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Abstract. In this paper it is shown how to perform hand-eye calibration 
using only the normal flow field and knowledge about the motion of the 
hand. The proposed method comprise a simple way to calculate the hand
eye calibration when a camera is mounted on a robot. Firstly, it is shown 
how the orientation of the optical axis can be estimated from at least 
two different translational motions of the robot. Secondly, it is shown 
how the other parameters can be obtained using at least two different 
motions containing also a rotational part. In both stages, only image 
gradients are used, i.e. no point matches are needed. As a by-product, 
both the motion field and the depth of the scene can be obtained. The 
proposed method is illustrated in experiments using both simulated and 
real data. 

1 lntroduction 

Computer vision and autonomous systems have been fields of active research 
during the last years. One of the interesting applications is to combine computer 
vision techniques to help autonomous vehicles performing their tasks. In this 
paper we are aiming at an application within robotics, more specifically, using 
a camera mounted on the robot arm to aid the robot in performing different 
tasks. When a camera is mounted by an operator onto the robot arm, it cannot 
be assumed that the exact location of the camera with respect to the robot is 
known, since different cameras and mounting devices can be used. lt might even 
be necessary to have a flexible mounting device in order to be able to perform 
a wide variety of tasks. This problem, called hand-eye calibration, will be dealt 
with in this paper. 

Hand-eye calibration is an important task due to (at least) two applications. 
Firstly, in order to have the vision system guiding the robot to, for example, 
grasp objects, the orientation of the different coordinate systems are essential to 
know. Secondly, when the robot is looking at an object and it is necessary to take 
an image from a different viewpoint the hand-eye calibration is again necessary. 
We will throughout the paper assume that the robot-hand calibration is known, 
which implies that the relation between the robot coordinate system and the 
hand coordinate system is known. This assumption implies that we may take 
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advantage of the possibility to move the hand of the robot in any predetermined 
way with respect to the robot coordinate system. In fact, this possibility will 
be used as a key ingredient in the proposed method for hand-eye calibration. 
We will furthermore assume that the camera is calibrated, i.e. that the intrinsic 
parameters are known. The problem of both recovering the hand-eye calibration 
and the robot-hand calibration has been treated in [3, 13, 12]. 

Hand-eye calibration has been treated by many researchers, e.g. [10, 11, 2, 4]. 
The standard approach relies on (i) a known reference object (calibration object) 
and (ii) the possibility to reliably track points on this reference object in order 
to obtain corresponding points between pairs of images. This approach leads to 
the study of the equation AX = XB, where A, X and B denote 4 x 4 matrices 
representing Euclidean transformations. A and B denote the transformations 
between the first and second position of the robot hand (in the robot coordinate 
system) and the camera (in the camera coordinate system - estimated from 
point correspondences) respectively and X denotes the transformation between 
the hand coordinate system and the camera coordinate system, i.e. the hand-eye 
calibration. 

The hand-eye calibration problem can be simplified considerably by using 
the possibility to move the robot in a controlled manner. In [8] this fact has 
been exploited by first only translating the camera in order to obtain the rota
tional part of the hand-eye transformation and then making motions containing 
also a rotational part in order to obtain the translational part of the hand-eye 
calibration. This approach makes it also possible to cope without the calibration 
grid, but it is necessary to be able to detect and track points in the surrounding 
world. 

We will go one step further and solve the hand-eye calibration problem with
out using any point correspondences at all. Instead we will use the normal flow 
(e.g. the projection of the motion field along the normal direction of the image 
gradients - obtained directly from the image derivatives) and the possibility to 
make controlled motions of the robot. We will also proceed in two steps; (i) mak
ing (small) translational motions in order to estimate the rotational part of the 
hand-eye calibration and (ii) making motions containing also a rotational part 
in order to estimate the translational part. We will show that it is sufficient, at 
least theoretically, to use only two translational motions and two motions also 
containing a rotational part. The idea to use only the normal flow (instead of an 
estimate of the optical flow obtained from the optical flow constraint equation 
and a smoothness constraint) has been used in [1] to make (intrinsic) calibration 
of a camera. In this paper we will use this approach to make hand-eye (extrinsic) 
calibration. 

