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Abstract. Koblitz, Solinas, and others investigated a family of elliptic
curves which admit faster cryptosystem computations. In this paper, we
generalize their ideas to hyperelliptic curves of genus 2. We consider the
following two hyperelliptic curves Cα : v2 + uv = u5 + α u2 + 1 defined
over F2 with α = 0, 1, and show how to speed up the arithmetic in the
Jacobian JCα(F2n) by making use of the Frobenius automorphism. With
two precomputations, we are able to obtain a speed-up by a factor of 5.5
compared to the generic double-and-add-method in the Jacobian. If we
allow 6 precomputations, we are even able to speed up by a factor of 7.

1 Introduction

Public-key cryptosystems based on the discrete logarithm problem on elliptic
curves over finite fields have been invented by Neal Koblitz [9] and Victor Miller
[17]. Elliptic curve cryptosystems became a popular choice for implementations.
The most important operation in an elliptic curve based cryptosystem is the
computation of m–folds with a positive integer m. That means computing mP
for a point P on an elliptic curve. For example, the complexity of the ElGamal
encryption scheme [3] and the Diffie-Hellmann key agreement protocol [2] on an
elliptic curve both depend mostly on the complexity of computing m–folds.

The standard method for computing m–folds in a group G is the double-
and-add-method. If P is an element of G and m a positive integer, doubles and
additions are performed with respect to the binary representation of m requir-
ing about log2(m) doubles and log2(m)/2 additions on average. Assuming that
doubles and additions have about the same complexity, this method requires
3 log2(m)/2 group operations. Allowing precomputations and using memory, var-
ious techniques apply to speed up the double-and-add-method (see [8]).

In [11,12,23,15,24], a family of elliptic curves was investigated which allows
to speed up the scalar multiplication considerably with the help of the Frobenius
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automorphism. They considered the elliptic curves E : u2 + uv = v3 + av2 + 1
defined over F2 with base field F2n , which are called elliptic Koblitz curves.

The fastest known attack to the elliptic curve discrete logarithm problem is
the parallelized Pollard’s rho method [20,22,27]. As noticed in [5,28], the attack
time to these curves can be reduced by a factor of

√
2n which causes one to

select slightly larger secure key parameters.
Hyperelliptic curve cryptosystems have been introduced by Neal Koblitz [10]

in 1989. Cantor’s algorithm [1] provides an effective algorithm for performing
the group law in the Jacobian of a hyperelliptic curve.

In this paper, we generalize the ideas for elliptic Koblitz curves to hyperellip-
tic curves of genus 2. We concentrate on the following two hyperelliptic curves

Cα : v2 + uv = u5 + αu2 + 1 (α = 0, 1) ,

which are defined over F2 and have the base field F2n where n is prime. These
curves are generalized Koblitz curves of genus 2 and are twists of each other.
Furthermore, they are the only non-supersingular curves mentioned in [10] and
thus resist the Frey-Rück-attack [4].

We want to point out that the curves Cα have two major advantages. Firstly,
the cardinality of the Jacobian of Cα, #JCα

(F2n), can be easily determined for
any n, whereas in general computing #JC(F2n) for a random hyperelliptic curve
over F2n of genus 2 appears to be difficult. Secondly, we can use the Frobenius
automorphism to eliminate many cryptosystem operations. On the cost of two
precomputations, we are able to speed up the computation ofm-folds by a factor
of 5.5. With 6 precomputations, we even obtain a speed-up by a factor of 7. On
the other side, a generalization of the methods in [5,28] shows that one can speed
up the attack to hyperelliptic cryptosystems by a factor of

√
2n, if the curve has

an automorphism of order n (see [7]). Since the curves Cα have at least an
automorphism of order n, namely the Frobenius automorphism, the attack to
cryptosystems based on the discrete logarithm in JCα

(F2n) can be sped up by a
factor of

√
2n. As in the case of an elliptic curve, one then has to adjust the size of

the key space marginally. Most of the results can be easily generalized to all other
genus 2 hyperelliptic curves and, more general, to curves of arbitrary genus [13].
However, for arbitrary curves, one has to be careful with the parameter choice
for g and n. Results in [6,7] seem to suggest that hyperelliptic curves of genus
g ≥ 4 are not as secure as elliptic curves.

