abstract Interpretation and Completeness

Notation. Let us first introduce some basic notation that will be used throughout
the paper. Conditionals are denoted by (b ∈ Bool ? x ¿ y), evaluating to x when
b is true and to y when b is false. Let X and Y be sets. X r Y denotes setdifference, X ( Y denotes strict inclusion, and X → Y denotes the set of total
functions from X to Y . If X plays the role of some “universe” and Y ⊆ X then
def
¬Y = X r Y . Given a sequence σ ∈ Z → X, for any i ∈ Z, σi ∈ X stands for
σ(i). Given f : X → X, the i-th power of f , where i ∈ N, is inductively defined as
def
def
follows: f 0 = λx.x; f i+1 = λx.f (f i (x)). lfp(f ) and gfp(f ) denote, respectively,
the least and greatest fixpoint, when they exist, of an operator f on a poset.
Sometimes, a poset hP, ≤i will be denoted more compactly by P≤ . Given a poset
˙
P≤ , the set of functions X → P becomes a poset for the pointwise ordering ≤,
˙ iff ∀x ∈ X.f (x) ≤ g(x).
where f ≤g
Closure Operators. The structure huco(C), v, t, u, λx.>, λx.xi denotes the complete lattice of all (upper) closure operators (shortly closures) on a complete
lattice hC, ≤, ∨, ∧, >, ⊥i, where ρ v η iff ∀x ∈ C. ρ(x) ≤ η(x). Throughout
the paper, for any ρ ∈ uco(C), we follow a standard notation by denoting the
image ρ(C) simply by ρ itself: This does not give rise to ambiguity, since one
can readily distinguish the use of ρ as function or set according to the context.
Let us recall that (i) each closure ρ ∈ uco(C) is uniquely determined by the set
of its fixpoints, which coincides with its image, i.e. ρ = {x ∈ C | ρ(x) = x},
(ii) ρ v η iff η ⊆ ρ, and (iii) a subset X ⊆ C is the set of fixpoints of a closure
def
iff X = M(X) = {∧Y | Y ⊆ X} (M(X) is called the Moore-closure of X; note
that > = ∧∅ ∈ M(X); sometimes, we will write MC (X) to emphasize the underlying complete lattice). Hence, note that, given any X ⊆ C, M(X) is the (set
of fixpoints of the) greatest (w.r.t. v) closure whose set of fixpoints contains X.
Abstract Domains. It is well known that within the standard Cousot and Cousot
framework, abstract domains can be equivalently specified either by Galois connections/insertions (GCs/GIs) or by closure operators [5]. In the first case, concrete and abstract domains C and A — for simplicity, these are assumed to be
complete lattices — are related by a pair of adjoint functions α : C → A and
γ : A → C, compactly denoted by (α, C, A, γ), and therefore C and A may
consist of objects having different representations. In the second case, instead,
an abstract domain is specified as a closure operator on the concrete domain
C (and this closure could be also given by means of its set of fixpoints). Thus,
the closure operator approach is particularly convenient when reasoning about
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properties of abstract domains independently from the representation of their
objects. Given a concrete domain C, we will identify uco(C) with the so-called
complete lattice LC of abstract interpretations of C (cf. [4, Section 7] and [5,
Section 8]). The ordering on uco(C) corresponds precisely to the standard order
used in abstract interpretation to compare abstract domains with regard to their
precision: A1 is more precise (or concrete) than A2 iff A1 v A2 in uco(C). Thus,
lub’s t and glb’s u on LC give, respectively, the most precise abstraction and
the most abstract concretization of a family of abstract domains.
Complete Abstract Interpretations. Let us succinctly recall the basic notions
concerning completeness in abstract interpretation. Let f : C → C be a monotone or antitone concrete semantic function2 occurring in some complex semantic
specification, and let f ] : A → A be a corresponding abstract function, where
A ∈ LC . The concept of soundness is standard and well known: hA, f ] i is a
sound abstract interpretation — or f ] is a correct approximation of f relatively
˙ A f ] ◦ αC,A . On the other hand, hA, f ] i is complete
to A — when αC,A ◦ f ≤
when equality holds, i.e. αC,A ◦ f = f ] ◦ αC,A . Thus, in abstract interpretation,
completeness means that the abstract semantics equals the abstraction of the
concrete semantics, or, otherwise stated, that abstract computations accumulate
no loss of information.
Completeness is a Domain Property. Any abstract domain A ∈ LC induces the
so-called canonical best correct approximation f A : A → A of f : C → C,
def
defined by f A = αC,A ◦ f ◦ γA.C . This terminology is justified by the fact that
any f ] : A → A is a correct approximation of f iff f A v f ] . Consequently, any
abstract domain always induces an (automatically) sound abstract interpretation. Of course, this is not in general true for completeness: not every abstract
domain induces a complete abstract interpretation. However, whenever a complete abstract operation exists then the best correct approximation is complete
as well. This therefore means that completeness is a property which depends
on the underlying abstract domain only. As a consequence, whenever abstract
domains are specified by closure operators, an abstract domain ρ ∈ LC is defined to be complete for f if ρ ◦ f ◦ ρ = ρ ◦ f . More in general, this definition
of completeness can be naturally extended to a set F of semantic functions by
requiring completeness for each f ∈ F . Throughout the paper, we will adopt the
def
following useful notation: Γ (C, f ) = {ρ ∈ LC | ρ is complete for f }. Hence, for
a set F , Γ (C, F ) = ∩f ∈F Γ (C, f ).
Making Abstract Interpretations Complete. The fact that completeness is an
abstract domain property opens the key question of making an abstract interpretation complete by minimally extending (or, dually, restricting: we will not
touch this issue here, see [8]) the underlying abstract domain. Following [8], given
a concrete interpretation hC, f i and an abstract domain A ∈ LC , the absolute
2

