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Abstract. The morphological approach to image processing consists in
probing the image structures with a pattern of known shape called struc-
turing element . In this paper, we concentrate on structuring elements in
the form of discrete line segments, including periodic lines. We inves-
tigate fast algorithms, decomposition/cascade schemes, and translation
invariance issues. Several application examples are provided.

1 Introduction

In mathematical morphology [15,20,21,9,23], image structures are extracted or
filtered out by letting them interact with a pattern of known shape called struc-
turing element. While discrete approximations of disk structuring elements are
desirable in many applications, discrete line segments of a given length and ori-
entation are best suited for processing thin structures such as roads in satellite
images or ridges and valleys in fingerprints. In addition, cascades of morpho-
logical operators with line segments can be used for producing discrete appro-
ximations of disks. The goal of this paper is to study morphological operators
based on discrete line segments.

The paper is organised as follows. Issues related to the definition of discrete
line segments are detailed in Sec. 2. Recursive van Herk’s algorithm for erosions
and dilations is recalled in Sec. 3 together with its extension to arbitrary di-
rections, grey scale structuring elements, and 3-dimensional images. Section 4
concentrates on cascades of morphological operators with line segments. Parallel
combinations of a bank of openings and closings with line segments for vary-
ing orientations are investigated in Sec. 5. Before concluding, we show in Sec. 6
that binary and grey scale convex hulls can be obtained by performing max
computations along a series of periodic lines.

2 Discrete Line Segments

2.1 Connected Line Segments

Rosenfeld [19] showed that a digital arc L is a digitization of a straight line seg-
ment if and only if it satisfies the so-called chord property, i.e., the line segment
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joining any two points of L lies everywhere within a distance 1 of S. Note that
the Kim’s area property [13] and chord property are equivalent as pointed out
later by the same author [14].

Bresenham [2] has proposed an attractive algorithm for generating discrete
lines satisfying the chord property (see [4] for further improvements). This al-
gorithm is especially attractive on systems not equipped for fast floating point
operations because it requires only integer arithmetic operations. The pixel se-
lection criterion is based on a distance criterion. For instance, Fig. 1 shows a
continuous line segment of slope 3/5 over a square grid of pixels. The pixels
belonging to the discrete line approximating this continuous line segment are
determined using distance measurements along each vertical line linking the
centres of the pixels of the grid. These vertical lines are represented by vertical
dotted lines in Fig. 1. For each vertical line, the pixel whose centre is closest to
the continuous line belongs to the corresponding discrete line. When the slope is
larger than 1, the horizontal dotted lines linking the centres of the pixels must
be considered instead of the vertical ones.

Fig. 1. Euclidean line of slope 3/5 and corresponding Bresenham discrete line:
each time the Euclidean line cuts the vertical lines linking the centres of the
pixels (i.e., the vertical dotted lines), the centre of the pixel which is closest to
the Euclidean line defines a pixel of the discrete line

Note that for a Bresenham line of slope in the form of an irreducible fraction
y/x, the number of distinct line segments occurring along the discrete line equals
max(|x|, |y|). It is convenient to include the forms 0/1 and 1/0 for referring to
horizontal and vertical lines respectively. The number of distinct line segments
corresponds to the periodicity k of the elementary pattern occurring along the
Bresenham line, i.e., k = max(|x|, |y|). In the sequel, we denote by Lλi,(x,y) the
connected line segment obtained by considering λ successive pixels of a Bresen-
ham line of slope y/x, starting from the ith pixel of the line (i ∈ {1, . . . , k}). For
example, Fig. 2 shows the five line segments of length equal to 11 pixels occur-
ring for a slope of 3/5: L111,(5,3), L112,(5,3), L113,(5,3), L114,(5,3), and L115,(5,3).
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Fig. 2. The five possible line segments occurring along a Bresenham line of slope
3/5 (here for a length of 11 pixels). Note that all these line segments satisfy the
chord property

2.2 Periodic Lines

Digital connected line segments at arbitrary orientation are broad approxima-
tions of Euclidean line segments. This led Jones and Soille [11,12] to introduce
the concept of periodic lines by considering only those points of the Euclidean
line that fall exactly on grid points.

