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Abstract. The paper describes the combination a multi-views approach
to represent connected components of 2D binary images. The approach
is based on the Object Connectivity Graph (OCG), which is a sub-graph
of the connectivity graph generated by the Discrete Cylindrical Alge-
braic Decomposition(DCAD) performed in the 2D discrete space. This
construction allows us to find the number of connected components, to
determine their connectivity degree, and to solve visibility problem. We
show that the CAD construction, when performed on two orthogonal
views, supply information to avoid ambiguities in the interpretation of
each image component. The implementation of the algorithm is outlined
and the computational complexities is given.

Keywords: shape representation, shape decomposition, shape descrip-
tion, digital topology

1 Introduction

The combination of multiple views of the same object can be used to improve its
reconstruction. In principle, it is possible to recover the whole object informa-
tion from partial ones; the number of views that are necessary to fully recover an
object-representation depends also on the feature space. For examples in [1] two
views are considered to reconstruct convex polyminoes; computerized tomogra-
phy [2] is another example of reconstruction from projection. In [3] the symmetry
transform, performed on multiple views, is used for object representation and
classification.

The paper describes how to combine the information of two orthogonal views
to represent the connected components in 2D binary images. The combination
method uses the Connectivity Graph (CG) as it is derived from the Cylindrical
Algebraic Decomposition (CAD)introduced by Collins [4] for the decomposition
of the Euclidean space, Ed. In [5] the CAD construction has been extended to
the analysis of components of a set of points of a 2D discrete space, D ⊆ N2,
where N is the set of natural numbers and it has been applied for the solution
of geometry problems of the first and the second order [6,7], to computer aided
design, and shape analysis.

The CAD-algorithm performs a cellular decomposition [8,9] of the projective
plane in open ball, also named i-cells, with i ≥ 0. For example in E2 a 0-
cell is a point, 1-cell is an open arc, and 2-cell is an open region. The cellular
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decomposition of E2 may be defined as a nested sequence X0 ⊂ X1 ⊂ X2 ⊂ E2

of closed subspaces, such that X0 consists of finitely many 0-cells, X1 consists
of finitely many disjoint 1-cells, X2 consists of finitely many disjoint 2-cells.

Let us describe the classical CAD-algorithm with an example. Let C be an
algebraic curve in the real projective plane (see Fig.1a):

y4 − 2xy3 − x2y2 + y2 + 2x3y + x2 − 1 = 0

then a cellular decomposition can be performed as in Fig.1b, by intersecting C
with linear varieties. The decomposition is arbitrary, however after that it is
performed the i-cells are determined, and they may be used to study C, and its
connected components (≤ (n2 )−1, where n is the degree of C). Two distinct cells

Fig. 1. a) Algebraic curve C in the projective real plane; b) The Cylindrical
Algebraic Decomposition

are adjacent if they touch each other. Clearly adjacency is a symmetric relation.
Therefore the CG nodes are cells, and the arcs represent the adjacency between
cells.

The extension of the CAD decomposition to a digital spaces is named Dis-
crete CAD (DCAD) [5]. Its definition is straightforward by providing the proper
definitions of i− cell, and connectivity relation on D [10,11].

The DCAD provides unambiguous topological information (connected com-
ponents, holes); however, the structural description of a given component could
be ambiguous. This ambiguity can be avoided by using two or more views. In the
paper we show that two views are sufficient to avoid shape ambiguities that are
on the component borders. An algorithm for combining two orthogonal views of
the DCAD construction is also given and its computational complexity outlined.

The paper is organized as follows. Section 2 describes the DCAD-algorithm.
The algorithm to combine the CG is described in Section 3. Section 4 reports
results and implementation notes. Final remarks are given in Section5.
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2 The Discrete CAD Algorithm

In the following the internal borders of connected components in E2 will play
the role of the algebraic curves. In this case the CAD-algorithm consists in
the partition of the space by means of parallel straight lines that intersect the
borders of connected components. The i-cells, generated by the decomposition,
are points (p), bend-points (s), open lines representing borders (b), open lines
representing cylinders (c) and open 2D regions (r).