Our method for hand-eye calibration boils down to recovering the motion of 
the camera, using only image derivatives, when we have knowledge about the 
motion of the robot hand. This work has a lot in common with the work by 
Horn and Weldon [6] and Negahdaripour and Horn [9], where the same kind of 
intensity constraints are developed. We use, however, an active approach which 
allows us to choose the type of motions so that, for example, the unknown depth 
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parameter Z can be effectively eliminated. The equations are developed with the 
goal of a complete hand-eye calibration in mind and so that they effectively uses 
the information obtained in the preceding steps of the algorithm. 

The paper is organized as follows. In Section 2 a formal problem formulation 
will be given together with some notations. The hand-eye calibration problem 
will be solved in Section 3, where the estimate of the rotational part will be 
given in Section 3.1 and the estimate of the translational part will be given in 
Section 3.2. Some preliminary experimental results on both synthetic and real 
images will be given in Section 4 and some conclusions and directions of further 
research will be given in Section 5. 

2 Problem Formulation 

Throughout this paper we represent the coordinates of a point in the image 
plane by small letters (x, y) and the coordinates in the world coordinate frame 
by capital letters (X, Y, Z). In our work we use the pinhole camera model as our 
projection model. That is the projection is governed by the following equation 
were the coordinates are expressed in homogeneous form, 

(1) 

Here, f denotes the focal length, 'Y and s the aspect ratio and the skew and 
(x0 , y0 ) the principal point. These are called the intrinsic parameters. Fur
thermore, R and t denote the relation between the camera coordinate system and 
the object coordinate system, where R denotes a rotation matrix and t a trans
lation vector, i.e. a Euclidean transformation. These are called the extrinsic 
parameters. 

In this study of hand-eye calibration we assume that the camera is calibrated, 
i.e. that the intrinsic parameters are known, and that the image coordinates of 
the camera have been corrected for the intrinsic parameters. This means that 
the camera equation can be written as in (1) with f = l, 'Y = 1, s = 0 and 
(xo, Yo) = (0, 0). With these parameters the projection simply becomes 

(2) 

where the object coordinates have been expressed in the camera coordinate sys
tem. 

The hand-eye calibration problem boils down to finding the transformation 
H = (R, t) between the robot hand coordinate system and the camera coordinate 
system, see Figure 1. In the general case this transformation has 6 degrees of 



496 H. Malm and A. Heyden 

freedom, 3 for the position, defined by the 3-vector t and 3 for the orientation, 
defined by the orthogonal matrix R. We will solve these two parts separately, 
starting with the orientation. 

H = (R, t) 

Fig. 1. The relation between the robot coordinate system and the camera coordinate 
system. 

To find the orientation of the camera we will calculate the direction D = 
( D x, Dy, D z), in the camera coordinate system, of at least two known trans
lations of the robot hand, in the robot hand coordinate system. The relation 
between these directions in the two different coordinate systems will give us 
the orientation, R, between the two coordinate systems in all the 3 degrees of 
freedom. 

For the position we would like to find the translation T = (Tx, Ty, Tz) 
between the robot hand coordinate system and the camera coordinate system as 
seen in the robot coordinate system. Translation of the robot hand coordinate 
system will not give any information about T, as Ma also pointed out in [8]. 
Therefore, we will instead use rotations to find T. The procedure for this will be 
fully explained below in Section 3.2. 

The main goal of our approach is to be able to do a complete hand-eye 
calibration without at any point having to extract any features and match them 
between images. To this end we use the notion of normal flow. The normal flow 
is the apparent flow of intensities in the image plane through an image sequence, 
i.e. the orthogonal projection ofthe motion field onto the image gradient. We will 
look at only two subsequent images in the current method. We will below briefly 
derive the so called optical fiow constraint equation which is the cornerstone in 
our method. Note that our usage of the term normal flow means the motion 
of the intensity patterns, defined by the spatial and temporal image intensity 
derivatives, Ex, Ey and Et, is not the same as the estimate of the motion field 
obtained from the optical flow constraint equation and a smoothness constraint. 