In mathematical terms, a periodic line Pλ,v is defined as follows:

Pλ,v =
i=λ−1⋃

i=0

iv, (1)

where λ > 1 is the number of points in the periodic line and v is a constant
vector1. The vector v is in the form v = (x, y) where x, y ∈ Z. Similarly
to Bresenham lines, we define the periodicity k of the periodic line as follows:
k = max(|x|, |y|). For example, Figs. 3a, b, and c correspond to the periodic
lines P3,(1,0), P3,(1,1) and P3,(2,1) respectively.

(a) (b) (c)

Fig. 3. Examples of periodic lines. (a) P3,(1,0). (b) P3,(1,1). (c) P3,(2,1). Points
belonging to a line are indicated by squares. The position of the origin of each
line is indicated by a black square

An interesting property of a Bresenham line of slope in the form of an irre-
ducible fraction y/x is that it is exactly covered by max(|x|, |y|) Euclidean lines
1 Note that periodic lines were originally defined [12] as follows: ∪i=λ

i=0 iv. Here, we
have adapted the definition of periodic lines so that λ equals to the number of pixels
of the periodic line (rather than λ+1 in the original definition), in accordance with
the parameter λ used for Bresenham connected line segments L.
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of slope y/x. This property is illustrated in Fig. 4, for a line whose slope equals
2/3. Indeed, due to the construction of a Bresenham line, the periodicity of the
pixels in a line of slope y/x equals max(|x|, |y|) and all these pixels belong to a
Euclidean line of slope y/x. In other words, any Bresenham lines of slope y/x is
covered by max(|x|, |y|) periodic lines of the same slope. This property is at the
basis of the translation invariant implementation of half-plane closings described
in Sec. 6.

exactly matching the pixels of
the Bresenham line

of slope -2/3
discrete Bresenham line the three Euclidean lines of slope -2/3

(b)(a)

Fig. 4. (a) A Bresenham line segment of slope −2/3. (b) The three Euclidean
line segments matching all points of (a). Note that the intersection between each
Euclidean line and the Bresenham line defines a periodic line P3,(3,−2)

2.3 Angular Resolution

In a discrete grid, the angular resolution of a discrete line segment depends on its
length. In a square grid, only 2n− 2 directions can be defined with a connected
line segment of odd length equal to n pixels, and whose middle and extreme
pixels are matched by the Euclidean line of the same orientation. By relaxing
the condition regarding the middle pixel, there are 2(2n−2) possible orientations
for any n ≥ 2. For example, Fig. 5 illustrates the 8 (reps. 16) possible orientations
for a connected line segments containing 5 pixels.

(a) (b)

Fig. 5. (a) The 8 possible orientations for a line segment of 5 pixels and whose
middle and extreme pixels are matched by the Euclidean line of the same ori-
entation. (b) The 16 possible orientations by relaxing the condition concerning
the middle pixel

If we merely impose to the line segments to contain at least two pixels exactly
matching the corresponding Euclidean line, the number of distinct orientations
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equals 4 card(Fi)− 4, where Fi is the Farey sequence [3] of order i, and card(·)
returns the number of elements (i.e., cardinal number). The Farey sequence Fi of
order i ≥ 1 is the ascending sequence of all fractions p/q for which 0 ≤ p/q ≤ 1,
q ≤ i, and p and q are nonnegative integers with no common divisors other than
1 (note that the form 0/1 is included in the sequence). A graphical representation
of all possible discrete slopes in the range [0, 1] for a line segment whose length
is less than or equal to 32 pixels is shown in Fig. 6.

Fig. 6. Graphical representation of all possible discrete slopes in the range [0, 1]
and for a length less than or equal to 32 pixels. Each slope is obtained by linking
the origin (lower left pixel) to a given dark pixel

3 Recursive Algorithm for Erosions and Dilations

3.1 Principle [34,8]

The recursive algorithm is due to van Herk [34] and, almost simultaneously, Gil &
Werman [8] (see also [6]). We follow here the notations and description proposed
in [23, pp. 77-78]. A 1-dimensional input image f of length nx is divided into
blocks of size λ, where λ is the length of the line segment in number of pixels.
The elements of f are indexed by indices running from 0 to nx − 1. It is also
assumed that nx is a multiple of λ. Two temporary buffers g and h of length
nx are also required. In the case of dilation, the maximum is taken recursively
inside the blocks in both the right and left directions (right for g and left for h).
When both g and h have been constructed, the result for the dilation r at any
coordinate x is given by considering the maximum value between g at position
x + λ − o − 1 and h at position x − o, o denoting the coordinate of the origin
of the structuring element (e.g., 0 for the first pixel of the line segment). This
recursive dilation algorithm can be written as follows:
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g(x) =
{
f(x), if x = 0, λ, . . . , (m− 1)λ,
max[g(x− 1), f(x)], otherwise.