Starting from this decomposition a labeled not oriented connectivity graph
(CG) is derived, nodes of which are of type p, s, b, c, and r. The arcs of a
CG connect only nodes of different type that are adjacent. Fig.s 2a,b show an
example of CAD, and the corresponding CG in E2. An ordered pair of integer
number, (L,R), is assigned to each node of the CG; where L and R are named
the left and right labels respectively. This labeling allows us to identify univocally
nodes of type c, r, and b, while nodes of type p and s have the same kind of pair,
as stated below.

R/L 0dd Even
Odd c r
Even p,s b

This labeling rule is determined by scanning the plane left to right (bottom
to up), and increasing by 1 L (R) each time a new element of the decomposition
is intersected (initially L = R = 0). For example the region r1 in Fig.2a is labeled
(0, 1), the line c2 is labeled (1, 3) the line b1 is labeled (2, 2) and the point p2 is
labeled (3, 2), see Fig.2b. In E2 an infinity number of CAD’s can be performed;
in fact, it is possible to consider all possible directions of straight lines. Here,
only straight lines, parallel to the Y (X)-axis that intersect concavity, convexity,
and bend-points are selected.

The DCAD-decomposition is obtained by considering as cylinders digital
straight paths in D that are parallel to the Y (X)-axis. Moreover, the cylinders
selected cross the internal borders of the components in D, where one of the con-
figurations of pixels shown in Fig.3 is present. These configurations correspond
to concavities, convexities, and bends of digital borders.

The DCAD construction may generate empty regions between two adjacent
cylinders. In the algorithm these regions are treated as virtual regions, and their
labeling is determined by considering the labels of adjacent cylinders. Each of
these configurations became a single vertex in the construction of the CG. The
labeling of CG is determined as in the continuous space, by scanning D left-right
and bottom-up. The arcs represent the adjacency relation among points, paths
and regions.

Note that the 4-adjacency holds between points, paths, and internal regions;
while 8-adjacency holds between points and external regions.

2.1 Properties of the CG

The CG allows to retrieve the connected components of binary images, and to
derive information about the visibility-problem. that is stated as follows: for
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Fig. 2. a) Example of CAD in E2; b) corresponding Connectivity Graph of the
CAD

a given illumination of a scene, with more then one component, decide which
component is totally or partially hidden.

The CG derived is planar graph three colorable; its faces are triangles, nodes
of which, represent points, bend-points, lines, and 2D-regions. As said before,
each node has three labels (λ, Lλ, Rλ), with λ ∈ {p, s, b, c, r}, that represent, in
the order, its type, left, and right labels.

Proposition 1. A simple cycle, C, of CG, such that nodes of type p (s) (Lp(s)

is odd and Rp(s) is even), are connected to nodes of type b (Lb and Rb are both
even), represents an internal border of a connected component.

The internal regions of a component of D are obtained as follows:

Proposition 2. The internal region of a component, represented by the cycle C,
is the union of the regions, such that their labeling (λ, Lλ, Rλ), λ ∈ {p, s}, sat-
isfies the condition: L is even and Rmod4 = 3 and are connected to some nodes
of type p (s) of C. An analogous statement can be formulated for the exter-
nal regions of a cycle (component), by replacing the condition Rmod4 = 3 with
Rmod4 = 1.
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Fig. 3. Basic configurations: left concavity (LC); right concavity (RC); right
bend (RB) and left bend (LB); left double point (LTF ); right double point
(RTF ); right bend of type 1 (RB1); left bend of type 1 (LB1); right bend of
type 2 (RB2); left bend of type 2 (LB2)

Proposition 1 and 2 are straightforward; they follow from the ordering that is
settled in the nodes of CG, during the computation of the right and left labels.