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������
��������

��
��
��

��
��
��

�
�
�

�
�
�
��

����

��
��
��
��

����

��

�
�
�

�
�
�

�
�
�
�

����

������

����

H = (R, t)



Hand-Eye Calibration from Image Derivatives 497 

If we think of an image sequence as a continuous stream of images, let 
E(x, y, t) be the intensity at point (x, y) in the image plane at timet. Let u(x, y) 
and v(x, y) denote components of the motion field in the x and y directions 
respectively. Using the constraint that the gray-level intensity of the object is 
(locally) invariant to the viewing angle and distance we expect the following 
equation to be fulfilled. 

E(x + u8t, y + v8t, t + 8t) = E(x, y, t) (3) 

That is, intensity at timet+ 8t at point (x + u8x, y + v8y) will be the same as 
the intensity at ( x, y) at time t. If we assume that the brightness vary smoothly 
with x,y and t we can expand (3) in a Taylor series giving 

8E 8E 8E 
E(x, y, t) + 8x ßx + 8y ßy + 8t8t + e = E(x, y, t) (4) 

Here, e is is the error term of order 0((8t)2). By cancelling out E(x, y, t), dividing 
by 8t and taking the limit as 8t ---+ 0 we receive 

where 

{ 

u = ~;, 
8y 

V= 8t ' 

(5) 

(6) 

which denotes the motion field. The equation (5) is often used together with a 
smoothness constraint to make an estimation of the motion field, see e.g. [5]. 
In our method we will, however, not need to use such a smoothness constraint. 
Instead we will use what we know about the current motion and write down 
expressions for u(x,y) and v(x,y). By constraining the flow (u,v) in this way 
we will be able write down linear systems of equations of the form (5) which 
we can solve for the unknowns contained in the expressions for u and v. These 
unknowns will be shown to be in direct correspondence to the vectors D and T 
above, that is, to the unknowns of the hand-eye transformation. 

3 Hand-Eye Calibration 

In this section we will, in two steps, explain in detail our method. We will as 
the first step start with the orientation part of the transformation H. This is 
crucial since the result in this part will be used to simplify the calculations of 
the position part. 
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3.1 The Orientation of the Camera 

The orientation of the camera will be obtained by translating the robot hand 
in at least two known separate directions in the robot hand coordinate system. 
As mentioned above we aim at stating expressions for the field components u 
and v. These expressions will contain the unknown direction D in the camera 
coordinate system of the current translation. To make the procedure as easy as 
possible we will choose the directions of the translations so that they coincide 
with two of the axes of the robot hand coordinate system. Then we know that 
the perceived directions in camera coordinate system exactly correspond to these 
two axes in robot hand coordinate system. The direction of the third axis can 
be obtained from the vector product or by making a third translation. 

Following a way of expressing the motion field explained also in e.g. [7] and 
[5], we will start by expressing the motion of a point P = (X, Y, Z) in a the 
object coordinate system, which coincide with the camera coordinate system. 
Let V= (X, Y, Z) denote the velocity of this point. 

Now we translate the robot hand along one axis in the robot hand coordinate 
system. Let D = (Dx, Dy, Dz) denote the translation ofthe point Pin the camera 
coordinate system. Then 

(X, Y, Z) = -(Dx, Dy, Dz) (7) 

The minus sign appears because of the fact that we actually model a motion 
of the camera, but instead move the points in the world. The projection of the 
point Pis governed by the equations in (2). Differentiating these equation with 
respect to time and using (6) we obtain 

{ 

. x xz 1 
u =X= ~ - z~ = -z(Dx - xDz), 

. Y YZ 1 
v =y = z - Z2 = - z(Dy -yDz) 

(8) 

where the projection equations (2) and (7) have been used. The equation (8) 
gives the projected motion field in the image plane expressed in the translation 
D given in the camera coordinate system. This is the motion field that we will 
use together with optical flow constraint equation (5). 

Inserting (8) in (5) gives, after multiplication with Z, 

(9) 

The spatial derivatives are here taken in the first image, before the motion, so 
they will not depend on the current translation D. Et on the other hand will 
depend on D. Let N denote the number of pixels in the image. We obtain one 
equation of the form (9) for every pixel in the image. If we look at the unknowns 
ofthis set of equations, we have one unknown depth parameter, Z, for each pixel 
and equation, but the translation parameters (Dx, Dy, Dz) is the same in every 
pixel. Therefore the linear system of equations of the form (9) taken over the 
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whole image has N equations and N + 3 unknowns. Let A denote the system 
matrix of this system of equations. 