h(x) =
{
f(x), if x = mλ− 1, (m− 1)λ− 1, . . . , λ− 1,
max[h(x+ 1), f(x)], otherwise.

r(x) = max[g(x+ λ− o− 1), h(x+ o)].

In [7], minor improvements to the recursive procedure are proposed. This is
achieved by reducing the number of computations in the generation the forward
and backward buffers and the merge procedure. Other enhancements for the
simultaneous computation of min and max filters and openings/closings are also
developed. When dealing with binary images, a recursive algorithm based on
directional distance transforms also running in constant time is described in [17].

3.2 Extension to Arbitrary Directions and Periodic Lines

Principle [26,27] The recursive procedure is directly applied to the image
pixels falling along a line at given angle. The line is then translated and the
whole procedure is repeated until all image pixels have been processed, i.e., until
the translations of the line have swept the whole image plane. The direction of
the translation depends on the slope of the line (see Fig. 7). By doing so, each

Fig. 7. Depending on its slope, the discrete line is drawn from an appropriate
image corner. It is then translated in a unique direction in order to sweep the
whole image plane while avoiding overlapping pixels (the arrows indicate the
translation direction)

pixel is processed only once. When translating the line from its original position,
the number of pixels falling within the image plane first increases, then remains
constant, and finally decreases. If the image size along the translation direction is
shorter than the distance between the extremity of the line falling off the image
plane and the image plane, the constant zone is replaced by a zone where the
line is increasing at one end while decreasing at the other. The number of pixels
falling within the image after each translation can be efficiently updated using
a run length coding of the discrete line. The algorithm is suited to line erosions
and dilations in 3-dimensional images but requires a careful analysis of border
effects.
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The procedure extends directly to periodic lines. Once the periodic struc-
turing element has been defined, the discrete Bresenham line having the same
orientation is traced from one of the image corners. Since the connected periodic
line has the same orientation as the Bresenham line, the latter can be translated
along the line so as to process all pixels of the line falling within the image
plane. As described in the previous paragraph, the line is then translated in an
appropriate direction and the procedure is repeated until the whole image plane
has been swept. Figure 8 shows an example with the periodic line P3,(2,1).

Translation Invariance Issues As already noticed in [27], the shape of the
connected line segment varies slightly from one pixel to another for all orienta-
tions not matching one of the principal directions of the digitisation grid. These
variations are studied in detail in [31] while proposing solutions for achieving
translation invariance wherever necessary. In general, there are k possible out-
puts for a neighbourhood image operator Ψ by a line segment of length λ pixels
applied along a Bresenham line of slope y/x and sweeping the whole image
definition domain. We denote them by ΨBLλi

,(x,y) where i ∈ {1, . . . , k} and
k = max(|x|, |y|).

The recursive translation invariant strategy relies on the following structuring
element decomposition:

Lnki,(x,y) = Lki,(x,y) ⊕ Pn,(x,y), (2)

where ⊕ denotes the Minkowski addition [16] and i ∈ {1, . . . , k}. Therefore, the
following relationships hold

δLnki,(x,y) = δLki,(x,y)δPn,(x,y) , (3)
εLnki,(x,y) = εLki,(x,y)εPn,(x,y) . (4)

We also show in [31] that the union (i.e., point-wise maximum ∨ for discrete
grey scale images) of all k possible non-TI openings is identical to the union of
the openings by the k possible line segments (the same result holds for closings
φ by replacing the union with the point-wise minimum ∧):

i=k∨
i=1

γBLλi
,(x,y) =

i=k∨
i=1

γLλi
,(x,y), (5)

i=k∧
i=1

φBLλi
,(x,y) =

i=k∧
i=1

φLλi
,(x,y). (6)