2 Hyperelliptic Curves

2.1 Basic Definitions

For details on hyperelliptic curves we refer to [10,16,1,26]. Let Fq be a finite
field and Fq its algebraic closure. A non-singular hyperelliptic curve of genus g
is defined by the equation

C : v2 + h(u)v = f(u) in Fq[u, v] , (2.1)
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where h(u), f(u) ∈ Fq[u], degu(h) ≤ g, f(u) monic, degu(f) = 2g + 1, and if
y2+h(x)y = f(x) for (x, y) ∈ Fq ×Fq, then 2y+h(x) �= 0 or h′(x)y− f ′(x) �= 0.

Let Fqn be a subfield of Fq containing Fq. The set of Fqn–points P on C is
given by C(Fqn) = {(x, y) ∈ F2

qn | y2 + h(x)y = f(x)} ∪ {∞}, where ∞ denotes
the point at infinity. For a Fqn–point P = (x, y) ∈ F2

qn , the opposite P̃ of P is
immediately given by P̃ = (x,−y − h(x)). For P =∞ define P̃ =∞.

A divisor on C is a finite formal sum D =
∑

P mPP , where mP are inte-
gers that are 0 for almost all P . Then the degree of D is defined by degD =∑

P mP . D is said to be defined over Fqn , if1 Dσ =
∑

P mPP
σ = D for any

σ ∈ Aut (Fq/Fqn). The set DC(Fqn) of divisors of C defined over Fqn forms an
additive group which contains the finite subgroup D0

C(Fqn) of all degree zero di-
visors of D defined over Fqn . The greatest common divisor of D1 =

∑
P∈C mPP

and D2 =
∑

P∈C nPP in D0
C(Fqn) is defined by

gcd(D1, D2) =
∑
P∈C

min(mP , nP )P −
( ∑

P∈C

min(mP , nP )
)
∞ .

Furthermore, the divisor of a polynomial G(u, v) ∈ Fq[u, v] is defined by
div(G(u, v)) =

∑
P ordP (G)P −

∑
P ordP (G)∞, where ordP (G) is the order of

vanishing of G(u, v) at P . Now, the divisor of a rational function G(u, v)/H(u, v)
is called a principal divisor and is defined by div(G(u, v)/H(u, v)) = div(G(u,
v))−div(H(u, v)). We denote by IPC(Fqn) the group of principal divisors. Since
every principal divisor has degree 0, IPC(Fqn) is a subgroup of D0

C(Fqn). Finally,
the Jacobian of C over Fqn is given by

JC(Fqn) = D0
C(Fqn)/IPC(Fqn) .

2.2 Reduced Divisors

Let Cf be the set C − {∞} of finite points on C. A degree zero divisor D =∑
P∈Cf

mPP−
( ∑

P∈Cf
mP

)∞ is called semi-reduced, if it satisfies the following
conditions for each P ∈ Cf :

(i) mP ≥ 0.
(ii) If P �= P̃ and mP > 0, then mP̃ = 0.
(iii) If P = P̃ and mP > 0, then mP = 1.

A semi-reduced divisor is called reduced, if in addition
∑

P∈Cf

mP ≤ g .

Reduced divisors have the crucial property (see [19]) that for each degree zero
divisor D there exists a unique reduced divisorDr such that D−Dr is a principal
divisor. That means, the set of reduced divisors of C forms a complete system of
1 P σ denotes (σ(x), σ(y)), if P = (x, y) ∈ F

2
qn , and ∞, if P = ∞
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representatives for the divisor classes of C. Semi-reduced divisors can be repre-
sented uniquely in an advantageous way (see [16,19]): Let D =