To obtain more equations of the form (9) but only 3 more unknowns we make 
another translation but now in a direction along another axis in the robot hand 
coordinate system. Let fJ = (Dx, i\, Dz) denote this new translation direction in 
the camera coordinate system. Then the new equations of the form (9) becomes 

(10) 

Notice that Ex and Ey is the same as in (9) but Et have changed to Et . The 
depth parameters Z(x, y) in (10), which is the depth at point (x, y) in the original 
reference image, is the same as in the equations (9) resulting form the first mo
tion. The only new unknowns are the new translation vector fJ = (Dx, Dy, Dz). 
Let A be the system matrix of this new system of equations resulting from the 
second translation. Put together the equations from system A and system A in 
a new linear system M. This system will now have 2N equations but only N + 6 
unknowns. 

Primarily, we are only interested in the unknowns D and fJ. To make the 
system M more stable with respect to these unknowns, and also in order to 
reduce the number of equations, we will eliminate Z in M. Pair together the 
equations that correspond to the same pixel in the first reference image. Then 
Z can be eliminated from (9) and (10) giving 

- ExEtDx - EyEtDY + (Exx + Eyy)EtDz + ExEtDx + 
+ EyEtDY + (Exx + Eyy)EtDz = 0 (11) 

Taking the equations of the form ( 11) for each pixel in the first image a new linear 
system M' is obtained with N equations and only the 6 direction components as 
unknowns. Observe that the estimates of the directions D and fJ give the known 
directions of the robot hand, v and barv, in the camera coordinate system. 
The rotational part of the hand-eye calibration can easily be obtained from the 
fact that it maps the directions v and barv to the directions D and fJ and is 
represented by an orthogonal matrix. 

Another approach would be to use also a third translational motion of the 
robot hand, resulting in three different equations like (9) containing 9 different 
translation parameters and N depths. Eliminating the depths for each pixel gives 
two linearly independent equations in the 9 translational parameters for each 
pixel, i.e. in total 2N equations in 9 parameters. Observe also that an estimate 
of the depth of the scene can be obtained by inserting the estimated translation 
parameters into the constraints (9). Note that for pixels where Et = 0 the depths 
can not be estimate from (9) since the coefficient for Z is equal to 0. 

3.2 The Position of the Camera 

To find the position of the camera in relation to the robot hand, rotational 
motions have to be used. Pure translational motions will not give any information 
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about the translation between the robot hand and the camera. We will now write 
down the motion field ( u(x, y), v(x, y)) for the rotational case in a similar fashion 
as we did for the translational case. 

Describe the motion of the points in the camera coordinate system by a 
rotation around an axis that does not have to cross the focal point of the cam
era. Let f2 = (flx, fly, flz) denote the direction of this axis of rotation and 
P = (X, Y, Z) the coordinates of a point in the camera coordinate system. Fur
thermore, let the translation between the origin of the robot hand coordinate 
system and the focal point be described by the vector T = (Tx, Ty, Tz), see 
Figure 2. This is the vector that we want to calculate. 

y p 
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1: . 
1.-· _.--· e "-, 
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1 1 
\ / 

Fig. 2. Rotation around the direction Q = (0, 0, 1). The X-axis is pointing out from 
the picture. The orientation ofthe camera is here only a rotation around the X-axis, for 
simplicity. The dashed coordinate systems corresponds to the first and second centers 
of the rotations. 

Let the axis of rotation cross the origin of the robot hand coordinate system. 
Then the velocity V= (X, Y, Z) of the point Pin the camera coordinate system 
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resulting from a rotation around this axis will be equal to -D x (P - T), i.e. 