3.3 Extension to Grey Scale Structuring Elements

The dilation of an image f with a grey scale (also referred to as volumic or
non-flat) structuring element Bv is denoted by δBv (f) and is defined as follows
for each point x:

[δBv (f)](x) = max
b∈Bv

{f(x+ b) +Bv(b)}. (7)
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(b)
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(c)
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f

PIXELS ALONG THIS BRESENHAM LINE ARE BEING PROCESSED (see (c))

14

0 1

2 3
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8 9

1110

12 13

15

16 17

Direction of translation

Result(8)=max[h(8) , g(12) ]

PIXELS IN THIS REGION HAVE ALREADY BEEN PROCESSED

PIXELS IN THIS REGION HAVE NOT YET BEEN PROCESSED

of the connected periodic line 

Fig. 8. Implementation of dilation with a periodic structuring element using
a modified van Herk algorithm. (a) A periodic structuring element P3,(2,1), its
origin being the black pixel. (b) The image plane after 9 translations of the
corresponding Bresenham line. (c) Schematic of the algorithm: the value in g or h
at the starting point of a cycle of arrowed arcs equals the original value in the
input image f (e.g., g(6) = f(6) or h(11) = f(11)). The value at the pixel pointed
by an arrowed arc equals the maximum between the value of f at this position
and the value at the beginning of the arrowed arc (e.g., h(2) = max[f(2), h(4)]).
This algorithm requires 3 max comparisons, whatever the number of pixels of
the periodic line
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The grey scale weights of a grey scale structuring element should be set according
to the image intensity values. The erosion is defined by duality with respect to
set complementation: [εBv(f)](x) = minb∈Bv{f(x+ b)−Bv(b)}.

Grey scale structuring elements should be used with care because the cor-
responding erosions and dilations do not commute with scalings of the pixel
intensity values [18,29]. Nevertheless, these structuring elements are useful for
some applications such as the rolling-ball algorithm and the computation of
shadows of an image seen as a topographic surface [32].

Let us show that the recursive procedure for computing min/max filters (see
Sec. 3.2) extends to grey scale periodic structuring elements, i.e., structuring
elements whose domain of definition is a periodic line and whose grey scale
values are defined as the index of the point i in the periodic line multiplied by a
real number s defining the grey scale slope: P (iv) = is, ∀i ∈ {0, 1, . . . , λ−1} [28].
We denote by Pλ,v,s grey scale periodic structuring elements of grey scale slope
s. Examples of grey scale periodic structuring elements are presented in Fig. 9.

-1
-2

0 0
2

4

(c)(b)(a)

0
4

8

Fig. 9. Grey scale periodic structuring elements. (a) P3,(3,1),−1. (b) P3,(1,1),2.
(c) P3,(2,−1),4

The algorithm requires an additional buffer f ′. The values of the input im-
age are copied in this buffer which is partitioned into blocks as described in
Section 3.2. The periodic structuring element is then positioned at the first pixel
of each block and the weights are added to each pixel of the block whose intersec-
tion with the structuring element is non-empty. The structuring element is then
translated by one pixel to the right and the procedure is repeated until a weight
has been added to all pixels of f ′ (there are k − 1 translations per block). Once
the values of the buffer f ′ have been calculated, the buffers g and h are com-
puted from the buffer f ′ using the recursive procedure detailed in Section 3.2.
Finally, the resulting value at each position equals the maximum value between
the value in the buffer h at the current position and the value in the buffer g at
the current position plus x+k(λ−1). However, in order to ensure that the same
weights are used for all positions, appropriate multiples of the slope s must be
added to g and subtracted from h beforehand. More precisely, x mod λ times s
must be removed from h and (λ− 1)− (x+λ− 1) mod λ times s must be added
to g. For clarity and conciseness, the case of a connected periodic line of λ pixels
(i.e., the periodicity k is equal to 1) with the origin matching the first pixel of
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the periodic line (i.e., o = 0) is presented hereafter:

f ′(x) = f(x) + (x mod λ)s

g(x) =
{
f ′(x) if x mod λ = 0,
max[g(x− 1), f ′(x)] otherwise.

h(x) =
{
f ′(x) if (x+ 1) mod λ = 0,
max[h(x+ 1), f ′(x)] otherwise.

r(x) = max[g(x+ λ− 1) + ((λ− 1)− (x+ λ− 1) mod λ)s, h(x)−(x mod λ)s].

