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Abstract. We present a multi-scale layout algorithm for the aesthetic
drawing of undirected graphs with straight-line edges. The algorithm is
extremely fast, and is capable of drawing graphs of substantially lar-
ger size than any other algorithm we are aware of. For example, the
algorithm achieves optimal drawings of 1000 vertex graphs in about 2
seconds. The paper contains graphs with over 6000 nodes. The propo-
sed algorithm embodies a new multi-scale scheme for drawing graphs,
which was motivated by the recently published multi-scale algorithm of
Hadany and Harel [7]. It can significantly improve the speed of essen-
tially any force-directed method (regardless of that method’s ability of
drawing weighted graphs or the continuity of its cost-function).

1 Introduction

A graph G(V, E) is an abstract structure that is used to model a relation E over
a set V of entities. Graph drawing is a conventional tool for the visualization
of relational information, and its usefulness depends on its readability, that is,
the capability of conveying the meaning of the diagram quickly and clearly. In
recent years, many algorithms for drawing graphs automatically were proposed
(the state of the art is surveyed comprehensively in [2]).

We concentrate on the problem of drawing an undirected graph with straight-
line edges. In this case the problem reduces to that of positioning the vertices
by determining a mapping L : V −→ R

2. A popular generic approach to this
problem is the force-directed technique, which introduces a heuristic cost function
(an energy) of the mapping L, which (hopefully) achieves its minimum when the
layout is nice. Various variants of this approach differ in the definition of the
energy, and in the optimization method that finds its minimum. Some known
algorithms are those of [4], [10], [3] and [5]. Major advantages of force-directed
methods are their relatively simple implementation and their flexibility (heuristic
improvements are easily added), but there are some problems with them too.
One severe problem is the difficulty of minimizing the energy when dealing with
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large graphs. The above methods focus on graphs of up to 100 vertices. For larger
graphs the convergence to a minimum, if possible at all, is very slow.

We propose a new method for drawing graphs that can significantly improve
the speed of every force-directed method. We build our algorithm around the
Kamada-Kawai method, and the resulting algorithm, which is extremely fast, is
capable of drawing graphs of substantially larger size than any other algorithm
we are aware of. The algorithm, which was motivated by the recent multi-scale
algorithm of Hadany and Harel [7], works by producing a sequence of improved
approximations of the final layout. Each approximation allows vertices to deviate
from their final place by an extent limited by a decreasing constant r. As a
result, the layout can be computed using increasingly coarse representations
of the graph, where closely drawn vertices are collapsed into a single vertex.
Each layout in the sequence is generated very rapidly, by performing a local
beautification on the previously generated layout.

2 Multi-scale Graph Drawing

The intuition of [7] for beauty in graph layout is that the graph should be nice
on all scales. In other words the drawing should be nice at both the micro level
and the macro level. Relying only on this intuition, we will formalize the notion
of scale relevant to the graph drawing problem. The crucial observation is that
global aesthetics refer to phenomena that are related to large areas of the picture,
disregarding its micro structure, which has only a minor impact on the global
issue of beauty. On the other hand, local aesthetics refer to phenomena that are
limited to small areas of the drawing. Following this line of thinking, we will
construct a coarse scale of a drawing by shrinking nodes that are drawn close
to each other, into a single node, obtaining a new drawing that eliminates many
local details but preserves the global structure of the original drawing.

An alternative view of our notion of coarsening is as an approximation of
a nice layout. This approximation allows vertices to deviate from their final
position by an amount limited to some constant r. As a consequence, we can
unify all the vertices whose final location lies within a circle of radius r, and thus
obtain the coarse scale representation.

Our presentation of the drawing scheme is preceded by some definitions:

Definition 21
A layout of a graph G(V, E) is a mapping of the vertices to the Euclidean space:
LG : V −→ R

2. We often omit the subscript G.
For simplicity, we assume that there is a single optimal layout with respect to
fixed set of aesthetic criteria accepted in force-directed algorithms. We term this
layout nice. The nice layout of G is denoted by L∗

G, or simply L∗.