For simplicity, we consider unary functions with the same domain and co-domain,
since the extension to the general case is straightforward.
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complete shell3 of A for f , when it exists, is the most abstract domain As ∈ LC
which extends, viz. is more precise than, A and is complete for f . In other words,
the absolute complete shell of A characterizes the least amount of information
to be added to A in order to get completeness, when this can be done. Let us
succinctly recall the solution to this completeness problem recently given in [8].
def
Let us fix the following standard notation: if X ⊆ C then max(X) = {x ∈
X | ∀y ∈ X. x ≤ y ⇒ x = y}. Given a set of monotone semantic functions
F ⊆ C → C, the abstract domain transformer RF : LC → LC is defined as
follows:
def
RF (η) = M(∪f ∈F,y∈η max({x ∈ C | f (x) ≤ y})).
Theorem 2.1 ([8, Theorem 5.10, p. 388]). Let F ⊆ C → C and ρ ∈ LC .
If F is a set of continuous (i.e., preserving lub’s of directed subsets) functions
then the absolute complete shell of ρ for F exists, and it is given by gfp(λη ∈
uco(C).ρ u RF (η)).
This therefore is a constructive result of existence for absolute complete
shells. It turns out that λη.ρ u RF (η) : uco(C) → uco(C) is itself continuous
[8, Lemma 5.11], and therefore its greatest fixpoint can be constructively obtained as ω-limit of the Kleene’s iteration sequence.

3

Temporal Abstract Interpretation

In this section, we recall the key notions and definitions of Cousot and Cousot’s
[6] abstract interpretation-based approach to model checking.
Basic Notions. S is a given, possibly infinite, set of states. Discrete time is
modeled by the whole set of integers and therefore paths of states are timedef
symmetric, in particular are infinite also in the past. Thus, P = Z → S is the set
of paths. An execution with an initial state s can then be encoded by repeating
forever in the past the state s. A trace must keep track of the present time, and
def
hence T = Z × P is the set of traces. Finally, a (temporal) model is simply a set
def
of traces: M = ℘(T) is the set of temporal models. The semantics of a temporal
logic formula φ will be a temporal model, that, intuitively, will be the set of all
and only the traces making φ true.
Models to check will be generated by transition systems, encoding some reactive system. The transition relation τ ⊆ S × S is assumed to be total, i.e.,
∀s ∈ S.∃s0 ∈ S. hs, s0 i ∈ τ and ∀s0 ∈ S.∃s ∈ S. hs, s0 i ∈ τ . This is not restrictive,
since any transition relation can be lifted to a total transition relation simply by
adding transitions hs, si for any state s which is not reachable or which cannot
reach any state. The model generated by the transition system hS, τ i is therefore
def
defined as Mτ = {hi, σi ∈ T | i ∈ Z, ∀k ∈ Z. hσk , σk+1 i ∈ τ }.
3

[8] also introduces the concept of relative complete shell, and this explains the use
of the adjective absolute.
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x
?

Syntax and Semantics of the µ -Calculus
x
?

and Cousot [6] inspired
The reversible µ -calculus has been introduced by Cousot
x
?
by Kozen’s [9] propositional µ-calculus. Actually, the µ -calculus is a generalization of the µ-calculus, with new reversal and abstraction modalities and with
a trace-based semantics. Throughout the paper, X will denote an infinite set of
logical variables.
x
?

Definition 3.1 ([6, Definition 13]). Formulae φ of the reversible µ -calculus
are inductively defined as follows:
φ ::= σ S | π t | X | ⊕ φ | φx | φ1 ∨ φ2 | ¬φ | µX.φ | νX.φ | ∀φ1 : φ2
where the quantifications
are as follows: S ∈ ℘(S), t ∈ ℘(S × S), and X ∈ X.
x
?
2
Lx
? denotes the set of µ -calculus formulae.
µ
x
?

In order to give the trace-interpreted semantics of the µ -calculus, we preliminarly recall the necessary temporal model transformers.
Definition 3.2 ([6, Section 3]).
def

– For any S ∈ ℘(S), σ {|S|} = {hi, σi ∈ T | σi ∈ S} ∈ M is the S-state model,
i.e., the set of traces whose current state is in S.
def
– For any t ∈ ℘(S × S), π {|t|} = {hi, σi ∈ T | (σi , σi+1 ) ∈ t} ∈ M is the ttransition model, i.e., the set of traces whose next step is a t-transition.
– ⊕ : M → M is the predecessor transformer:
def
⊕(X) = {hi − 1, σi ∈ T | hi, σi ∈ X} = {hi, σi ∈ T | hi + 1, σi ∈ X}.
– x : M → M is the reversal transformer:
def
x
(X) = {h−i, λk.σ−k i ∈ T | hi, σi ∈ X}.
– ¬ : M → M is the complement transformer:
def
¬X = M r X.
– Given s ∈ S, (·)↓s : M → M is the state projection operator:
def
X↓s = {hi, σi ∈ X | σi = s}.
– ∀ : M × M → M is the universal state closure transformer:
def
2
∀(X, Y ) = {hi, σi ∈ X | X↓σi ⊆ Y }.
It is worth to recall that reversal and negation allow to define a number of
interesting dual transformers. For example, the successor transformer is defined
def
def
by = x ◦ ⊕ ◦ x , and the existential transformer by ∃ = λ(X, Y ). ¬∀(X, ¬Y ).
x
?
The µ -calculus trace-based semantics goes as follows. Of course, the intuition
is that a closed formula φ is interpreted as the set of traces which make φ true.
def