Note that all divisions are integer divisions. This algorithm adapts directly to
non-unitary periodicities (i.e., k > 1). An example is given in Fig. 10 for the
periodic line P3,(2,0),s. For conciseness, we use a structuring element of 3 pixels
only. Since our algorithm requires 3 max comparisons per pixel whatever the
number of pixels in the structuring element, speed gains are obtained for larger
structuring elements.

h

g

f’

f

(a)

0

(b)

17161514131211109876543210

2ss

+0 +s +2s +2s+s+0 +0+0 +0+s +s +2s +0 +s +s +2s +2s+2s

Result(8)=max[h(8)-s, g(12)+2s]

Fig. 10. Recursive min/max filter with a grey scale periodic structuring ele-
ment P3,(2,0),s (shaded origin). The structuring element is shown in (a) and the
schematic of the algorithm in (b)



88 Pierre Soille

3.4 Extension to 3-Dimensional Images

This extension is trivial in the sense that the very nature of the algorithm is
1-dimensional. In practice however, the implementation of a sweeping procedure
allowing for the processing of the image volume along discrete lines while avoid-
ing processing a voxel more than once requires a very careful analysis of the
translation directions and handling of the image borders. The original position
(image corner) of the line and the two translations to consider depend on the
orientation of the line (there are 16 cases).

4 Line Segment Cascades

By cascading two erosions (resp. dilations) with vertical and horizontal line seg-
ments, one achieves erosions (resp. dilations) with square structuring elements:

✷n = Ln,(1,0) ⊕ Ln,(0,1), (8)

where ✷n is a square a width n pixels. It has long been know that discrete
diamond-shaped structuring elements cannot be generated by cascading erosions
(resp. dilations) with structuring elements at 45 and −45 degrees. Although
logarithmic decompositions have been proposed [33] for speeding up operations
with diamond-shaped sets, the following simple and efficient decomposition can
be used instead:

n = Ln−1,(1,1) ⊕ Ln−1,(1,−1) ⊕ 2, (9)

where n is the diamond-shaped structuring element with a side of n pixels (n ≥
2), i.e., 2 is the 4-connected neighbourhood plus its central pixel. By definition,
1 is a single pixel. An example is shown in Fig. 11. All these decompositions

=

Fig. 11. Decomposition of a diamond-shaped structuring element of a width of
4 pixels using Eq. 9

substantially speed up operations for n large enough (6 (resp. 10) min/max
comparisons per pixel whatever the width n of the square (resp. diamond) when
using the recursive algorithm instead of a number in O(n2) for the brute force
algorithm). Note also that cascades of erosions/dilations by 2 currently used
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for generating operations with diamond-shaped structuring elements of larger
size are not only less efficient than Eq. 9 but also only lead to diamonds of odd
width. In the sequel of this section, we concentrate on cascades starting from
periodic lines and leading to connected lines and discrete disks.

4.1 Leading to Connected Lines

Cascades of periodic lines can be used for generating connected line segments and
granulometric families of disks. This idea has originally been developed in [12].
We summarise here the main results. It is apparent from the example shown
in Fig. 3c that in general a periodic line is not connected. In fact, in the two-
dimensional case using 8-connectivity, the only examples of connected periodic
lines are when both the horizontal and vertical components of the periodicity are
either −1, 0, or 1. However, periodic lines can be cascaded with other periodic
lines or carefully chosen structuring elements to form a connected line (this
principle it at the very basis of Eq. 2). Indeed, if Pλ,v is a periodic line, where
λ > 1, and A is any connected line with end points given by 0 and v, then Lλ =
A ⊕ Pλ,v is a connected line with the same end points as Pλ,v . An example is
shown in Fig. 12 using the periodic line P3,(2,1) from Fig. 3c. In Fig. 12a are

(b)

(a)

Fig. 12. Connected periodic lines. (a) Examples of the connected line A for the
periodicity (2, 1). (b) Corresponding connected periodic lines L2 = A⊕ P2,(2,1)

examples of the line A that have the two end points (0, 0) and (2, 1). Note that
the line A may be of any type so long as it is connected; the first two we show
here are 8-connected Bresenham lines and the third is 4-connected. Although it
would be advantageous if the connected line A was also periodic, as this would
admit a fast and translation-invariant implementation of A, this is only possible
for a restricted class of periodicities. The corresponding connected periodic lines,
given by the cascade A⊕ P2,(2,1), are shown below each line A in Fig. 12b.