Definition 22
L is a locally nice layout of G(V, E) with respect to r, if the intersection of L(V )
with every circle of radius r induces a nice layout of the appropriate subgraph of
G.
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Definition 23
L is a globally nice layout of G(V, E) with respect to r if

max
v∈V
{|L(v)− L∗(v)|} < r

Definition 24
A locality preserving k-clustering (a k-lpc for short) of G(V, E) with respect to
r is the weighted graph G({V1, V2, . . . , Vk}, E′, w), where:

V = V1 ∪ V2 . . . Vk, ∀i 6= j : Vi ∩ Vj = ∅
E′ = { (Vi, Vj) | ∃(vi, vj) ∈ E ∧ vi ∈ Vi ∧ vj ∈ Vj}
w(Vi, Vj) =

1
|Vi||Vj |

∑
v∈Vi,u∈Vj

dvu , ∀(Vi,Vj)∈E′

(dvu is the shortest distance between u and v in G)

and for every i:

max
v,u∈Vi

{|L∗(v)− L∗(u)|} < r

i.e., all the vertices in one cluster are drawn relatively close in the nice layout.
We sometimes call the vertices of a k-lpc clusters.

At first glance, this definition seems to be of a little practical value, as it refers
to the unknown nice layout L∗. We will discuss this important point in the next
section.

Definition 25
A multi-scale representation of a graph G(V, E) is a sequence of graphs Gk1 ,

Gk2 , . . . , Gkl , where k1 < k2 < · · · < kl = |V |, and for all 1 6 i 6 l : Gki is
a locality preserving ki-clustering of G(V, E) with respect to ri, where r1 > r2 >
· · · > rl = 0.

Remark: We naturally assume that in a nice layout of a weighted graph, the
lengths of the edges have to reflect their weights.

Our method relies on the ease of drawing graphs with a small number of
vertices and on the following two assumptions, which formalize what we think
to be amenability to multi-scale aesthetics — independence between global and
local aesthetics.

Assumption 21
Let Gr be k-lpc of a graph G with respect to r, and let r̂ > r. L is a globally

nice layout of Gr with respect to r̂ if and only if L is a globally nice layout of G
with respect to r̂. (In G, we take L(v) = L(Vi) for each v ∈ Vi).
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Corollary: If L is a nice layout of a k-lpc of a graph G with respect to r then
L is a globally nice layout of G with respect to r.

The intuition of Assumption 21 is that global aesthetics is independent of the
micro structure of the graph, so the differences between the layouts of Gr and
of G are bounded with r.

Assumption 22
If L is both a locally and a globally nice layout of a graph G with respect to r,

then it is a nice layout of G.

Now we present the multi-scale drawing scheme, which draws a graph by
producing a sequence of improved approximations of the final layout.

The Multi-Scale Drawing Scheme.

1. Place the vertices of G randomly in the drawing area.
2. Choose an adequate decreasing sequence of radiuses ∞ = r0 > r1 > r2 >
· · · > rl = 0.

3. for i=1 to l do
3.1 Choose an appropriate value of ki, and construct Gki , a ki-lpc of G w.r.t.

ri.
3.2 Place each vertex of Gki at the (weighted) location of the vertices of G

that constitute it.
3.3 Locally beautify local neighborhoods of Gki .
3.4 Place each vertex of G at the location of its cluster (i.e., the vertex in

Gki).
4. end

The viability of the scheme stems from the following observations:

1. In the first iteration, after step 3.3, we should have a nice layout of Gk1 . To
guarantee this, the value of r1 has to be large enough so that the resulting
Gk1 will be small and can be easily drawn nicely.

2. Step 3.3 should yield a locally nice layout of Gki w.r.t. ri−1. To guarantee
this, we have to choose large enough neighborhood. Not too large, however,
because we want to draw it optimally by a standard method. A sufficiently
dense choice of the sequence of ri’s will do.

