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Abstract. A multivariate stochastic model for describing the dynamics of com-
plex non-numerical ensembles, such as observed in Human Immunodeficiency
Virus (HIV) genome, is developed. This model is based on principle component
analyses for numberized variables. The model coefficients are presented in the
terms of deterministic trends with correlated lags. The results indicate that we
may use this model in short-term forecast of HIV evolution, for evaluation of
HIV drug resistance and for testing and validation of diagnostic expert rules.
The model also reproduces the specific shape of the bi-modal distribution for
the mutations number.

1   Introduction

Recently HIV genome analysis has become a routine medical procedure. The obtained
relevant drug resistance mutations allow finding drugs suitable for antiretroviral
treatment based on expert experience. Recent experience indicate that virological
response is significantly larger when highly active antiretroviral therapy (HAART) is
applied on the basis of resistance testing, although this approach does not always pre-
dict virological success [1–3]. In any case, if a patient takes antiretroviral drugs, the
individual HIV population evolutes during disease history. Most studies on individual
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HIV population dynamics are based on numerical simulations such as population dy-
namics based models [4] or cellular automata based models [5].

These approaches consider the individual (for each patient) HIV population only.
The practice of HIV treatment however, has shown that patients may be infected by
mutated viruses from other patients [6]. This implies that the evolution of total world
populations of HIV and the associated changing of the related drug resistance levels,
should be taken into account. Since the characteristics of world HIV population dy-
namics are determined by a huge amount of detailed, specific factors, one of the most
promising approaches for the study of these phenomena is probabilistic modelling,
based on recent HIV statistics. For the analysis we describe in this paper, the large
databases of HIV-infected patients, collected over several years in USA, is used [7].
These databases contain genotypes of 43620 patients examined from August 9, 1998
to May 5, 2001. We observed 59 different mutations in the RT genome, including 17
mixed mutations, and 77 different mutations in the protease genome, including 34
mixed mutations. The developed probabilistic model described in this paper takes into
account the peculiarities of initial data and specifics of the underlying dynamics. Re-
cent probabilistic models for genome ensembles are mainly directed towards the
evaluation of specific parts in the genome, or to choose the closest related pattern [8].
In the development of a stochastic model for the temporal variability of the global
HIV-population we have to address the follow problems:
� The drug resistance depends on combinations of mutations. So, the probabilistic

model must take into account the total variability of genome. The dimensionality
of data is high (all amino acids and positions of mutations in viral genome),

� The initial data is non-numerical; therefore the well-developed standard proce-
dures of multivariate statistics are inconvenient.

2   Multivariate Stochastic Model of HIV Genome Ensemble

Let us consider the following model of a data representation: all genome samples

( M,1k = , M is number of patients in a considered time interval, e.g. month) consist

the literal corteges given by { }n
1jkjk xX

=
= , where n is number of relevant positions in

the genome. Each Vx kj ∈ , where { }m
1iivV ==  are literal marks for the amino acids

(A, C, D, E, F, …). When mutations are absent, the corresponding cortege kX  (so

called "wild-type" virus), may be associated with some initial value (centroid) for
example, X . Such consideration allows us to compare several terms in the sample,
taking into account its proximity to the "wild-type" virus.

Note, that the analysis of the marginal mutations is not enough for general descrip-
tion of all genome ensemble variability, because some positions of genome may be
statistically dependent [8], especially in accordance with viral fitness. For the reduc-
tion of the dimensionality and further modeling of such data, powerful procedures
(principal component of factor techniques) of multivariate statistical analysis have
been developed [9,10]. In reference [11] the generalization of these methods for analy-
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sis of temporal tendencies is described. However,  the general problem we face is that
all these procedures are developed only for numerical values.

Therefore we propose a three-stage statistical procedure for the HIV genome
model: discretization and enumeration, reduction of dimensionality and temporal
analysis. The general scheme of the proposed procedure is shown in Fig. 1.

Discretization and enumeration of literal corteges. One of the possible ways to
apply the classical MSA procedures is the numberization (generation of number marks
for non-numerical values) of non-numerical data. An adequate numberization proce-
dure is based on the estimation of contingence (probability) tables )m(F  for groups of

m mutations. If 1m =  then { }ij)1( pF = , where ijp  is probability of the amino acid

occurrence with a literal mark iv  in relevant position j. If 2m = , then table

{ }si
pj)2( pF = , where si

pjp  is probability of simultaneous occurrence of i-th and j-th mu-

tations in positions p and s. Table )2(F  consists of 2/)1n(n −  independent blocks psF .