The granulometric properties of periodic shapes are summarised by the fol-
lowing theorem [12]: Given any set A and periodic shape Sλ,v, the opening
Γλ(f) = γA⊕Sλ,v(f) admits Γλ+µ ≤ Γλ, where λ, µ ≥ 0. It is therefore a
granulometric function with size vector λ.

A particular application is to linear granulometries. Since the line Pλ,v is an
example of a periodic shape Sλ,v, we may state the following: If Γλ(f) = γLλ

(f),
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where Lλ is a connected periodic line, then Γλ is a granulometric function with
size parameter λ > 1. Figure 13 shows an example using the periodic line P3,(2,1)

from Figs. 3 and 12. Figure 13a is a connected line A with end points (0, 0)
and (2, 1). Figures 13a, b and c respectively are the connected periodic lines
A ⊕ P1,(2,1), A ⊕ P2,(2,1) and A ⊕ P3,(2,1) which are used to generate the first
three members of the family of the granulometric function Γλ(f) = γLλ

(f). Note

(a) (b) (c) (d)

Fig. 13. Granulometric functions can be generated from a connected periodic
line. (a) Connected line A. (b), (c) and (d) Growth of the connected periodic
line

that the increase in length of Lλ equals k pixels, the periodicity of the underlying
periodic line. By considering the union of openings described in Sec. 3.2, one can
however increase the length of the structuring element one pixel at a time while
satisfying all axioms of a granulometry. The resulting directional granulometry
Γ for a given slope y/x and size parameter λ is then defined as follows:

Γλ,(x,y) =
i=k∨
i=1

γLλi,(x,y) . (10)

4.2 Leading to Discrete Disks

In Euclidean morphology, Matheron [15, p. 94] has shown that for θ1, θ2, . . . θn
distinct in [0, π), k1, k2, . . . , kn > 0, then k1Lθ1 ⊕k2Lθ2 ⊕· · ·⊕knLθn is a convex
polygon of 2n sides whose opposite edges are of length 2ki and have orientation
given by θi. Adams [1] used this principle for generating disks (and spheres) of
increasing size from cascades of dilations by discrete Bresenham line segments.
In [12], it has been show that cascades of periodic lines lead to better results
in the sense that the resulting disks are symmetric. The approximation of a
Euclidean disk (ball) B can be written as follows: B ≈ Sλ,v. However, no clue
was given on how to select the vector of sizes and the corresponding vector of
periodic lines. This can be achieved as follows. Suppose we look for the best
discrete approximation of an Euclidean disk using cascades of line segments
whose Euclidean length equals l. We then consider Fig. 6 and look for all slopes
defined for this length and use the corresponding periodic lines with the maximal
number of pixels so that the corresponding Euclidean line segment does not
exceed l. We denote by Bl the corresponding approximation. For example we
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have the following cascades for the five first approximations:

B1 = P2,(1,0) ⊕ P2,(0,1),

B√
2 = P2,(1,0) ⊕ P2,(0,1) ⊕ P2,(1,1) ⊕ P2,(1,−1),

B2 = P3,(1,0) ⊕ P3,(0,1) ⊕ P2,(1,1) ⊕ P2,(1,−1),

B√
5 = P3,(1,0) ⊕ P3,(0,1) ⊕ P2,(1,1) ⊕ P2,(1,−1)

⊕P2,(2,1) ⊕ P2,(2,−1) ⊕ P2,(1,2) ⊕ P2,(1,−2),

B2
√
2 = P3,(1,0) ⊕ P3,(0,1) ⊕ P3,(1,1) ⊕ P3,(1,−1)

⊕P2,(2,1) ⊕ P2,(2,−1) ⊕ P2,(1,2) ⊕ P2,(1,−2).