3. At the beginning of iteration i, we have a globally nice layout of Gki w.r.t.
ri−1. Hence, by Assumption 22, after step 3.4 we have a nice layout of Gki .
This layout is a globally nice layout of Gki+1 w.r.t. ri, by Assumption 21.

We remark that the choice of the multi-scale representation can be based
upon either the decreasing sequence r1, . . . , rl = 0 (as described above) or the
increasing sequence k1, . . . , kl = |V | (as we have done in our implementation).

In Definition 24 we added weights to the edges of the k-lpc in order to re-
tain the size proportions of G, which is necessary for making Assumption 21
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valid. However, in practice, we conjecture that our scheme works well even with-
out weighting the edges of the k-lpc, when using some variants of the spring-
embedder method (e.g., those of [4] and [5]) as the local beatification method.
The reason for this is that such methods benefit significantly from the better
initialization, which, while not capturing the final size of the graph, often solves
many large scale conflicts correctly.

3 The New Algorithm

In order to implement a multi-scale graph drawing algorithm based on the
scheme of Section 2, we have to further elaborate on two points: (1) how to
find the multi-scale representation of a graph (line 3.1 of the scheme), and (2)
how to devise a locally nice layout (line 3.3 of the scheme).

3.1 Finding a Multi-scale Representation

In order to construct a multi-scale representation of a graph G based on Defi-
nition 25, we must find a k-lpc of G, in it vertices that are drawn close in the
nice layout should be grouped together. The important question is: How can we
know which vertices will be close in the final picture, if we still do not know what
the final picture looks like? 1 Luckily we do have a heuristic that can help decide
which vertices will be drawn closely. Moreover, this key decision can be made
very rapidly, and is a major reason for the fast running time of our algorithm.

The heuristic is based on the observation that a nice layout of the graph
should convey visually the relational information that the graph represent, so
vertices that are closely related in the graph (i.e., the graph theoretic distance is
small) should be drawn close together. This heuristic is very conservative, and
all the force directed drawing algorithms use it heavily.

Employing this heuristic, we can approximate a k-lpc of G by using an al-
gorithm for the well known k-clustering problem. In this problem we wish to
partition V into k clusters so that the longest graph-theoretic distance between
two vertices in the same cluster is minimized. In reality, we would like to identify
every vertex in the cluster with a single vertex that approximates the barycenter
of the cluster. Hence we use a solution to the closely related k-center problem,
where we want to choose k vertices of V , such that the longest distance from
V to these k centers is minimized. These fundamental problems arise in many
areas and have been widely investigated in several papers (see e.g., [6] and [9]).
Unfortunately, both problems are NP-hard, and it has been shown in [6] and [9]
that unless P=NP there does not exist a (2 − ε)-approximation algorithm for
any fixed ε > 0.2 Nevertheless, there are various fast and simple 2-approximation
algorithms for these problems.
1 What is needed is only a sufficient (even if not necessary) condition that vertices are

close.
2 A δ-approximation algorithm delivers an approximate solution guaranteed to be

within a constant factor δ of the optimal solution.
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We will approximate a k-lpc as the solution to the k-center problem, adopting
a 2-approximation method mentioned in [8]:

K-Centers (G(V, E) ,k)
Goal: Find a set S ⊆ V of size k, such that maxv∈V mins∈S{dsv} is minimized.

1. S ← {v} for some arbitrary v ∈ V
2. for i = 2 to k do

2.1 Find the vertex u farthest away from S
(i.e., such that mins∈S{dus} > mins∈S{dws} ,∀w ∈ V )

2.2 S ← S ∪ {u}
3. return S
4. end

Complexity: Line 2.1 can be carried out in time Θ(|E|) by BFS. In our case, it
can be done faster, since, as we shall see, we have the all-pairs shortest distance
at our hands (it is needed for the local beautification). Utilizing this fact and
memorizing the current distance of every vertex from S, we can implement line
2.1 in time Θ(|V |), yielding a total time complexity of Θ(k|V |).