Definition 3.3 ([6, Definition 13]). E = X → M is the set of environments
over X. Given ξ ∈ E, X ∈ X and N ∈ M, ξ[X/N ] ∈ E is definedxto be the
?
environment acting as ξ in X r {X} and mapping X to N . The µ -calculus
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semantics [[·]] : Lx
? → E → M is inductively and partially (because least or
µ
greatest fixpoints could not exist) defined as follows:
def

def

[[σ S ]]ξ = σ {|S|}

[[φ1 ∨ φ2 ]]ξ = [[φ1 ]]ξ ∪ [[φ2 ]]ξ

def

def

[[π t ]]ξ = π {|t|}

[[¬φ]]ξ = ¬([[φ]]ξ)

def

def

[[X]]ξ = ξ(X)

[[µX.φ]]ξ = lfp(λN ∈ M.[[φ]]ξ[X/N ])

def

[[⊕ φ]]ξ = ⊕ ([[φ]]ξ)
def

[[φx ]]ξ =

x

([[φ]]ξ)

def

[[νX.φ]]ξ = gfp(λN ∈ M.[[φ]]ξ[X/N ])
def

[[∀φ1 : φ2 ]]ξ = ∀([[φ1 ]]ξ, [[φ2 ]]ξ)
2
x
?

Forward/Backward/State-Closed Formulae. Intuitively, a µ -calculus formula φ
is defined to be forward/backward/state-closed when the future/past/present
only matters, that is, for all ξ ∈ E, the past/future/paste&future of any trace in
the semantics [[φ]]ξ can be arbitrarily perturbated without affecting the semantics. This is formalized as follows.
Definition 3.4 ([6, Section 7.2]). If σ, β ∈ P and i ∈ Z, then
def

– β[i σ = λk ∈ Z.(k < i ? βk ¿ σk ) is the prolongation of β at time i;
def

– β i ]σ = λk ∈ Z.(k ≤ i ? βk ¿ σk ) is the prolongation of β after time i.
The following operators of type M → M are defined:
def

F d = λX.{hi, β[i σi ∈ T | hi, σi ∈ X, β ∈ P} is the forward closure;
def

Bd = λX.{hi, β i ]σi ∈ T | hi, σi ∈ X, β ∈ P} is the backward closure;
def

St = λX.F d(X) ∪ Bd(X) = λX.{hi, β[i σ i ]β 0 i ∈ T | hi, σi ∈ X, β, β 0 ∈ P} is the
state closure.
2
It is easy to see that these actually are closure operators, i.e., F d, Bd, St ∈
uco(M⊆ ). Thus, φ ∈ Lx
? is called a forward/backward/state formula whenever,
µ
for all ξ ∈ E, [[φ]]ξ = F d/Bd/St([[φ]]ξ).
The state-closed formulae actually are the classical state-formulae of CTLlike logics [3]. Moreover, path-formulae of CTL-like logics are, in this terminology,
forward-closed.
Actually, Cousot and Cousot [6] isolate the following fragment
x
?
of the µ -calculus called CTL?+ :
φ ::= σ S | π t | ⊕ φ | φ1 ∨ φ2 | ¬φ | φ1 Uφ2 | ∀φ
def

def

± (π ) : φ, with [[
± (π )]]∅ =
where φ1 Uφ2 = µX.φ2 ∨ (φ1 ∧ ⊕X) and ∀φ = ∀ 
τ
τ
Mτ (see [6, Section 5] for the details). It is then showed [6, Lemma (18)] that
any CTL?+ formula is forward-closed, while formulae generated by

ψ ::= σ S | ψ1 ∨ ψ2 | ¬ψ | ∀φ
actually are state-closed.
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Trace-Based Model Checking

It is straightforward to formulate the model checking problem within the tracebased Cousot and Cousot’s framework [6]. A closed temporal specification φ ∈
Lx
? is identified by its semantics, namely by the temporal model [[φ]]∅ ∈ M. Thus,
µ
the universal model checking of a system Mτ against a specification φ amounts
to check whether Mτ ⊆ [[φ]]∅. It is also useful to distinguish a dual existential
model checking, where the goal is that of checking whether [[φ]]∅ ∩ Mτ 6= ∅.
3.3

State-Based Model Checking Abstractions

The classical state-based model checking can then be understood as an abstract
interpretation, roughly abstracting traces to states.
Universal Checking Abstraction. Given a model (to check) M ∈ M, the uni∀
: M → ℘(S) abstracts a trace-interpreted
versal checking abstraction map αM
temporal specification φ ∈ M to the set of possible (present) states s of M which
universally satisfy φ, that is, such that if the present state of M is s then φ holds.
∀
(φ) encodes a standard state-based interpretation like
The intuition is that αM
{s ∈ S | M, s |= φ}.
The universal checking abstraction is therefore encoded by the following definition [6, Definition 45]:
∀
(φ) = {s ∈ S | M↓s ⊆ φ}.
αM
def