Figure 14 displays the eight first disks. Notice that, by construction, these disks

B1 B√
2 B2 B√

5

B2
√

2 B3 B√
10 B√

13

Fig. 14. Radial decompositions of discrete disks of increasing size using cascades
of dilations with periodic lines. Each disk is symmetric, convex (see Sec. 6), and
is opened for all disks of smaller size: γBi(Bj) = ∅ for all i ≤ j (see text for the
definition of each Bi)

form a granulometry with size parameter given by l. In contrast, radial decom-
positions using Bresenham lines [1] cannot be used to generate a granulometric
function, neither the disks obtained by thresholding the Euclidean distance com-
puted from a center pixel (the first element would be 2 and the second ✷3 but
it is not opened by the first, i.e., the absorption property is not satisfied). The
generation of a granulometric family of discrete spheres S from cascades of pe-
riodic lines can be achieved using a similar approach. For example, we have the
following two first decompositions:

S1 = P2,(1,0,0) ⊕ P2,(0,1,0) ⊕ P2,(0,0,1),

S√2 = S1 ⊕ P2,(1,1,0) ⊕ P2,(1,−1,0)

⊕P2,(0,1,1) ⊕ P2,(0,1,−1) ⊕ P2,(1,0,1) ⊕ P2,(1,0,−1).
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5 Opening/Closings by Line Segments

5.1 Basics

Directional openings and closings are useful for a wide range of practical appli-
cations such as fingerprint and fibre analysis, document interpretation (where
thin lines have to be tracked), industrial inspection (where cracks, scratches,
and other elongated defects have to be detected), and satellite imagery for the
detection of road networks. A bank of directional openings and/or closings can
also be used for extracting long thin objects of an image. This approach is illus-
trated in Fig. 15 for the extraction of bus-like structures in a 1 metre resolution
satellite images. Other applications of directional morphological filters are de-
tailed in [25] for the processing of veins appearing on plant leaves and [35] for
the filtering of laid lines appearing in paper watermarks. When the elongated
structures contains gaps, better results are obtained by considering rank-max
directional openings [31]. The recursive algorithm described in Sec. 3 is then
replaced by the moving histogram algorithm [5,10] suited for rank filters.

5.2 Orientation Field

The orientation at a given pixel x in an image is defined as the orientation of the
line segment that minimises the difference between the grey-level value in the
original image at x and the grey-level value at the same location in the image
filtered by the considered line segment [30,31]. Openings should be used for
image structures that are brighter than their background (i.e., ‘positive’ image
structures) and closings for image structures darker than their background (i.e.,
‘negative’ image structures).

In mathematical terms, we define the positive orientation at a given image
pixel x and for a given scale λ as the orientation of the directional morphological
opening of length λ which modifies the least the original image value at posi-
tion x. We denote the the positive orientation by Dir+, the negative orientation
Dir− being defined by duality:

Dir+λ (f)(x) = {θi | γLλ,θi
(f)(x) ≥ γLλ,θj

(f)(x), ∀ θi �= θj}, (11)

Dir−λ (f)(x) = {θi | φLλ,θi
(f)(x) ≤ φLλ,θj

(f)(x), ∀ θi �= θj}. (12)

The positive (resp. negative) directional signature at a given pixel can be
obtained by plotting the normalised opened (resp. closed) values versus the ori-
entation of the line segment. This signature can then be used to detect crossing
lines, flat zones, etc. We also define the following quantities for each point x of
the input image f :

Max+λ (f)(x) = {γLλ,θi
(f)(x) | γLλ,θi

(f)(x) ≥ γLλ,θj
(f)(x), ∀ θi �= θj}, (13)

Min+λ (f)(x) = {γLλ,θi
(f)(x) | γLλ,θi

(f)(x) ≤ γLλ,θj,λ
(f)(x), ∀ θi �= θj}, (14)

Gdir+λ (f)(x) = Max+λ (f)(x) − Min+λ (f)(x). (15)
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(a) Input satellite image (IKONOS) showing Pi-
azza Venetia in Roma

(b) Union of openings by line segments slightly
shorter than buses (followed by reconstruction of
original image)

(c) Union of openings by line segments slightly
longer than buses (followed by reconstruction of
original image)

(d) Difference between image (b) and (c)

(e) Global threshold of (d)

Fig. 15. Extraction of bus-like structures appearing in a 1 metre resolution satel-
lite image (IKONOS) using union of openings by line segments
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Gdir+λ can be interpreted as the strength of the positive orientation: it will output
a small value if there is no predominant orientation for a structuring element
length of λ pixels. Max−λ ,Min−

λ , and Gdir−λ are defined by replacing the opening
with the closing in Eqs. 13–14.