∑
P∈Cf

mPP −( ∑
P∈Cf

mP

)∞ be a semi-reduced divisor which is defined over Fqn . We put
a(u) =

∏
P∈Cf

(u − xP )mP ∈ Fqn [u], where P = (xP , yP ). Then there exists a
unique polynomial b(u) ∈ Fqn [u] such that D = gcd(div(a(u)), (div(b(u) − v))
and
1. degu b < degu a,
2. b(xP ) = yP for each P ∈ Cf with mP �= 0,
3. a(u) divides b(u)2 + b(u)h(u)− f(u).
In this case, we write D = [a(u), b(u)]. It follows that every element D of JC(Fqn)
can be uniquely represented by two polynomials a(u), b(u) ∈ Fqn [u], where a(u)
is monic, deg b(u) < deg a(u) ≤ g, and a(u) divides b(u)2 + b(u)h(u)− f(u). We
notice that operations in the Jacobian can be performed by using the arithmetic
in Fqn [u]. Without explaining the algorithms here, we mention that there exists
an effective method to add two elements of the Jacobian which is known as
Cantor’s algorithm. For details we refer to [1,10,16]. The generic operation needs
17g2+O(g) operations in Fqn whereas doubling needs 16g2+O(g) operations in
Fqn (see [25])2. So, we can assume that both operations have roughly the same
complexity. It is important to note that inversion is basically for free, since the
negative of D = [a(u), b(u)] is given by −D = [a(u),−h(u)− b(u)].

2.3 Frobenius Automorphism

The Frobenius automorphism φ : Fq −→ Fq, x �−→ xq extends to an automor-
phism on the Jacobian of C. Namely, we put Pφ = (xq, yq) for P = (x, y) ∈
Fq × Fq, and ∞φ = ∞. For a divisor D =

∑
P∈C mPP of C define Dφ to

be
∑

P∈C mPP
φ. A very important property of the Frobenius action on semi-

reduced divisors is provided by the following

Theorem 2.1. Let C : v2 + h(u)v = f(u) be a hyperelliptic curve of genus g,
where h(u), f(u) ∈ Fq[u]. If D is a semi-reduced divisor of C which is defined
over Fqn , then the divisor Dφ is semi-reduced and defined over Fqn . In particular,
if D = [a(u), b(u)] with a(u), b(u) ∈ Fqn [u], then we have

Dφ = [a(u)φ, b(u)φ] .

Proof. Let D =
∑

P∈Cf
mPP−

( ∑
P∈Cf

mP

)∞ be a semi-reduced divisor which
is defined over Fqn . Since φ is an automorphism, each property, that Dφ has to
satisfy for being semi-reduced, follows from the condition thatD is semi-reduced.
φ commutes with any σ ∈ Aut(Fq/Fqn). Therefore, we have (Dφ)σ = (Dσ)φ =
Dφ for any σ ∈ Aut(Fq/Fqn). That means Dφ is defined over Fqn . Now, let
a(u) =

∏
P∈Cf

(u − xP )mP ∈ Fqn [u] and let b(u) be the unique polynomial
satisfying a)-c) in Section 2.2 such that
2 We remark that there exist even faster methods if the characteristic of Fqn is 2 and

if we use normal basis representation for elements in Fqn
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D = gcd(div(a(u)),div(b(u)− v)) = [a(u), b(u)] ,

Then

Dφ =
∑

P∈Cf

mPP
φ−( ∑

P∈Cf

mP

)∞ = gcd(div(a(u)),div(b(u)−v)) = [a(u), b(u)] ,

where a(u) =
∏

P∈Cf
(u − xq

P )
mP ∈ Fqn [u], and b(u) ∈ Fqn [u] is the unique

polynomial satisfying a)-c) in Section 2.2 for Dφ. Clearly, aφ(u) =
∏

P∈Cf
(u −

xq
P )

mP = a(u). It remains to show that bφ(u) = b(u). Firstly, we have degu b
φ <

degu a
φ = deg a, since degu b < degu a. Secondly, bφ(x

q
P ) = (b(xP ))q = yq

P

for each P ∈ Cf with mP �= 0. Thirdly, aφ(u) divides (b(u)2 + b(u)h(u) −
f(u))φ = bφ(u)2 + bφ(u)h(u)− f(u), since a(u) divides b(u)2 + b(u)h(u)− f(u)
and h(u), f(u) ∈ Fq[u]. Since b(u) is unique with these three properties for Dφ

and a(u) = aφ(u), we must have bφ(u) = b(u).