{ 

~ = -rly(Z -Tz)+ rlz(Y -Ty) = -rlyZ + rlzY + rlyTz - rlzTy, 

Y = -rlz(X -Tx) + rlx(Z -Tz)= -rlzX + rlxZ + rlzTx - rlxTz, 

Z = -rlx(Y -Ty) + rly(X -Tx) = -rlxY + rlyX + rlxTy - rlyTx . 
(12) 

Here, the equations have been rewritten to the form of a rotation around an axis 
that crosses the focal point plus a term that can be interpreted as a translation 
in the camera coordinate system. Using the velocity vector (12) and equations 
(2) and (8) the motion field now becomes 

u = rlxxy - (l + X )Dy+ rlzy + xrlyz - (xrlx + rlz)z + [2yz, 

{ 

2 Tx Ty Tz 

2 Tx Ty Tz 
V= rlx(l + y ) - [2yxy + rlzx + (rlz + yrlz)Z - yrlxz - [2Xz 

(13) 

This field will be plugged into the optical flow constraint equation (5). Since we 
know the axis of rotation, the first three terms of the equations for u and v are 
known. Let 

E; =Et+ Ex (rlxxy - rly(l + x2
) + rlzy) + Ey (rlx(l + y2

) - rlyxy + rlzx) 
(14) 

Here, E; is a known quantity and the motion field (13) plugged into (5) can be 
written as (after multiplication with Z) 

where 

ATx + BTy + CTz + ZE; = 0, 

{ 

A = Exrlyx + Ey(rlz + yrly), 

B = -Ex(xrlx + rlz) - Eyrlxy, 

C = Ex[2Y - Eyrlx . 

(15) 

(16) 

This resembles the equations obtained in Section 3.1. We will also here eliminate 
the depth Z by choosing a new motion. A difference is that in this case we are 
not only interested in the direction of the vector T, but also the length of T. 
To be able to calculate this the center of rotation will be moved away from the 
origin of the robot hand a known distance e = (ex, ey, ez) and a new rotation 
axis fl is chosen. This leads to a new equation of the form (15) 

.A(Tx+ex)+B(Ty+ey)+C(Tz+ez)+ZE't=O. (17) 

Here, A,B,C and E't corresponds to (19) and (14) for the new rotation axis fl. 
Pairing together (15) and (17) and eliminating the depth Z gives 

(E;A - E;A)Tx + (E;B - E;B)Ty + (E;c - E;c)Tz = E;(Aex +Bey+ Cez) 
(18) 
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We have one equation of this kind for each of the N pixels in the image and only 
3 unknowns. Solving the over-determined linear equation system using least
squares gives us the translational part of the hand-eye transformation in the 
camera coordinate system. lt is then a simple task to transfer this translation 
to the robot hand coordinate system if wanted. 

The direction of the second rotation axis D do not necessarily have to be 
different from the first D. For example, choosing J2 = {l = (0, 0, 1), i.e. the 
rotation axis is parallel to the optical axis, we get 

(19) 

Equation (18) then reduces to 

Ey(E; - EDTx - Ex(E; - EDTy = E;(Eyex - ExeY) (20) 

where 

E; =Et+ ExY + Eyx, 

E; = Et + Exy + Evx . 
(21) 

This equation system gives a way of calculating Tx and Ty, but Tz is lost and 
must be calculated in another manner. To calculate Tz we can, for example, 
instead choose J2 = {l = (1, 0, 0) which gives a linear system in Ty and Tz. 

4 Experiments 

In this section the hand-eye calibration algorithm is tested in practice on both 
synthetic and real data. On the synthetic sequence the noise sensitivity of the 
method is examined. 

4.1 Synthetic Data 

A synthetic image E was constructed using a simple raytracing routine. The 
scene consists of the plane Z + f = 10 in camera coordinate system. The texture 
on the plane is described by I(X, Y) = sin(X) + sin(Y) in a coordinate system 
of the plane with origin at O = (0, 0, 10) in the camera coordinate system, see 
Figure 3. The extension of the image plane is from -1 to 1 in both the X and Y 
direction. The image is discretized using a step-size of 8x = 0.01 and 8y = 0.01, 
so that the number of pixels is equal to N = 201 x 201. 

The spatial derivatives, Ex and Ey, has in the experiments been calculated 
by convolution with the derivatives of a Gaussian kernel. That is Ex = E * Gx 
and Ey = E * Gy where 

(22) 
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Fig. 3. An image from the computer generated sequence 

The temporal derivatives were calculated by simply taking the difference of 
the intensity in the current pixel between the first and the second image. Before 
this was done, however, the images was convolved with a standard Gaussian 
kernel, of the same scale as the spatial derivatives above. The effect of the scale 
parameter a has not been fully evaluated yet, but the experiments indicate that 
a should be chosen with respect to the magnitude of the motion. If the motion is 
small, a should also be chosen rather small. In the experiments on the orientation 
part, a value of a between 0.5 and 3 was used. In the position part values higher 
than 3 was usually used. 