3.2 Local Beautification

We have chosen to use a variant of the Kamada and Kawai method [10] as our
local drawing method. We found it to be very appropriate, because it relates
every pair of vertices, so, when constructing a new coarse representation of the
graph, we do not have to define which pairs of vertices are connected by an edge.
Notice that this property of the Kamada and Kawai method has a price: it forces
us to waste Θ(|V |2) memory, even when the graph is sparse. Another advantage
of the Kamada and Kawai method is that it can deal directly with weighted
graphs, which is convenient in our case since the multi-scale representation of a
graph contains weighted graphs.

The Energy Functional: We consider the graph G(V, E), where each vertex v is
mapped by the layout L into a point in the plane L(v) with coordinates (xv, yv).
The distance duv is defined as the length of the shortest path in G between u
and v. We define the k-neighborhood of v to be: Nk(v) = {u ∈ V | 0 6 duv < k}.
In order to find a layout with aestheticaly pleasing k-neighborhoods, we use an
energy functional that relates the graph theoretic distance between vertices in
the graph to the Euclidean distance between them in the drawing, and is defined
as follows:

Ek =
∑
v∈V

∑
u∈Nk(v)

kuv(‖L(u)− L(v)‖ − lduv)2

where l is the length of a single edge, ‖L(u)−L(v)‖ is the Euclidean distance
between L(u) and L(v), and kuv is a weighting constant that can be either 1

duv

or 1
d2
uv

.
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The energy represents the normalized mean squared error between the Euc-
lidean distance of vertices in the picture and the graph-theoretic distance. Only
pairs in the same k-neighborhood are considered.

Local Minimization of the Energy: Our purpose is to find a layout that brings
the energy Ek to a local minimum. The necessary condition of a local minimum
is as follows:

∂Ek
∂xv

=
∂Ek
∂yv

= 0, ∀v ∈ V

To achieve this condition we iteratively choose the vertex that has the largest
value of ∆v, which is defined as:

∆v =

√
(
∂Ek
∂xv

)2 + (
∂Ek
∂yv

)2

and move this vertex, v, by the amount of (δvx, δ
v
y). The computation of (δvx, δ

v
y)

is carried out by viewing Ek as a function of only L(v) = (xv, yv), and the use of
a two-dimensional Newton-Raphson method. As a result, the unknowns δvx and
δvy are found by solving the following pair of linear equations:

∂2Ek
∂x2

v

δvx +
∂2Ek

∂xv∂yv
δvy = −∂Ek

∂xv

∂2Ek
∂yv∂xv

δvx +
∂2Ek
∂y2

v

δvy = −∂Ek
∂yv

The interested reader can find further details in [10].

Algorithms for Locally Nice Layout
The following algorithm, which is from [11] and as mentioned in [1], is a modi-
fication of [10]. The algorithm computes a nice layout of every k-neighborhood
of a graph:

LocalLayout (dV×V (all-pairs shortest dist.), L (initialized layout))
Goal: Find a locally nice layout L by beautifying k-neighborhoods

1. for i=1 to Iterations · |V | do
1.1 Choose the vertex v with the maximal ∆v

1.2 Compute δvx and δvy by solving the above mentioned equations
1.3 L(v)← L(v) + (δvx, δ

v
y)

2. end

A typical value of the parameter Iterations is 4. (When running this algo-
rithm as a stand alone (not as a part of the multi-scale algorithm) the value
should be 10, at least.)



190 D. Harel and Y. Koren

Complexity: The computation time of step 1.1 is Θ(|V |), since we memorize the
first derivatives of Ek, and update them in time Θ(|Nk(v)|) after the movement
of each vertex v. The computation time of δvx and δvy is Θ(|Nk(v)|). These com-
putations are carried out Iterations · |V | times, so the overall time complexity
is Θ(|V |2). We can select the vertex v with the maximal ∆v in constant time,
by making this selection through sampling constant sized subsets of V , without
serious harm to the quality of the results. Moreover, if the degree of G is bo-
unded, Θ(|Nk(v)|) is constant. As a result, the overall time complexity in the
bounded degree case is Θ(|V |).