An important consequence of this theorem is that if D = [a(u), b(u)] is
a reduced divisor representing an element of JC(Fqn), then the action of the
Frobenius on D is given by Dφ = [a(u)φ, b(u)φ]. Notice that this is only true
since C is defined over the subfield Fq of Fqn . The interpretation is that if
a(u) =

∑k
i=0 aiu

i ∈ Fqn [u] and b(u) =
∑k′

i=0 biu
i ∈ Fqn [u] are the explicit rep-

resentations of a(u) and b(u), then aφ(u) =
∑k

i=0 a
q
iu

i and bφ(u) =
∑k′

i=0 b
q
iu

i.
The practical meaning of this observation is that if we use normal basis repre-
sentation for elements in Fqn , then aφ(u) and bφ(u) can be determined by simply
shifting the normal basis representation of each coefficient ai and bi in order to
compute Dφ. The complexity is therefore at most 2g cyclic shifts. These shift
operations are basically “for free” when compared to the more expensive group
operation in the Jacobian.

3 Algorithms for v2 + uv = u5 + α u2 + 1

For the remainder of the paper, we consider the curves Cα : v2 + uv = u5 +
αu2 + 1 with α = 0, 1 which are defined over F2. From [10], we know that the
characteristic equation of the Frobenius of the curve Cα is given by

T 4 + (−1)αT 3 + (−1)α2T + 4 = 0 . (3.2)

It follows that

−4D = φ4(D) + (−1)αφ3(D) + (−1)α2φ(D) (3.3)

for any D ∈ JCα(F2). Here, φ(D) := Dφ. The equation (3.2) has four solutions

τ1/2 = (−1)α+1(µ1 ± i
√
4− µ1)/2 , τ3/4 = (−1)α+1(µ2 ± i

√
4− µ2)/2 ,

where µ1/2 = (1 ± √17)/2. We put τ = τ1 and can regard τ as the element φ
in the automorphism ring of JC1(F2). As the roots for both curves are equal up
to signs, it suffices to consider C1. Analogous results hold true for the curve C0
with some slight modifications. In particular, #JC0(F2n) differs from #JC1(F2n)
only for odd n.
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3.1 Computing τ -Adic Expansions

We are interested in expansions like 11 = −τ7 + τ4 − 2τ2 + 3, which enable us
to compute 11D by 11D = −φ7(D) + φ4(D) − 2φ2(D) + 3D. More generally,
for a given integer m, we are interested in its τ -adic expansion m =

∑l−1
i=0 ciτ

i

with coefficients ci ∈ R, where R is a suitable subset of the integers. First, we
consider R = {0,±1,±2,±3}. In Sect. 5, we will vary the set R.

Let z = a+ bτ + cτ2+ dτ3 be any element of ZZ[τ ]. Since τ is a root of (3.2),
z is divisible by τ if and only if 4 | a as can be shown by direct computation.
Therefore, we must have τ | z − u for some u ∈ {0, 1, 2, 3}. It follows that

z − u = τ
((a− u

2
+ b

)
+ cτ +

(a− u
4

+ d
)
τ2 − a− u

4
τ3

)
. (3.4)

With R = {0,±1,±2,±3} we are able to realize the strategy ”at least one of four
consecutive coefficients is zero” when determining the ci’s. The basic algorithm
for computing τ -adic expansions of z = a+bτ+cτ2+dτ2 ∈ ZZ[τ ] is to choose an
u ∈ R such that 4 | z−u, to divide z−u by τ and then to repeat these two steps
with the new, replaced z′ = ((a−u)/2+b)+cτ+((a−u)/4+d)τ2−((a−u)/4)τ3,
see (3.4), until the resulting z′ will be zero. Then the sequence of those u’s will
be the sequence of the coefficients c0, . . . , cl−1 ∈ R we have searched for. We
proceed as follows:

1. If 4 | a, then τ | z and we clearly use u = 0.
2. If 4 � a, then since R = {0,±1,±2,±3} we have exactly two choices for u

and we can try to make one of the subsequent a’s divisible by 4:
(a) If 2 | b, then there is exactly one u ∈ R such that 4 | a − u and 4 |

((a− u)/2 + b), namely

b mod 4\a mod 8 1 2 3 5 6 7
0 1 2 3 −3 −2 −1
2 −3 −2 −1 1 2 3

Using these values for u, the actual u is non zero but the next one will
be zero.