In accordance with [12], for reduction of dimensionality it is better to use number
marks obtained by a procedure of matrix )2(F  "reflection" on the n-dimensional Gaus-

sian distribution )K,(N n µ , where si
pjp  corresponds to the "wild-type" virus X , and

correlation matrix }{K ijρ= , obtained from the optimization problem

CFCmax,Q ij
’

ij
ji

2
ij =ρ→∑ρ=

<
. (1)

where C is a vector of numbered marks for the amino acids indices. Because vector
C defines the numeric scale only, the realizations of marks in scale gradations are
obtained by means of a Monte-Carlo simulation (such as the uniform distributed value
in each gradation).

The result for the first stage of this procedure (see Fig. 1) is (a) the transformation

of initial literal corteges to sample Gaussian random vectors { }n
1kkUU == , where n is

number of relevant positions in genome and (b) a simplification of the model.
Principal component analysis and the factor model. For reducing of the data di-

mensionality a principal component (PC) approach is widely used [13]. It allows us to

represent each centered vector µ−= UU )0(  as orthogonal expansion on the basis
n

1kmkm }{ =ϕ=ϕ

∑ ϕ=
=

n

1k
kk

)0( aU . (2)

Here ka  is the coefficient of expansion. The eigen-basis of expansion (2) (so called

empirical orthogonal functions, EOF) are given by the principal axes of multivariate
genome ensemble. The eigenvectors of the correlation matrix is given by

mmmUK ϕλ=ϕ . (3)

Here the eigenvalues mλ  are the variances of the principal components.
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Fig. 1. General scheme for stochastic modeling of HIV population variability

The convergence of expansion (2) is associated with the index:

%100D
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∑λ

∑λ
=

=

= . (4)

Using the PC expansion (2) with M first terms only (where M is obtained by the PC
significance tests, see [13]), allows us to consider the factor model of temporal vari-
ability of the genome ensemble

t

M

1k
kk )t(a)t(U ε+∑ ϕ+µ=

=
. (5)

Here )t(a k  – are the time series of the expansion coefficients (that will be obtained

by inverse transformation of (2) based on the orthogonal properties of the basis), tε  is

the Gaussian white noise. In terms of factor analysis the values )t(a k  may be consid-

ered as common factors, driving the temporal variability of the genome ensemble, and

tε  – as the specific factor.

Thus, the results of the second stage is that we only need to consider a set of inde-

pendent factors M,1l,al = , instead of all the high-dimensional samples of

{ }n
1kkUU == , where nM < .

Temporal variability of common factors. The main advantage of the proposed
representation (5) is  that all the common factors are independent. So, it allows us to
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reduce the description of temporal variability of the HIV genome ensemble to analysis
of time series of each factor independently.

Note that the individual HIV population dynamics has rather slow temporal
changes, so, for temporal analysis monthly time intervals are required, however, all
the data is distributed non-uniformly (per month). Thus, for probabilistic modeling the
combined distribution approach can be used:

∫ ξξξ=
∞

∞−
d)(f),x(G)x(F aaa . (6)

where )x(Fa  is the total distribution of each common factor, ),x(Ga ξ  is the short-

term (intra-month) distribution of factor a, and )(fa ξ  is the long-term (month-to-

month) distribution for parameter ξ  of the short-term distribution. Thus, once we

know the type of ),x(Ga ξ , all the analyses of temporal variability can be done in

terms of parameters ξ  (mean value, variance, characteristic quantiles) only.

The model for the temporal variability of ξ  is presented in the form of [11]:

)t()t()t( * δ+ξ=ξ . (7)

where

∑ φα=ξ
k

kk
* )t()t( . (8)

is the deterministic part (trend) with fixed coefficients kα , defined on some basis

functions )t(kφ , e.g. )t(kφ = kt ,

)t()kt()t(
j

j γ+∑ −δβ=δ . (9)

is the stochastic part, presented as a autoregressive model [14] with coefficients jβ
and white noise )t(γ .

Thus, the third (final) stage results in a parametric model (5,7–9) of common fac-
tors with parameters jk ,βα  (see Fig. 1).