In the full version of the paper we describe an alternative beautification
method, which eliminates the choice of the vertex with the maximal ∆v.

3.3 The Multi-scale Drawing Algorithm

We now describe the full algorithm:

Layout (G(V, E))
Goal: Find L, a nice layout of G

1. Compute the all-pairs shortest distance (dV×V )
2. Set up a random layout L
3. k ← Threshold
4. while k 6 |V | do

4.1 Centers ← K-Centers(G(V, E) ,k)
4.2 LocalLayout (dCenters×Centers, L(Centers))
4.3 for every v ∈ V do

4.3.1 L(v)← L(center(v)) + ξ
4.4 k ← k ·Ratio

5. end

Comments: In line 4.3.1, we assume that the call center(v) returns the center
that is closest to v. We add a small random noise (0, 0) < ξ < (1, 1), because our
local beautification algorithm performs badly when the vertices are initialized
to the same point. Threshold and Ratio are constants, with typical values of 10
and 3, respectively. One might try to improve the global aesthetics by iteratively
repeating lines 4.1–4.3 a number of times that decreases with k (e.g., |V |

|k| times).

Complexity: The overall asymptotical complexity is determined by the computa-
tion of the all-pairs shortest distance (line 1), which we implemented by initiating
a BFS from every vertex. It thus takes time Θ(|V ||E|). For 1000-vertex sparse
graphs, the local beautification (line 4.2) consumes 80-90% of the running time,
and the computation of the all-pairs shortest distance consumes the remaining
10-20%. All the other parts of the algorithm consume only negligible time. As
the size of the graphs becomes larger, the computation of the all-pairs shortest
distance becomes more dominant. The space complexity is Θ(|V |2), since we
have to memorize the all-pairs shortest distance matrix.
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4 Examples

This section contains examples of the results of our algorithm. The implementa-
tion is in C++, and runs on a Pentium III 533Mhz PC. We set the LocalLayout
procedure to beautify neighborhoods of radius 7 × appr, where appr is the ap-
proximate distance between neighbor vertices in the current representation. The
constant iterations was set to be 4. Typical execution time with these parame-
ters is about 2sec for 1000-vertex graphs, under 12sec for 3000-vertex graphs,
and 60sec for 6000-vertex graphs. Well optimized code will probably do better
in the 6000-vertex case.

As can be seen the layouts are extremely natural looking; almost “optimal”
in aesthetics. The virtually perfect layouts shown in Figures 1– 5 are typical
of the power of the algorithm. The graphs in Figures 6 and 7 are particularly
impressive as the “correct” (grid or torus) appearance is retained despite the
partiality of information available to the algorithms.

Drawing the full binary trees in Figure 8 took more than the normal time.
Force-directed methods behave better on bi-connected graphs, since there are
forces that work in many ways and directions. They perform quite badly on
trees. Our method succeeded in finding a nice layout of the trees only when
it considered the entire graph as one in its “local” beautification stages. The
problem is that the local beautification scheme is based only on neighborhoods
in the graph-theoretic sense, but in deep kinds of trees, leaves should show up
close to each other even if they are far apart in the graph-theoretic sense.

We mention that even in laying out full binary trees our method has two ad-
vantages when compared to Kamada and Kawai’s method [10]. First, its running
time is still much faster (about 10sec for the 1023-vertex tree), on account of the
relatively few beautification iterations. Second, the resulting picture is almost
planar and has no global distortions, in contrast to Kamada-Kawai’s method,
which will be trapped in many local minima, and will always result in many edge
crossings.