Following the terminology by Müller-Olm et al. [12]: (i) the state-based global
model checking problem of determining the set of present states in M that satisfy
∀
(φ), and (ii) the state-based local model
φ simply amounts to determining αM
checking problem of checking if a given state s in M satisfies φ amounts to
∀
(φ).
checking whether s ∈ αM
In this context, the superset relation between states provides the right notion
∀
(φ) then each state in S satisfies φ, and therefore
of approximation: if S ⊆ αM
∀
gives
if S ⊆ T then T can be thought of as more precise than S. Actually, αM
rise to an adjunction between h℘(S), ⊇i and hM, ⊇i, where the concretization
def
∀
∀
: ℘(S) → M is defined by: γM
(S) = {hi, σi ∈ T | hi, σi ∈ M, σi ∈ S}.
map γM
When dealing with a model Mτ generated by a transition system, by the totality
hypothesis on the transition relation τ , we have that for any s ∈ S, Mτ ↓s 6= ∅.
∀
∀
∀
is 1-1, and therefore (αM
, hM, ⊇i, h℘(S), ⊇i, γM
) is a GI
This implies that γM
τ
τ
τ
[6, (48)]. Thus, this GI induces the following closure operator on models ordered
by the superset inclusion.
def

∀
∀
◦ αM
∈ uco(hM, ⊇i) is the universal checking closure
Definition 3.5. ρ∀M = γM
2
relative to a model M ∈ M. Hence, ρ∀M = λX.{hi, σi ∈ M | M↓σi ⊆ X}.

Notice that for any X ∈ M, ρ∀M (X) ⊆ X ∩ M , and that ρ∀M (X) gives the
∀
∀
-abstraction is αM
(X). The intuition is that ρ∀M (X)
least set of traces whose αM
throws away from X all those traces hi, σi either which are not in M — these
∀
(¬M ) = ∅ — or which are in M but whose
traces “do not matter”, since αM
present state σi does not universally satisfy X.
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Existential Checking Abstraction. Dually, the existential checking abstraction
∃
map αM
: M → ℘(S) abstracts a given trace-interpreted temporal specification
φ ∈ M to the set of possible (present) states s of the model M which existentially
satisfy φ, that is, for which there exists at least a trace of M which satisfies φ and
whose present state is s. This leads to the following definition [6, Definition 49]:
∃
(φ) = {s ∈ S | M↓s ∩ φ 6= ∅}.
αM
def

In this case, the subset relation formalizes the notion of approximation: if
∃
(φ) ⊆ S then each s 6∈ S is such that if M is in state s then φ surely does not
αM
hold, and therefore any T ⊇ S has to be understood as less precise than S. Thus,
it can be roughly said that the existential checking abstraction is ideally useful
for checking so-called safety properties of reactive systems, i.e., “bad things do
∃
gives rise to an adjunction
not happen during executions”. It turns out that αM
∃
: ℘(S) → M is
between h℘(S), ⊆i and hM, ⊆i, where the concretization map γM
def
∃
given by γM (S) = {hi, σi ∈ T | hi, σi ∈ M ⇒ σi ∈ S}. As above, for a model Mτ
∃
generated by a transition system, by the totality hypothesis, αM
is onto, and
τ
∃
∃
hence (αMτ , hM, ⊆i, h℘(S), ⊆i, γMτ ) is a GI [6, (50)]. Here, we get the following
closure.
def

∃
∃
◦ αM
∈ uco(hM, ⊆i) is the existential checking cloDefinition 3.6. ρ∃M = γM
sure relative to a model M ∈ M. Hence, ρ∃M = λX.{hi, σi ∈ T | hi, σi ∈ M ⇒
2
M↓σi ∩ X 6= ∅} = λX.{hi, σi ∈ M | M↓σi ∩ X 6= ∅} ∪ ¬M .

Here, we have that, for any X ∈ M, X ∪ ¬M ⊆ ρ∃M (X). The intuition is that
adds to X any trace which is not in M — these can be considered meaningless
∃
(¬M ) = ∅ — plus
as far as the existential checking of M is concerned, since αM
any trace in M whose present state existentially satisfies X.
ρ∃M

Classical State-Based (Abstract) Semantics. Given a total transition system
hS, τ i and its associated model Mτ , the classical state-based semantics of a temporal formula is calculationally designed as the abstract semantics induced by
the model checking abstractions seen above. This is an instance of the very
general abstract interpretation scheme introduced by Cousot and Cousot in [6,
Section 8] in order to be language-, semantics- and abstraction-independent and
to handle monotone and antitone semantic functions simultaneously. Basically,
this process amounts to abstract any model transformer of Definition 3.2 by
the corresponding best correct approximation induced by the checking abstraction. For example, the predecessor transformer ⊕ : M → M is abstracted to
def
∀
∀
∀
∀
◦ ⊕ ◦ γM
: ℘(S) → ℘(S), where αM
◦ ⊕ ◦ γM
=p
g
re[τ ] = λS ∈ ℘(S).{s ∈
αM
τ
ττ
τ
τ
S | ∀s0 ∈ S. (s → s0 ) ⇒ s0 ∈ S} (cf. [6, Section 11.2]) is the best correct approxi∀
∀
, hM, ⊇i,h℘(S), ⊇i,γM
).
mation of ⊕ for the GI (αM
τ
τ
s def
The general scenario is as follows. E = X → ℘(S) is the set of state envi∀
∃
and αM
are extended pointwise to
ronments. The checking abstractions αM
def
∀
∃
s
∀
∀
(ξ(X)). The
environments: α̇M , α̇M : E → E , where, e.g., α̇M (ξ) = λX ∈ X.αM
process of abstraction then
compositionally
leads
to
the
following
abstract
statex
?
s
→
E
→
℘(S).
These
are
inbased semantics for the µ -calculus: [[·]]∀τ , [[·]]∃τ : Lx
?
µ
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ductively defined as one expects, following the lines of Definition 3.3. Thus, [[φ]]∀τ
corresponds to the classical state interpretation of a temporal formula φ.
Soundness of the abstract state-based semantics is by construction: for any
∀
∀ ∀
∃
∀ ∃
φ ∈ Lx
? and ξ ∈ E, αM ([[φ]]ξ) ⊇ [[φ]]τ α̇M (ξ) and αM ([[φ]]ξ) ⊆ [[φ]]τ α̇M (ξ).
τ
τ
τ
τ
µ
3.4