(b) If 2 � b, then we are only able to make the third successor of the actual
a at the latest be divisible by 4 by using.

d mod 2\a mod 8 1 2 3 5 6 7
0 1 2 3 −3 −2 −1
1 −3 −2 −1 1 2 3

This strategy produces expansions m =
∑l−1

i=0 ciτ
i with coefficients ci in

R = {0,±1,±2,±3}, where cici+1ci+2ci+3 = 0 (i ∈ {0, . . . , l − 4}).
For an integer m, the expected length l of such an expansion is 2 log2 |m|.

Note that this is about twice as long as the binary expansion m =
∑
bi2i, where

bi ∈ {0, 1}. We will show in the following section how to reduce the length of
the τ -adic representation.
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3.2 Reducing the Length of the Representation

Since the order of the Frobenius is n, two automorphisms are the same, if∑l1−1
i=0 ciφ

i −∑l2−1
i=0 diφ

i ∈ (φn − 1)ZZ[φ]. Thus the corresponding τ -adic expan-
sions are equivalent. Therefore before expanding m, we reduce it modulo τn− 1
in ZZ[τ ] to obtain a shorter representation [m] =

∑l−1
i=0 ciφ

i of the multiplication-
by-m-map. We look for an element M ∈ ZZ[τ ] such that M ≡ m mod τn − 1
and the τ -adic expansion of M is as short as possible, i. e. |M | is as small as
possible.

Theorem 3.1. For any positive integers m and n, there exists an element M ∈
ZZ[τ ] such that

1. m ≡M mod τn − 1,
2. 2 log2 |M | < n+ 5.

Proof. Let r = m/(τn − 1) ∈ Q(τ). Then there exist r0, r1,r2, r3 in Q such
that r =

∑3
i=0 riτ

i. Let vi be the nearest integer to ri for i = 0, . . . , 3. We put
v =

∑3
i=0 viτ

i and M = m − v(τn − 1). Then m ≡ M mod τn − 1. By using
the identity

|M |2 = |m− v(τn − 1)|2 =
∣∣∣∣
m

τn − 1
− v

∣∣∣∣
2

|τn − 1|2

we derive that |M/(τn − 1)|2 < 14. Since |τn − 1|2 < (2n/2 +1)2, we derive that
2 log2 |M | < n+ 5.

For any positive integers m and n, we are easily able to determine an element
M ∈ ZZ[τ ], satisfying m ≡ M mod τn − 1 and having a τ -adic expansion of
length l ∼ n. We call this representation the reduced τ -adic expansion of m. In
the automorphism ring of the Jacobian, we obtain for the multiplication-by-m
map that [m] =

∑l−1
i=0 ciφ

i. The algorithm to compute M from m is along the
lines of the proof of Theorem 3.1. We therefore omit it. We remark here that we
need to be able to find a representation of τn− 1 as τn− 1 = a+ bτ + cτ2+ dτ3

with integers a, b, c, d. The next section will solve this problem. Furthermore, we
need to be able to compute multiplicative inverses in Q[τ ]. This can be done by
the usual extended gcd for polynomials.

3.3 Representing τn − 1 by a + bτ + cτ2 + dτ3

To compute a, b, c, d ∈ ZZ such that τn−1 = a+bτ+cτ2+dτ3 is no difficult task.
Let n be a positive integer. Suppose that τn−1 = an−1+bn−1τ+cn−1τ

2+dn−1τ
3

for unique integers an−1, bn−1, cn−1, dn−1, then

τn = an−1τ + bn−1τ
2 + cn−1τ

3 + dn−1τ
4

= −4dn−1 + (an−1 + 2dn−1)τ + bn−1τ
2 + (cn−1 + dn−1)τ3 ,

since τ4 = −4 + 2τ + τ3, and hence

τn − 1 = −(4dn−1 + 1) + (an−1 + 2dn−1)τ + bn−1τ
2 + (cn−1 + dn−1)τ3.