3   Identification and Interpretation

The stochastic model (5,7–9) is applied to the above-mentioned database. Let us note,
that protease relevant mutations are independent from RT relevant mutations, because
they are caused by different groups of antiretroviral drugs – protease inhibitors (PIs)
and RT inhibitors (RTIs.
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Table 1. Input of PCs (%) in total variability of protease and RT parts of genome ensemble

#PC 1 2 3 4 5 6 7 8 9 10
Protease 16.5 15.3 11.1 8.8 8.7 7.5 7.2 6.8 4.7 3.8
RT 18.5 15.8 10.9 9.8 6.7 5.8 5.2 4.9 4.5 3.5

In table 1 the input (4) of each PC in total variability are shown for protease and RT
separately. It is seen, that in both cases convergence of the expansions are satisfactory,
e.g. for RT the five PCs explain only 61.7% of total variability, and the ten PCs –
85.6%. For protease these values are 60.4% and 90.4%. Following the criterion

)%n/1(DM < , in (5) for RT is enough M=9 (82.1%), and for protease M=8 (81.9%).

The deviation from 100% for these values  is explained by the specific factor tε  only.

Fig. 2. First 3 empirical orthogonal functions for the protease (a) and RT (b) relevant mutations.

In the Fig. 2 the first 3 empirical orthogonal functions are shown for protease and
RT. The influence of different codons is readily observed from these figures, for in-
stance the1st EOF for protease shows a balance between the main groups of mutations
in positions (10,36,82,90) and (54,71,77) of protease. However, for defining the con-
crete types of mutations it is necessary to do a ‘denumberization’, (see Fig. 1).
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The temporal analysis of the common factors in terms equations (6–9) show that for
protease only the first coefficient in the expansion (5) has a statistically significant
trend. For RT the behavior of the coefficient is more complicated because, although
the hypothesis of trends for the 2nd and 3rd components are approved by Fisher’s

criterion, the expression of these trends (by determination coefficient 2R ) are very
weak. For example, in table A.1 results are shown of the linear trend (7) analysis for
some of the quantiles (e.g. 25%, 50%, 75%) of (5) for the first 3 coefficients for prote-
ase and RT. In both cases the coefficient )t(a1  has a significant deterministic part (7)

(trend); the behavior of other coefficients may be considered in terms of stationary
time series (9) only.

Therefore, the results of this identification are given by the set of model parame-
ters: mean vector µ, M  empirical orthogonal functions kϕ , vector of variances εD  of

specific factor, coefficients kjβ  for expression (9) of each common factor

ka , M,1k = , and  two coefficients 1211,αα  of linear trend (8) for 1a . These two

coefficients are enough for the description of all of the evolutionary part of the HIV
genome temporal variability.

4   Simulations and Verification

After the definition of the model given in (5) with basis function from (3) and coeffi-
cients with distributions (6-9), we can now  perform stochastic simulations of the
model ensembles of HIV genome. As seen from Fig. 1, the initial step of the simula-
tion is the calculation of time series for the stochastic part (9) by means of a autore-
gressive approach, see [14]. After that the sum (7) of trend (8) and lag (9) are calcu-
lated for all t. The next step is a Monte-Carlo generation of all the statistically inde-
pendent coefficients )t(ak  with the distributions ),x(G kξ  in (6), where parameters

kξ  were estimated in the previous step. Finally, the sum of the orthogonal series (5)

with coefficients )t(a k  is computed.

The result of this procedure is a Gaussian random vector; for obtaining the literal
representations of genome the inverse procedure (denumberization) is used. This pro-
cedure associates the numerical value in a fixed position with a concrete scale vector
C, obtained from (1). Thus, the result of the simulation is an ensemble of corteges,
which consist of relevant HIV genome mutations.

The model (5,7–9) can be verified on probabilistic characteristics of the ensemble,
that were not used in the identification procedure. Here for illustration we consider the
integral characteristic of the genome variability – distribution P(k) for a number k of
all the mutations. Obviously, P(k) is a result of the joint occurrence of mutations, and
its use to model the verification is valid.

In Fig. 3 these distributions for the whole ensemble (1998-2001) are shown. It is
clearly seen, that all the curves are bi-modal (first maximum is 2–3 mutations, and
second one – 5–6 mutations). Nevertheless, this bi-modal shape is conservative for
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monthly distributions )k(Pt  (see boundaries of tolerant (min, max) intervals in fig. 3).

Therefore we expect that there are two independent groups of genomes, corresponding
to the low and high number of mutations.