Completeness Issues

In general, completeness does not hold, even when the set of states is finite,
i.e., the containments above may well be strict (see the finite counterexample
given in [6, Counterexample (60)]). This means, for example, that there exist a
∀
∀
closed formula φ ∈ Lx
? and a state s ∈ S such that s ∈ αM ([[φ]]∅) r [[φ]]τ ∅, and
τ
µ
therefore trace-based and state-based model checking for φ are not equivalent:
Mτ , s |=trace φ (viz., Mτ ↓s ⊆ [[φ]]∅), while Mτ , s6|=state φ (viz., s 6∈ [[φ]]∀τ ∅). Intuitively,xincompleteness states that in order to deal with temporal specifications
?
of the µ -calculus, model checking algorithms should handle sets of traces instead
that sets of traces, and this is evidently infeasible.
Cousot and Cousot [6] identified the model transformers causing such incompleteness and provided some sufficient conditions ensuring completeness. In
view of Section 2, in the following, we will mostly adopt the convenient closure
operator approach to abstract domains.
The first incomplete transformer for the universal checking abstraction is
the predecessor operator ⊕, as shown in [6, Section 11.2]. In this case, the
following sufficient condition holds: for all X ∈ M, if X = F d(X) then
ρ∀Mτ (⊕(ρ∀Mτ (X))) = ρ∀Mτ (⊕(X)). In other words, the predecessor transformer
is complete for any forward-closed formula to check. Of course, dually, the successor model transformer is incomplete as well.
Disjunction, namely set union, is the second incomplete model transformer, as
observed in [6, Section 11.6]. Here, we have that for any X, Y ∈ M, if X = St(X)
or Y = St(Y ) then ρ∀Mτ (ρ∀Mτ (X) ∪ ρ∀Mτ (Y )) = ρ∀Mτ (X ∪ Y ). This means that
disjunction on at least one state-closed formula turns out to be complete.
The above sufficient
conditions allow to identify some meaningful complete
x
?
fragments of the µ -calculus. This is the case, for example, of the µ∀+ -calculus
considered in [6, Section 13], which is complete for the universal checking abstraction and subsumes the classical ∀CTL logic.
Finally, the reversal model transformer x is also incomplete, as shown by the
following example, although this is not explicitly mentioned in [6, Section 11].
def

Example 3.7. We follow the lines of [6, Counterexample (56)]. Let S = {◦, •}
def
and τ = {h◦, ◦i, h•, •i, h•, ◦i}. We have that Mτ = {hi, λk.◦i}i∈Z ∪{hi, λk.•i}i∈Z ∪
def
{hi, λk.(k < m ? • ¿ ◦)i}i,m∈Z . Let X = {hi, σi | ∀k ≥ i.σk = •}, and therefore
x
(X) = {hi, σi | ∀k ≤ i.σk = •}. Since Mτ ↓◦ 6⊆ X and Mτ ↓• = {hi, λk.•i}i∈Z ∪
{hi, λk.(k < m ? • ¿ ◦)i}i,m∈Z,i<m 6⊆ X, we have that ρ∀Mτ (X) = ∅, and hence
2
ρ∀Mτ (x (ρ∀Mτ (X))) = ∅. Instead, it turns out that ρ∀Mτ (x (X)) = Mτ ↓• .
Of course, a dual reasoning can be made for the existential checking abstraction: here, the incomplete model transformers are predecessor, successor,
conjunction and reversal.
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Absolute Complete Shells for Model Transformers

In this section we characterize the absolute complete shells of the checking closures for the incomplete model transformers identified in Section 3.4.
In the following, we will consider checking closures parameterized w.r.t. a
generic model M ∈ M satisfying the following hypothesis.
Hypothesis 4.1. For any universal and existential state closure, respectively
ρ∀M and ρ∃M , the model M ∈ M is such that ⊕(M ) = M = (M ) and ⊕(x (M )) =
x
(M ) = (x (M )).
This therefore means that M and its reversal x M are closed for forward and
backward time progresses. This is obviously satisfied by any model generated by
a transition system.
Remark 4.2. Any model Mτ ∈ M generated by a transition system hS, τ i satisfies the Hypothesis 4.1.
Predecessor. Let us first characterize the absolute complete shell of the universal
checking closure for the predecessor model transformer. Since the predecessor
operator is additive, this complete shell actually exists in view of Theorem 2.1,
and its set of fixpoints turns out to be as follows.
Theorem 4.3. The absolute complete shell S∀⊕M of ρ∀M for ⊕ exists and it is
characterized by the following set of fixpoints: MM⊇ ({ n (X) | n ∈ N, X ∈ ρ∀M }).
Thus, each arbitrary union (that is Moore-closure in hM, ⊇i) of arbitrary
powers of the successor transformer applied to fixpoints of the universal checking closure turns out to be a fixpoint of the closure S∀⊕M ∈ uco(hM, ⊇i). In other
terms, in order to minimally refine the checking closure ρ∀M to a complete closure for the predecessor transformer, one must close the image of ρ∀M under the
application of the inverse of the predecessor transformer, i.e., the successor.
We also provide an interesting characterization of the absolute complete shell
S∀⊕M as a mapping on models. First, we need to introduce the following notion.
−k
of
Definition 4.4. Given hi, σi ∈ T, M ∈ M and k ∈ N, the projection M↓hi,σi
M at the k-th past state of hi, σi is defined as follows:
−k
= {hj, βi ∈ M | βj−k = σi−k }.
M↓hi,σi
def