Starting with τ0 = 1, we can compute the integers a, b, c, d iteratively.
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3.4 Computing m-Folds Using τ -Adic Expansions

We now present our main algorithm for computing m-folds in the Jacobian
of the genus 2 curve C1 : v2 + uv = u5 + u2 + 1 with base field F2n . Let
D = [(a(u), b(u))] ∈ JC1(F2n), where degu b < degu a ≤ 2, and a(u) is monic.
For instance, if degu a = 2, then a(u) = a0 + a1u+ u2 and b(u) = b0 + b1u with
coefficients a0, a1, b0, b1 ∈ F2n . If degu a < 2, then we even need less coefficients
for a(u) and b(u). We assume that the coefficients of a(u) and b(u) are represented
with respect to a normal basis of F2n over F2.

Algorithm 3.2. (Computing Scalar Multiples)
INPUT: a(u), b(u) ∈ F2n [u] such that D = [a(u), b(u)] ∈ JC1(F2n); c0, . . . , cl−1 ∈
{0,±1,±2,±3} with

m ≡
l−1∑
i=0

ciτ
i (mod τn − 1) .

OUTPUT: s(u), t(u) ∈ F2n [u] such that mD = [s(u), t(u)] ∈ JC1(F2n).

1. Precompute 2D and 3D.
2. H ← cl−1D = [s(u), t(u)] ;
3. For i from l − 2 downto 0 do:

(a) H ← Hφ = [s(u)φ, t(u)φ];
(b) If(ci �= 0) H ← H + ciD ;

4. Output(s(u), t(u)).

Note that the operation H = Hφ is nothing else than cyclic shifting of
at most 4 coefficients of s(u) and t(u), if s(u) and t(u) are represented with
respect to a normal basis. In general, s(u) = s0 + s1u+ u2, t(u) = t0 + t1u with
s0, s1, t0, t1 ∈ F2n . Thus, Hφ = [s20 + s

2
1u+ u

2, t20 + t
2
1u], and the computation of

Hφ needs four cyclic shifts of elements in F2n .

3.5 Computing the Cardinality of the Jacobian

The main step in computing the cardinality of JC1(F2n) is to determine the
characteristic polynomial of the Frobenius. Since C1 is defined over F2, this can
be accomplished very easily. The Theorem of Weil then gives us immediately
that

#JC1(F2n) =
4∏

i=1

(1− τn
i ) =

(
(1 + 2n)− (τn

1 + τn
2 )

)(
(1 + 2n)− (τn

3 + τn
4 )

)
.

It appears that an explicit formula for the cardinality of Jacobians over F2n can
only be developed for supersingular curves (see [10]). For our curve, we have
to proceed differently. A way of evaluating products of the form

∏r
i=1(1− αn

i ),
where αi, i = 1, . . . , r are the roots of an arbitrary polynomial, was suggested
by Pierce [21] and Lehmer [14]. Our case is very special. We can exploit the
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Table 1. Average length and density

n average length average density n average length average density
61 62.38 0.5460 97 98.34 0.5437
67 68.36 0.5458 101 102.36 0.5433
71 72.38 0.5455 103 104.31 0.5429
73 74.35 0.5449 107 108.33 0.5434
79 80.33 0.5445 109 110.34 0.5424
83 84.35 0.5440 113 114.35 0.5427
89 90.32 0.5441

additional structure of P (T ) to derive recursions of lower order and using integer
arithmetic only. If we assume that τn

1 + τn
2 = An + µ1Bn, then we get for n ≥ 2

that τn
1 +τ

n
2 = (4Bn−1−2An−2)+µ1(An−1+Bn−1−2Bn−2). Equating coefficients

yields the following recursions. Put A0 = 2, A1 = 0, B0 = 0, and B1 = 1. For
n ≥ 2 we define An = 4Bn−1 − 2An−2 and Bn = An−1 + Bn−1 − 2Bn−2. Then
we have

#JC1(F2n) = (1 + 2n)2 − (2An +Bn)(1 + 2n) + (A2
n +AnBn − 4B2

n) .

A similar approach leads to formulas for #JC0(F2n).

4 Experimental Results

This section contains three tables. Table 1 describes the length and the density
of reduced τ -adic expansions For each prime n ∈ {61, . . . , 113}, we generated
10000 random integers m in the range 0 < m < #JC1(F2n) and computed the
reduced τ -adic representation. If d denotes the number of the nonzero coefficients
ci, and l the length of the representation, the quotient d/l is its density.