Orientation We have used three translations at each calculation to get a linear 
system with 3N equations and 9 unknowns. The use of two translations, as 
described in the Section 3.1, gives a system with N equations and 6 unknowns, 
which seemed equally stable. The resulting direction vectors 

( D x, Dy, D z, 15 x, Dy, 15 z, iJ x, Dy, iJ z) 

of some simulated translations are shown in Table 1. The result has been nor
malized for each 3-vector. 

As a reference, the directions were also calculated using the current method 
with exact spatial and temporal derivatives for each motion, i.e. by calculating 
the derivatives analytically and then using these to set up the linear system 
of equations of the form (11). These calculations gave perfect results, in full 
accordance with the theory. In Table 1 the variable t indicates the time and 
corresponds to the distance that the robot hand has been moved. The value of 
t is the length of the translation in robot hand coordinate system. An apparent 
motion in the image of the size of one pixel corresponds in these experiments 
to approximately t = 0.15. In the first column, t = 0 indicates that the exact 
derivatives are used. 

The experiments shows that the component of the translation in the Z direc
tion is most diflicult to obtain accurately. The value of this component is often 
underestimated. Translations in the XY- plane, however, always gave near per-
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fect results. Translations along a single axis also performed very well, including 
the Z-axis. 

Table 1. Results of the motion estimation using the synthetic image data. The pa
rameter t indicates the length of the translation vector in the robot hand coordinate 
system. 

11 t = o lt= 0.05, u = o.5lt = 0.1, u = o.5lt = 0.2, u = i1t = o.3, u = 1.~I 

0.5774 0.5826 0.5829 0.5846 0.5896 
0.5774 0.5826 0.5885 0.6054 0.6289 
0.5774 0.5667 0.5603 0.5401 0.5067 
0.7071 0.7078 0.7078 0.7094 0.7094 
0.7071 0.7064 0.7064 0.7045 0.7036 

0 0.0012 0.0063 0.0211 0.0411 
0 0.0019 0.0067 0.0236 0.0513 
1 1.0000 1.0000 0.9996 0.9981 
0 0.0014 0.0049 0.0157 0.0346 

The method is naturally quite sensitive to noise since it based fully on approx
imations of the intensity derivatives. The resulting direction of some simulated 
translations is shown in Table 2 together with the added amount of Gaussian 
distributed noise. The parameter <7n corresponds to the variation of the added 
noise. This should be put in relation to the intensity span in the image, which 
for the synthetic images is -2 to 2. If the image is a standard gray-scale image 
with 256 grey-levels, Cln = 0.02 corresponds to approximately one grey-level of 
added noise. 

Table 2. Results of the motion estimation using images with added Gaussian noise. 
The parameter <7n indicates the variation of the added noise. The intensity span in the 
image is from -2 to 2. 

t=0 t = 0.1 t = 0.1 t = 0.1 t = 0.1 
<7n = 0 <7n = 0.01 <7n = 0.02 <7n = 0.03 <7n = 0.05 

0.5774 0.5899 0.5833 0.5928 0.5972 
0.5774 0.5944 0.6016 0.6088 0.6132 
0.5774 0.5465 0.5457 0.5272 0.5171 
0.7071 0.7083 0.7030 0.7074 0.7025 
0.7071 0.7058 0.7109 0.7066 0.7117 

0 0.0145 0.0208 0.0180 0.0054 
0 0.0132 0.0185 0.0145 0.0118 
1 0.9998 0.9997 0.9999 0.9999 
0 0.0117 0.0132 0.0094 0.0036 
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Position The algorithm for obtaining the translational part of the hand-eye 
transformation was tested using the same kind of synthetic images as in the 
preceding section. The experiments shows that the algorithm is sensitive to the 
magnitude of the angle of rotation and to the choice of the vector e. 