2
The k-th past state projection of a model is therefore a generalization of the
0
. The following result holds.
(current) state projection, since M↓σi = M↓hi,σi
Theorem 4.5. The absolute complete shell S∀⊕M of ρ∀M for ⊕ can be character−k
⊆ X}.
ized as follows: S∀⊕M = λX.{hi, σi ∈ M | ∃k ∈ N. M↓hi,σi
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Thus, for any X ∈ M, S∀⊕M (X) throws away from X all those traces either
which are not in M or which are in M but any past or current state of the
trace does not universally satisfy X. S∀⊕M (X) is actually a refinement of ρ∀M (X),
since ρ∀M (X) ⊆ S∀⊕M (X) ⊆ X ∩ M , and it characterizes exactly the least amount
of information that must be added to ρ∀M (X) in order to be complete for the
predecessor. The intuition is that while ρ∀M considers present states only (i.e.,
M↓σi ⊆ X), as expected, completeness for the predecessor forces to take into
−k
⊆ X). Thus, the basic idea is “to
account any past state (i.e., ∃k ∈ N. M↓hi,σi
prolong the abstract domain ℘(S) in the past”. This leads to design the following
abstract domain.
C def

Definition 4.6. Define ℘(S) = Z≤0 → ℘(S), where Z≤0 is the set of nonposC
˙ and ⊇,
˙
itive integers. ℘(S) is endowed with standard pointwise orderings ⊆
making it a complete lattice.
z def
= {hi, σi ∈ M | σi+z = s}.
Given z ∈ Z≤0 , s ∈ S and M ∈ M, define M↓s
C
C
⊕
⊕
The mappings α∀M : M → ℘(S) and γ∀M : ℘(S) → M are defined as follows:
z
⊆ X};
α∀⊕M (X) = λz ∈ Z≤0 . {s ∈ S | M↓s
def

γ∀⊕M (Σ) = {hi, σi ∈ M | ∃k ∈ N. σi−k ∈ Σ−k }.
def

2

Corollary 4.7. (α∀⊕M , M⊇ , ℘(S) ⊇˙ , γ∀⊕M ) is a GC, and additionally a GI when
M = Mτ for some transition system hS, τ i, inducing the closure S∀⊕M ∈ uco(M⊇ ).
C

Hence, the above result provides a concrete representation for one possible
and simple abstract domain for the closure S∀⊕M . The abstract domain ℘(S)⊇ of
∀
is refined to a domain of infinite sequences
the universal checking abstraction αM
of sets of states. Such sequences are indexed over Z≤0 , and this aims at recalling
C
that for any Σ ∈ ℘(S) and i ∈ N, Σ−i ∈ ℘(S) is a set of states at time −i ∈ Z≤0 .
⊕
∀
in the
Basically, α∀M can be viewed as the most natural “prolongation” of αM
past.
Example 4.8. The example [6, Counterexample (56)] has been used to show
∀
is not complete for ⊕. The setting has been already recalled
that, in general, αM
def
in Example 3.7. Let X = {hi, σi | i ∈ Z, ∀j < i. σj = •}. It is observed in [6,
Counterexample (56)] that ∅ = ρ∀Mτ (⊕(ρ∀Mτ (X))) ( ρ∀Mτ (⊕(X)). Instead, it is
not hard to check that for S∀⊕M completeness does hold:
τ
S∀⊕M (⊕(X)) =
τ
= Mτ ↓• = {hi, λk.•i | i ∈ Z} ∪ {hi, λk.(k < m ? • ¿ ◦)i | i, m ∈ Z, i < m} =
2
= S∀⊕M (⊕(S∀⊕M (X))).
τ

τ

Disjunction. Let us turn to disjunction, i.e. union ∪, the second incomplete
model transformer. Here again, the absolute complete shell of ρ∀M for (finite)
disjunction exists by Theorem 2.1, because union on M⊇ is trivially additive.
Theorem 4.9. The absolute complete shell S∀∪M of ρ∀M for ∪ exists and it is
characterized as follows:
(1) The set of fixpoints of S∀∪M is {X ∈ M | X ⊆ M };

150

F. Ranzato

(2) S∀∪M = λX.X ∩ M ;
def
(3) S∀∪M is the closure induced by the GI (α∀∪M , M⊇ , ℘(M )⊇ , γ∀∪M ), where α∀∪M =
∪ def
λX.X ∩ M and γ∀M = λX.X.
Thus, this shows that the absolute complete shell S∀∪M of the universal checking closure for the union of models is essentially the identity mapping. More
precisely, given the model to check M , one simple (actually, in a natural sense,
it could be termed the simplest) abstract domain equivalent to the closure S∀∪M
is ℘(M )⊇ endowed with the abstraction map λX.X ∩ M which merely removes
those traces which are not in M . This can be read as stating that completeness
for disjunction requires all the traces in M .
∀
is not comExample 4.10. [6, Counterexample (58)] shows that, in general, αM
def
plete for ∪. The setting is still that of Example 3.7. Let X1 = {hi, σi | i ∈ Z, ∃k ≥
def
i.∀j ≥ k. σj = ◦} and X2 = {hi, σi | i ∈ Z, ∀k ≥ i. σk = •}. [6, Counterexample (58)] observes incompleteness: ρ∀Mτ (ρ∀Mτ (X1 ) ∪ ρ∀Mτ (X2 )) ( ρ∀Mτ (X1 ∪ X2 ).
For the absolute complete shell S∀∪Mτ , instead, we have that:
S∀∪Mτ (X1 ) = X1 ∩ Mτ = {hi, λk.◦i | i ∈ Z} ∪ {hi, λk.(k < m ? • ¿ ◦)i | i, m ∈
Z, i ≤ m},
S∀∪Mτ (X2 ) = X2 ∩ Mτ = {hi, λk.•i | i ∈ Z},