The discovered bi-model distribution is approximated by a mixture of Bernoulli
distributions [15]:

km
2

k
2

k
m

km
1

k
1

k
m

2

2

1

1
)q1(qC)p1()q1(qpC)k(P −− −−+−= . (10)

where p is an entry of the first group of mutations (and (1–p) is an entry of the second
group, 21 m,m  – are maximal numbers of mutations in groups and 21 q,q  – are prob-

abilities of a single mutation in the groups. The results of the approximation given by
(10) are shown in Fig.3. It is seen, that the approximated and sample data are close to
each other. Also shown in fig.3 are the tolerant intervals, obtained as (min, max) of
the monthly distribution. These values reflect the boundaries of variability of the dis-
tribution shape in different months.

Fig. 3. Distributions of total number of mutations in protease (a) and RT (b). (1 – sample esti-
mates for 1998-2001; 2 – approximation by (3); 3 – tolerant intervals (min, max of monthly
data)

The parameters t2121 )m,m,q,q,p(  of the P(k) approximation for the total ensem-

ble (1998-2001), and characteristics of its temporal trends are shown in table A.2. It is
seen that in both cases only the weight values p have a clear significant trend. For
protease the weight of the left part (group of m1 mutations) increased from 39% in
Summer, 1998 to 62% in Summer 2001 (with average increment a=0.74% per month).
One interpretation is that we have two groups of patients. One group is the “new”
patients, that had one or two treatments, thus their genotype contains relative small
numbers of mutations. The second group is the “old” patients, which have a long
treatment history. In the same table the parameters of the simulated ensembles are
shown.
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Let us note, that the stochastic model (5,7–9) is very sensitive to the reproduction of
the value P(k), because the joint occurrence of k>>1 mutations is a rare event. For
example, in table 2 the results of verification on the most simple value – mean number
of mutations (mathematical expectation of P(k)) are shown.

Table 2. Model verification: prediction for mean number of mutations (point estimates)

Order of modelGenome
fragment 5 10 15 20 25

Sample

Protease 1.57 2.43 2.61 2.70 – 2.64
RT 1.95 2.68 2.95 3.05 3.08 3.14

From table 2 we observe that for low order M the mean number of mutations is less
then sample estimated one. But for increasing M the simulated and sample estimates
became comparable, thus indicating the validation of the applied method.

5   Conclusions

A multivariate stochastic model, based on principle component analyses for number-
ized variables, is proposed to describe the variability of HIV genome populations. The
temporal analysis of the model coefficients in terms of (6-9) show that only the first
coefficients have significant trends. It allows to use this fact in short-term forecast of
HIV evolution.

Verification of the proposed model indicated that this model may be used for
simulations in future studies of HIV drug resistance, and for testing and validation of
diagnostic expert rules (see Fig.1).
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Appendix

Table A.1. Trend analysis of first 3 PCs for protease and RT

1-st PC 2-nd PC 3-rd PC
25% 50% 75% 25% 50% 75% 25% 50% 75%

Protease
Trend a -0.024 -0.030 -0.031 0.015 0.003 0.001 0 0.001 0
Fsample 74.2 64.1 36.4 1.30 0.79 0.05 0.16 3.87 0.34
R2 0.70 0.67 0.54 0.04 0.03 0.01 0.01 0.11 0.01

Reverse transcriptase
Trend a 0.086 0.038 0.020 0.001 -0.001 -0.013 -0.001 -0.001 -0.02
Fsample 175.7 88.8 44.35 3.56 6.09 17.6 5.37 11.39 22.33
R2 0.85 0.74 0.59 0.10 0.16 0.36 0.15 0.26 0.42
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Table A.2. Results of verification of stochastic model for protease and RT: sample and simula-
ted trends of mutations distribution

Pa-
rameter

Total sample
(1998-2001)

Monthly
(min–max)

Trend a
(%/month)

95% CI for
a

Fsample R2

Protease
p ,% 48 28–67 0.74 0.57–0.91 64.0 0.67

1q ,% 47 29–65 -0.20 -0.48–0.09 1.97 0.06

2q ,% 46 39–65 0.18 -0.01–0.46 3.29 0.09

1m 2 1–4 – – – –

2m 9 6–9 – – – –

Reverse transcriptase
p ,% 47 37–59 0.49 0.34–0.63 94.3 0.75

1q ,% 16 10–20 -0.03 -0.32–0.25 0.57 0.02

2q ,% 34 31–38 0.07 -0.20–0.34 4.94 0.13

1m 6 5–9 – – – –

2m 14 13–14 – – – –

Both for protease and RT, Fsample is compared with Fisher's test F(1,31,95%) = 4.14
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