The algorithm performs well when using equation (20) to obtain Tx and Ty. 
Using this equation with T = (1, 1, 1),e = (3, 2, 1) and the angle ofrotation being 
0 = 1T /240, we get Tx = (1.0011) and Ty = (1.0254). With T = (7, 9, 5),e = 

(3, 1, 0) and 0 = 1T /240, we get Tx = 7.0805 and Ty = 8.9113. In these examples 
the scale of the Gaussian kernels was chosen as high as u = 6. 

The component Tz is however more difficult obtain accurately. Using f2 = 
t? = (0, 0, 1) as mentioned at the end of Section 3.2 and the same T,e and 0 as in 
the latter of the preceding examples, we get Ty = 9.1768 and Tz= 5.2664. This 
represents an experiment that worked quite well. Choosing another e and 0, the 
result could turn out much worse. More experiments and a deeper analysis of 
the method for obtaining the position is needed to understand the instabilities 
of the algorithm. 

4.2 Real Data 

To try the method on a real hand-eye system, we used a modified ABB IRB2003 
robot which is capable of moving in all 6 degrees of freedom. The camera was 
mounted by a ball head camera holder on the hand of the robot so that the 
orientation of the camera could be changed with respect to the direction of the 
robot hand coordinate system. 

The two scenes, A and B, that has been used in the experiments, consist of 
some objects placed on a wooden table. Scene A is similar to scene B, except for 
some additional objects, see Figure 4. 

Fig. 4. Two images from the real sequences A (left) and B (right) 

Three translations were used for each scene. In the first translation the robot 
hand was moved along its Z-axis towards the table, in the second along the 
X-axis and in the third along the Y-axis. The orientation of the camera was 
approximately a rotation of -:'f radians around the Z-axis with respect to the 
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robot hand coordinate system. Therefore, the approximate normed directions 
of the translations as seen in the camera coordinate system were D = (0, 0, 1), 
D = F2(-l, 1,0) and D = F2(1, 1,0). 

The results of calculating the direction vectors in sequence A and B, using 
the method in Section 3.1, are presented in Table 3. The derivatives were in 
these experiments calculated using a = 2. The motion of the camera was not 
very precise and it is possible, for example, that the actual motion in sequence B 
for the translation along the Z-axis also contained a small component along the 
X-axis. More experiments on real image sequences are needed to fully evaluate 
the method. 

Table 3. The approximate actual motion compared with the calculated motion vectors 
from sequence A and B respectively. The direction vectors are normed for each 3-vector. 

IIApprox. actual motionlCalculated motion seq. AICalculated motion seq. B11 
0 0.1415 0.4068 
0 0.0225 0.1499 
1 0.9897 0.9011 

-0.7071 -0.5428 -0.6880 
0.7071 0.8345 0.7184 

0 0.0943 0.1028 
0.7071 0.7138 0.6492 
0.7071 0.7001 0.7590 

0 0.0183 0.0495 

5 Conclusions and Future Work 

We have in this paper proposed a method for hand-eye calibration using only 
image derivatives, the so called normal flow field. That is, we have only used 
the gradients of the intensity in the images and the variation of intensity in 
each pixel in an image sequence. Using known motions of the robot hand we 
have been able to write down equations for the possible motion field in the 
image plane in a few unknown parameters. By using the optical flow constraint 
equation together with these motion equations we have written down linear 
systems of equations which could be solved for the unknown parameters. The 
motion equations was constructed so that the unknown parameters correspond 
directly to the unknowns of the transformation H between the camera coordinate 
system and the robot hand coordinate system. 

The work was divided in two parts, one for the orientation, i.e. the rotation 
of camera with respect to the robot hand coordinate system, and one for the 
position of the camera, i.e. the translation between the camera coordinate system 
and the robot hand coordinate system. Some preliminary experiments has been 
made on synthetic and real image data. 
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The theory shows that a hand-eye calibration using only image derivatives 
should be possible but the results of the experiments on real data are far from 
the precision that we would like in a hand-eye calibration. This is, however, our 
first study of these ideas and the next step will be to find ways to make the 
motion estimation more stable in the same kind of setting. One thing to look 
into is the usage of multiple images in each direction so that, for example, a 
more advanced approximation of the temporal derivatives can be used. 
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