S∀∪Mτ (X1 ∪ X2 ) = S∀∪Mτ (X1 ) ∪ S∀∪Mτ (X2 ),

and this easily implies that S∀∪Mτ (S∀∪Mτ (X1 ) ∪ S∀∪Mτ (X2 )) = S∀∪Mτ (X1 ∪ X2 ). 2
Reversal. Let us consider reversal, the last incomplete model transformer. Again,
the absolute complete shell of ρ∀M for the reversal exists by Theorem 2.1, because
the reversal operator x on M⊇ is obviously additive.
Theorem 4.11. The absolute complete shell S∀xM of ρ∀M for x exists and it is
characterized as follows:
(1) The set of fixpoints of S∀xM is MM⊇ (ρ∀M ∪ {x (X) ∈ M | X ∈ ρ∀M });
(2) S∀xM = λX.ρ∀M (X) ∪ x (ρ∀M (x (X)));
(3) S∀xM is the closure operator induced by the GC (α∀xM , M⊇ , ℘(S)2⊇ , γ∀xM ), where
def
∀
∀
x def
∀
∀
x
(X), αx
α∀xM = λX.hαM
M (X)i and γ∀M = λhX1 , X2 i.γM (X1 ) ∪ γ M (X2 ).
The above result tells us that the complete shell S∀xM simply refines ℘(S) to
∀
∀
(X), αx
℘(S)2 , where a model X is abstracted to the pair hαM
M (X)i. Hence,
completeness for the reversal requires an additional component taking into account the universal checking abstraction for the reversed model x (M ). Also,
notice that the GC (α∀xM , M⊇ , ℘(S)2⊇ , γ∀xM ) can be also viewed as the direct (not
∀
∀
∀
∀
x
, M⊇ , ℘(S)⊇ , γM
) and (αx
reduced) product (see [5]) of (αM
M , M⊇ , ℘(S)⊇ , γ M ).
All the Model Transformers. To conclude our analysis, we characterize the absolute complete shell of ρ∀M for the set of all the model transformers of Definition 3.2. This exists by Theorem 2.1 because all the operations are continuous,
taking care of the following technicality. As far as the universal state closure
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transformer ∀ is concerned, the following restriction is needed. We just consider the unary restrictions λX.∀(N, X) : M → M, where N ⊆ M ∪ x (M ), of
the universal state closure transformer, because from the abstract interpretation viewpoint the binary transformer ∀ : M × M → M is problematic. In fact,
the binary operation ∀ is neither monotone nor antitone in its first argument,
and therefore it does not give rise to a concrete binary operation suitable to
abstract interpretation. On the other hand, given any N ∈ M, the unary restriction λX.∀(N, X) is monotone. As seen at the end of Section 3.1, this is enough
to recover the standard universal state quantification. In the sequel, we will use
def
the following compact notation: M ∗ = M ∪ x (M ). We have the following result.
Theorem 4.12. The absolute complete shell S∀M of ρ∀M for {σ S }S∈℘(S) ∪
{π t }t∈℘(S2 ) ∪ {⊕, ∩, ∪, ¬, x }∪{λX.∀(N, X)}N ⊆M ∗ exists and it is characterized
as follows:
(1) The set of fixpoints of S∀M is {X ∈ M | X ⊆ M ∗ };
(2) S∀M = λX.X ∩ M ∗ ;
def
(3) S∀M is the closure induced by the GI (α∀M , M⊇ , ℘(M ∗ )⊇ , γ∀M ), where α∀M =
def
∗
λX.X ∩ M and γ∀M = λX.X;
(4) S∀M = S∀∪M u S∀xM .
This shell must be complete both for disjunction and reversal, and therefore
S∀M results to be more concrete than the corresponding shells S∀∪M and S∀xM seen
above. Actually, it turns out that S∀M is precisely the glb in uco(M⊇ ) of these
two shells. Thus, this globally complete abstract domain is even more close to
the concrete domain of sets of generic traces, since the corresponding abstraction
is just “something less” than the identity.
It is also interesting to observe that when we leave out the reversal operator,
as expected, the complete shell becomes S∀∪M , as stated by the following result.
Theorem 4.13. S∀∪M is the absolute complete shell of ρ∀M for {σ S }S∈℘(S) ∪
{π t }t∈℘(S2 ) ∪ {⊕, ∩, ∪, ¬} ∪ {λX.∀(N, X)}N ⊆M .
Existential Checking Closure. The scenario for the existential checking closure is
dual to the universal case. The following statement collects the most important
characterizations.
Theorem 4.14.
def
−k
∩ X 6= ∅)} is the ab(1) S∃⊕M = λX.{hi, σi ∈ T | hi, σi ∈ M ⇒ (∀k ∈ N. M↓hi,σi
∃
solute complete shell of ρM for ⊕;
def
(2) S∃∩M = λX.X ∪ ¬M is the absolute complete shell of ρ∃M for ∩;
def
(3) S∃xM = λX.ρ∃M (X) ∪ x (ρ∃M (x X)) is the absolute complete shell of ρ∃M for x ;
def
(4) S∃M = λX.X ∪ ¬M ∗ is the absolute complete shell of ρ∃M for {σ S }S∈℘(S) ∪
{π t }t∈℘(S2 ) ∪ {⊕, ∩, ∪, ¬, x } ∪ {λX.∀(N, X)}N ⊆M ∗ .
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Completeness of Temporal Calculi