When comparing the values of Gdir+ and Gdir− of a given pixel, it is possible
to detect whether it belongs to a positive or negative image structure: positive,
if Gdir+ > Gdir−, negative, otherwise. We denote by Gdir the point-wise maxi-
mum between the images Gdir+ and Gdir−: Gdir = Gdir+ ∨ Gdir−. The image
of directions Dir is then defined as follows:

Dirλ(f)(x) =
{

Dir+λ (f)(x), if Gdirλ(f)(x) = Gdir+λ (f)(x),
Dir−λ (f)(x), otherwise.

(16)

A colour representation of the local orientation information is then simply
achieved by equating the orientation information (i.e., either Dir+, Dir−, or
Dir) to the hue and strength of the orientation information (i.e., either Gdir+,
Gdir−, or Gdir) to the lightness component of the image, the colours being
fully saturated in all cases. For example, the colour representation of the local
orientation by opening is illustrated in Fig. 16 on IRS satellite image of Athens.

6 Closing by a Half-Plane and Convex Hulls

In [22], we have been shown that the convex hull transformation can be de-
fined in terms of an intersection (point-wise minimum ∧) of half-plane closings.
Hence, denoting by φ the closing transformation, πθ a closed half-plane having
a given slope θ = arctan(y/x), and π̌θ the reflected half-plane, the convex hull
transformation CH of a grey scale image f is defined as follows:

CH(f) =
∧
θ

[φπθ
(f) ∧ φπ̌θ

(f)]. (17)

In the discrete case and for a bounded image, only a finite number of directions
need to be considered. More precisely [24], let us first define the convex hull
CH0 of order 0 as the intersection of the horizontal and vertical half-planes (i.e.,
slopes in the form 0/1 and 1/0). The convex hull of order 0 is nothing but the
strong convex hull in the 4-connected graph. The convex hull CHi of order i ∈ N
is then defined as the intersection of all half-planes whose slopes are in the form
of y/x where x and y are integers in the range [−i, i] with no common divisors
other than 1. The corresponding number of slopes is given by 4 card(Fi)−4 (see
also Sec. 2.3). Since the orientations considered for any order i ≥ 0 is a subset of
the orientations considered for the order i+1, the following ordering relationship
is satisfied: CHi+1 ≤ CHi.

For a n × n image, convergence is reached at the latest for the order n − 1
(upper bound). The actual order number depends on the shape of the image
objects. In practice, the number of half-plane closings corresponding to the upper
bound may be too large for applications where speed is an issue. In this case,
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Fig. 16. Image of the local orientation enhancing the road network of a city.
Top: input IRS image of Athens. Bottom: colour representation of Dir−. The
structuring element used in this experiment is a line segment of 11 pixels using
the moving histogram TI implementation and a rank of 4 for the corresponding
rank-max openings
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a trade-off between accuracy and computation time must be considered. For
example, a convex approximation of the discrete convex hull of order n ≥ 1 is
achieved by performing half-plane closings whose slopes are in the form ±i/n
and ±n/i, where i ∈ {0, . . . , n} (there are only 4n− 4 such slopes). We denote
by C̃Hn the corresponding approximation. Notice that the following ordering
relation holds: CHn ≤ C̃Hn. In [24], we show that if CHw outputs the exact
discrete convex hull (i.e., CH = CHw), then C̃Ho>w \ CH is at most one-pixel
thick.

Finally, note that the translation-invariant implementation of half-plane clos-
ings can be achieved by processing the pixels in the order they are reached when
progressively translating each Euclidean half-plane πθ so as to sweep the whole
image definition domain. By doing so, the pixels reached at any given step cor-
respond to those falling along the periodic line having the same slope as the
half-plane.

7 Conclusion

The study of discrete line segments for morphological operators leads to a wide
variety of developments of interest to both discrete geometry and image analysis.
The resulting structuring elements are useful not only for filtering thin image
structures but also for generating sound approximations of discrete disks and
grey scale convex hulls.
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