The value n+ 4
3 seems to be a good approximation for the expected length l of

a reduced τ -adic expansion. The asymptotic density (obtained by combinatorial
means) is 489

910 ∼ 0.537. The experiments provide evidence that the density is
approaching the expected bound, so that the number of nonzero coefficients ci
is approximately 489

910 (n+
4
3 ). Therefore, Algorithm 3.2 for computing multiples

mD for D ∈ JC1(F2n) needs about 5
9n additions of reduced divisors, while the

shift operations are essentially for free. The double-and-add-method for JC1(F2n)
needs about 2n doubles and n additions of reduced divisors, so that the τ -adic
method leads to a speed-up by a factor of

3n
489n
910

∼ 5.5 .

In Table 2 and 3, respectively, we list examples for factorizations of #JC1

(F2n) and #JC0(F2n). We only considered the cases where n takes on prime
values in the range 61 to 113 and where the cardinalities of Jacobians contain a
large prime factor.
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Table 2. Computing the cardinality of the Jacobian JC1(F2n)

n #JC1 (F2n )

61 5316911976894487061973100640561324954
= 2 · 2658455988447243530986550320280662477

67 21778071481105140023832236795388122729642
= 2 · 3217 · 3384841697405212935006564624710619013

97 25108406941546737996390354885625124943376439570684227477754
= 2 · 389 · 1747 · 18473392463868826910318794676754071940716909907019619

103 102844034832575383397207943835010553634640254575820398436691978
= 2 · 47381 · 1085287719049570327739050925845914539948927360923370110769

109 421249166674228800251100330124945140261321879842750041189776992282
= 2 · 2617 · 620764811 · 129651709107106280529021406475320711149271787278988543

113 107839786668602557431646595347682461521285605430038087099528386736762
= 2 · 53919893334301278715823297673841230760642802715019043549764193368381

Table 3. Computing the cardinality of the Jacobian JC0(F2n)

n #JC0(F2n)
67 21778071484774983299499715182968742769496

= 23 · 2722258935596872912437464397871092846187
89 383123885216451157219690382614340814499889612946264008

= 23 · 179 · 1069 · 83091469 · 3012049244523553711515420284982459139979

5 Improvements

Following the idea of Koblitz [12], we modified our set of possible coefficients
and used the set

R′ = {0,±1,±2,±(1 + τ),±(1− τ),±(1− 2τ),±2 + τ}
as the domain of coefficients. Accepting the cost of 6 precomputations and storing
these elements (instead of only 2 for set R), this choice enables us to realize
a sparse τ -adic expansion in the sense that no two consecutive coefficients are
nonzero (cf. [24]). Using u as in the following table we force a+bτ+cτ2+dτ3−u
to be divisible by τ2, i. e. the next coefficient will be zero. If 4|a then u = 0, else
take

b mod 4\a mod 8 1 2 3 5 6 7
0 1 2 −(1− 2τ) 1− 2τ −2 −1
1 1 + τ 2 + τ −(1 + τ) 1− τ −2 + τ −(1− τ)
2 1− 2τ −2 −1 1 2 −(1− 2τ)
3 1− τ −2 + τ −(1− τ) 1 + τ 2 + τ −(1 + τ)

By using this modified version of the τ -adic expansion, the average length
of the reduced τ -adic representations was < n+ 2 for an extension of degree n.
The expected density for this set of coefficients is 3

7 ∼ 0.42857. In Table 4, we
present our experimental results. The generation of the integers m was identical
to the one in Table 1. The difference lies in the choice of the set R′ which yields
new τ -adic expansions.
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Table 4. Average length and density

n average length average density n average length average density
61 63.02 0.4284 97 99.67 0.4177
67 69.00 0.4275 101 102.95 0.4287
71 72.98 0.4288 103 104.93 0.4289
73 32.15 0.4287 107 109.05 0.4288
79 81.01 0.4287 109 111.01 0.4287
83 84.99 0.4286 113 114.96 0.4285
89 91.00 0.4288

Therefore with this set R′ we obtain a speed-up by a factor of

3n
3n
7

= 7

with respect to the binary expansion on the cost of more storing and precompu-
tations.
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