Figure 9, which is a grid with some of the horizontal edges removed, illustrates
a similar problem. In Figure 9(a), we set things up so that the local beautification
procedure considered larger than regular neighborhoods, as this is the only way
to take into account together the vertices of two consecutive “lines” to make
the resulting picture planar. On the other hand, since in Figure 9(b) the local
beautification procedure considered neighborhoods that were too small, we get
the overlapping.

It is interesting to mention that the fact that Figure 9(a) involves more glo-
bal considerations by taking into account larger neighborhoods is not only an
advantage. In fact, these global considerations sometimes come at the expense of
important local aesthetics, resulting in overcrowded clusters of vertices. In gene-
ral, multi-scale aesthetics have a fundamental advantage over regular aesthetics
in that they separate global considerations from local ones. Hence, a multi-scale
layout algorithm serves not only as a way to minimize a complex energy-function
rapidly, but often also as a better general approach to graph drawing. Mixing the
global and the local aesthetics, is a compromise that we can adopt when we can-
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not distinguish the primitive clusters of the graph and are willing to pay dearly
in time for considering larger clusters. For example, consider the cylinder of Fi-
gure 5. In Figure 5(a), the beautification procedure considered neighborhoods of
radius 4, and in Figure 5(b) larger neighborhoods were considered. Because the
correct multi-scale structure of the graph was identified, Figure 5(a) is superior
to Figure 5(b), in which the structure of the small circles is not apparent.

(a) (b)

Fig. 1. (a) 55x55 (3025-vertex) square grid; (b) 80x80 (6400-vertex) square grid with
each two opposite corners connected

(a) (b)

Fig. 2. Toruses: (a) 64x16 (1024-vertex) (b) 160x40 (6400-vertex)
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(a) (b)

Fig. 3. Cayley graphs of the rings: (a) Z1000 with generators ±9 and ±11 (b) Z6000

with generators ±13 and ±17

Fig. 4. 1000-vertex circle

(a)

(b)

Fig. 5. 100x10 (1000-vertex) cylinder; beautification considered neighborhoods of ra-
dius 4 in (a) and 10 in (b)
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(a) (b)

Fig. 6. (a) 40x40 (1600-vertex) grid with 1
3 of the edges omitted at random; (b) 80x80

(6400-vertex) grid with 1
4 of the edges omitted at random

(a) (b)

Fig. 7. 80x20 (1600-vertex) torus with 1
5 and 1

3 of the edges omitted at random

5 Conclusions and Future Work

We have presented a new multi-scale approach for drawing graphs nicely, and
have suggested a useful formulation for the desired properties of the coarsenings.
Our algorithm is able to deal extremely well and extremely fast with large graphs.

The algorithm was designed for speed and simplicity and does not require
explicit representations of coarse graphs.

A more powerful and general implementations of the multi-scale drawing
scheme will overcome some limitations of our algorithm. We can change the al-
gorithm to require only linear time and space, by discarding the all-pairs shortest
distance computation (and not relying any more on the Kamada-Kawai method).
This will enable the algorithm to deal with graphs of over 10,000 vertices. Ano-
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(a) (b)

(c) (d)

Fig. 8. Full binary trees: (a,c) 511-vertices, depth 8; (b,d) 1023 vertices, depth 9;
beautification considered neighborhoods of radius 16, 18, 14 and 16, respectively; in
(a) and (b) this is the whole graph.

(a) (b) (c)

Fig. 9. (a,b) 55x55 (3025-vertex) sparse grid: (a) beautification considered larger than
normal neighborhoods, of radius 35 (b) beautification considered usual neighborhoods
of radius 7; (c) 80x80 (6400-vertex) sparse grid with each two opposite corners connec-
ted
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ther improvement lies in the construction of the coarse scale representation, for
which we used a simple heuristic. For many graphs this heuristic is fine, but for
some graphs it may not be enough. For example consider graphs with a tiny dia-
meter. Our heuristic may fail on such graphs, since the distances between each
pair of vertices are roughly the same, and it is thus unable to distinguish between
different clusters. We are aware of better heuristics that are more complicated,
and a new implementation of the multiscale scheme is underway.
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