As already observed in Section 4, from the abstract
interpretation viewpoint,
x
?
the universal state closure connective ∀ of the full µ -calculus is somehow problematic, because, according to Cousot and Cousot’s [6] Definition 3.1, the binary
connective ∀ can be applied without any restriction, while its semantic counterpart, the universal state closure transformer ∀ : M × M → M, is neither monotone nor antitone in its first argument. On the other hand, given any N ∈ M,
the unary restriction λX.∀(N, X) : M → M is monotone, and this is enough
def
± (π ) : φ.
in order to have the standard universal state quantification: ∀φ = ∀ 
τ
This
naturally
leads
to
the
following
slight
“monotone”
restriction,
which
we call
x
x
?
?
µ - -calculus, of the µ -calculus.
x
?
Definition 5.1. Formulae φ of the µ - -calculus are inductively defined as follows:

φ ::= σ S | π t | X | ⊕ φ | φx | φ1 ∨ φ2 | ¬φ | µX.φ | νX.φ | ∀φ
x
?
where S ∈ ℘(S), t ∈ ℘(S × S), and X ∈ X. Lx
? denotes the set of µ -calculus
µformulae.
2
x
?

Of course,
the trace-semantics for the µ - -calculus is completely identical to
x
?
that of the µ -calculus given in Definition 3.3, but for the universal connective:
def
[[∀φ]]ξ = ∀(Mτ , [[φ]]ξ).
x
?
The main result of this section is then stated for the µ - -calculus. The scenario
is as follows. As seen in Section 3.3 for the universal and existential checking
abstractions, any abstraction of the domain M of concrete temporal models,
ordered
by the superset or subset relation,
induces an abstract semantics for
x
x
?
?
the µ -calculus, and therefore for the µ - -calculus. More in detail, for the universal case, given a model to check M ∈ M — which is supposed to be generated by a transition system hS, τ i — any closure operator, i.e. abstract domain,
def
ρ ∈ uco(M⊇ ), induces the set of abstract environments Eρ = X → ρ, and the
ρ
→ ρ. Given an environment
corresponding abstract semantics [[·]]ρ : Lx
? → E
µdef
ρ
ξ ∈ E, ρ̇(ξ) = λX.ρ(ξ(X)) ∈ E is the corresponding abstract environment inρ
duced by ρ. Soundness, i.e., ∀φ ∈ Lx
? .∀ξ ∈ E. ρ([[φ]]ξ) ⊇ [[φ]] ρ̇(ξ), holds by
µconstruction (cf. [6, Theorem (40)]), while completeness for ρ means that equality always holds. We therefore have the following theorem.
subset image containment) closure opTheorem 5.2. S∀M is the least (w.r.t.
x
?
erator on M⊇ (1) complete for the µ - -calculus and (2) containing the universal
checking closure ρ∀M .
x
?
It is important to stress that since the µ - -calculus involves (least and greatest) fixpoints, no general result in [8] ensures the existence of the above complete
abstract domain. Nevertheless, the above result shows that this complete shell
does exist, and it coincides with the absolute complete shell S∀M relative to all
the temporal connectives seen in Theorem 4.12, namely the identity on sets of
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traces in M or its reversal. Hence, in this case, fixpoints do not affect the outcome. This complete shell induces an abstract semantics which essentially is the
trace-based semantics itself. Thus, this key result can be interpreted as follows: if
we want to refine the state-based model checking — i.e.,
the classical domain of
x
?
sets of states — in order to be trace-complete for the µ -calculus, we ineluctably
get the trace-based semantics itself.
When the reversal connective is not included, analogously to Theorem 4.13
we get the following characterization.
?
Definition 5.3. Formulae φ of the µ - -calculus are defined as follows:
φ ::= σ S | π t | X | ⊕ φ | φ1 ∨ φ2 | ¬φ | µX.φ | νX.φ | ∀φ
where S ∈ ℘(S), t ∈ ℘(S × S), and X ∈ X.

2

S∀∪M

is the least (w.r.t. subset image containment) closure opTheorem 5.4.
?
erator on M⊇ (1) complete for the µ - -calculus and (2) containing the universal
checking closure ρ∀M .
The Existential Case. The situation is fully dual: we simply state the result.
subset image
Theorem 5.5. S∃M and S∃∪M are, respectively, the least (w.r.t.
x
?
containment) closures on M⊆ (1) complete, respectively, for the µ - -calculus and
?
for the µ - -calculus, and (2) containing the existential checking closure ρ∃M .

6

Conclusion
x
?

In the context of a novel and rich temporal specification language called µ -calculus, Cousot and Cousot [6] showed that classical state-based x
model checking is
?
an abstract interpretation of the trace-based semantics for the µ -calculus, which
is incomplete. In this paper, we have characterized the least, i.e. least
informative,
x
?
refinement of the state-based model checking semantics of the µ -calculus which
is complete w.r.t. the trace-based semantics, and this turns out to be essentially
the trace-based semantics itself.
Cousot and Cousot [6, Section 14] also showed that standard abstract model
checking [2,3,7,10] using a surjective mapping from concrete states to a set of
abstract states can be understood as a further step of abstraction over the statebased model checking semantics. Analogously to what has been studied in this
paper, this opens the question of minimally refining abstract model checking in
order to get completeness, which is a very desirable property when performing
model checking for abstract models. Some recent results in this direction for
ACTL∗ are given by Clarke et al. in [1].
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