In the case of simply connected components the number of cycles is equal to
the number of connected components in D. For example, the cycle (bold arcs)
in Fig.2b represent the connected components in Fig.2a. Connected components
may have N -holes (N ≥ 0) and the number of components and their holes are
retrieved by searching cycles in CG. In this case it is necessary to determine the
relation of inclusion between cycles. The algorithm generate a graph is a forest of
rooted oriented trees, nodes of which represents borders. Oriented arcs represent
the relation to be directly included. Nodes of the forest represent a component
iff it belongs to an even level. A node of an even level, with N -sons, represents
a component with N -holes.

The inclusion relation is easily determined by comparing the highest, and
lowest left/right labels of their nodes.

Proposition 3. Given two simple cycles, Ci, Cj , of CG, representing internal
borders of connected components in D, then Ci ⊂ Cj iff the inequalities:

Lm(Ci) > Lm(Cj) LM(Ci) < LM(Cj)

and
Rm(Ci) > Rm(Cj) RM(Ci) < RM(Cj)

are all satisfied. Where Lm(Ci), Lm(Cj), LM(Ci), LM(Cj), Rm(Ci), Rm(Cj),
RM(Ci), RM(Cj) are the lowest and highest left/right labels of the nodes in Ci,
and Cj .

Here, we omitted the labeling information to light the notation. This propo-
sition is easily proved by considering again the ordering of the nodes in CG, and
by the fact that two cycles, representing regular components in D, cannot have
common nodes.
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3 Two Views Combination

In the following we will consider the sub-graph of the CG, named Object CG
(OCG), that is obtained deleting from the CG all nodes and the corresponding
arcs representing components of the background of the digital scene (the value 0
is assigned to the background by convention). The label of each node is preserved
therefore all results, obtained in the previous section, still hold. The connected
components of the OCG represent objects in the scene. The OCG allows us
to store less space memory and makes easier the visualization of the results.
Moreover, the λ-label will not be explicitly shown in OCG.

In the following we denote by DCADY (X) the DCAD along the Y (X)-axis
and by OCGY (X) the corresponding graphs. The DCADX is performed by scan-
ning the image in a top down and left-right order (see Fig.4).

Fig. 4. An example of DCADY and DCADX and related graphs

The DCAD of a 2D digital scene and the related OCG includes by its def-
inition all topological information regarding the connected components in the
scene. However, in the case on non-convex components structural information
can be lost or could be ambiguous if we consider only one view.

In the case of binary images most of the shape information is on the borders.
The ambiguities, we want to eliminate, regard the positions and orientation of
bend points and concavities (these one can be considered the combination of two
bend points.

For example, the DCADY of the left and right images in Fig.5 generate
the same OCGY (see Fig.6), even if the bottom components have a different
structure (the bend-points are in the opposite position). Note that the ordering
of the λ-labels remains the same in both configurations.

Fig.7 shows the DCADX of the previous images. The OCGX in Fig.s 8a,b
corresponds to the left and right images in Fig.7 respectively; note hat in this
case the two OCGX ’s are different; because the ordering of the λ-labels is not
preserved. In the following we will show how to combine the two OCG’s to solve
this ambiguity.
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Fig. 5. DCADY of the left and right images

Fig. 6. The OCGY of the images in Fig.5

The following properties are used in the algorithm for combining the OCGY

and the OCGX graphs.

Proposition 4. A connected component of an OCG starts with at least one
node with label (p, L,R) with L odd and R even, which is connected to nodes
(λ, L + 1, R1), (λ, L+ 1, R1 + 1), (L + 1, R1 + 2) with R1 ≥ R even.

This proposition follows from the scanning rules.

Proposition 5. A sequence of nodes labeled (p, L,R), (c, L,R+1), (p, L,R+2)
of a connected component of an OCG can be deleted with the arcs and the nodes
on the left and right of the triple can be merged as follows: {(λ, L− 1, x), (λ, L+
1, x)} −→ (λ, L−1, x) for x ≡ R,R+1, R+2. The reduced connected components
maintain both topological and structural properties.

Proof. In fact, the cylinder represented by the nodes (p, L,R), (c, L,R + 1),
(p, L,R+2) makes a partition of a rectangle into two sub-rectangles that merged
do not change neither the topology neither the structure of the image component.
The components obtained are said normalized.

In the following the sketch of the combining algorithm is given. The time
complexity of each step is also evaluated as a function of the linear size n of D
and the number of components Nc in the image.
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Fig. 7. DCADX of the same images

Fig. 8. a) The OCGX of the left image; b) the OCGX of the right image

– Algorithm COMPOUND
1 Input OCGY , OCGX

2 Components association
In this step the labeling, generated by the scanning rule, is used. Components
inOCGX are selected by searching for starting nodes that satisfy Proposition
4 that are yet marked and with the lowest labels L and R. The association
is made with the corresponding not marked component in OCGY that has
the highest Y spatial value. The associated components are marked. The
association stops after that all components in OCGX and OCGY have been
marked. The time complexity of this step is O(Nc ×Nc).

3 Component normalization
Using iteratively the reduction rule stated in Proposition 5 performs the
normalization of the OCGY (X). The time complexity of this step is O(n×
Nc).

4 Component combination
The combination of the associated normalized components is performed by
considering that for a given odd value of L > 1 the sequence of labels is of
the form

pc(sc)∗p ∪ pc(sc)∗s ∪ (sc)∗p ∪ (sc)∗s

Moreover, by using the 9 correspondences between the sequence OCGY and
OCGX (see Fig.9 and Table 1) it is possible to set the position of bend-points
in each component eliminating the related ambiguities.
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5 Output structural and shape information about each component
– end COMPOUND

The time complexity of this step is O(n×Nc).

Fig. 9. The 9 correspondences between OCGY and OCGX

Table 1. Words corresponding to configurations in Fig.9

Y X Config. Y X Config. Y X Config.

pcs pcs F ig.9a pcs scp F ig.9b pcs scs F ig.9c
scp pcs F ig.9d scp scp F ig.9e scp scs F ig.9f
scs pcs F ig.9g scs scp F ig.9h scs scs F ig.9i

Proposition 6. The combination phase of the algorithm COMPOUND elimi-
nates ambiguities due to position and orientation of bend points.

Proof. For binary images, represented in a squared lattice, configurations, given
in Fig.9, cover all possible cases. Ambiguties are then solved by parsing left to
right the words corresponding to the same object in OCGX and OCGY and
testing the occurrencies given in Table 1.

4 Implementation Notes

The serial version of the DCAD-algorithm has been implemented in C++ under
Linux. The whole computation time of the COMPOUND algorithm is, as we
have seen, of the order O(n×Nc). Note that in most applications Nc  n. The
computation time to perform the DCAD algorithm is of the order O(n2) and it
is the more expensive part of the whole computation. In [12] a parallel version
of the DCAD-algorithm is given.

The CPU time to run DCAD and COMPOUND algorithms on a PEN-
TIUM III 400MHz was of about TDCAD = 0.5sec + TCOMPOUND = 30msec for
256 × 256 synthetic images containing at most 10 components. The maximum
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Fig. 10. The DCAD construction of a binary image

Fig. 11. The OCGX and OCGY of the binary image in Fig.10

number of nodes to be explored was 530 in the case of ten components. The
right side of Fig.10 shows the DCAD of a binary image on the left in both views
(X,Y ). The top and the bottom of Fig.11 show the corresponding OCGX and
OCGY respectively.

Either the discrete nature ofD or the noise background may generate dummy
bend-nodes. They have been removed by using heuristic arguments that are
related to the image size; for example discard bend-points with length less than
0.05× n (e.g. in our case length< 10).
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5 Final Remarks

The paper shows a new approach to the analysis of connected components of
binary images. The DCAD algorithm allows us to analyse topological properties
of binary images. In the paper it is show how to combine the DCAD along two
views in order to provide a structural description of digital images. The ordering
of the OCG’s is at the basis of the search and combining algorithms, allowing
them to be tractable and faster. The extension of the DCAD on 3D spaces is
under study.
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