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Abstract. In a rectangular drawing of a plane graph, each edge is drawn
as a horizontal or vertical line segment, and all faces including the outer
face are drawn as rectangles. In this paper, we introduce an “extended
rectangular drawing” in which all inner faces are drawn as rectangles but
the outer face is drawn as a rectilinear polygon with designated corners,
and give a necessary and sufficient condition for a plane graph to have
an extended rectangular drawing.

1 Introduction

Automatic drawing of graphs has recently created intense interest due to their
broad applications in VLSI floorplanning, computer network, software design
etc. [BETT99,BS88,GT97,L90,RNN02,RNN98]. In this paper, we introduce an
“extended rectangular drawing” of a plane graph, which is a generalization of
a “rectangluar drawing,” and obtain a characterization of plane graphs having
extended rectangular drawings.

In a rectangular drawing of a plane graphG, each edge is drawn as a horizontal
or vertical line segment, and all faces including the outer face are drawn as
rectangles, as illustrated in Fig. 1(a). Rectangular drawings have applications
in VLSI floorplanning. The outer boundary of a VLSI chip is not always a
rectangle but is often a rectilinear polygon of L-, T-, and X-shape, and hence it
is desired to find a floorplan of a VLSI chip where each “module” is assigned a
rectangular space inside a rectilinear polygon [KK84,L90]. VLSI floorplans with
outer boundary of L-, T-, and X-shape are illustrated in Fig. 1. Each vertex which
we wish to draw as a “convex corner” of the outer face is drawn by a white circle
in Fig. 1, each vertex which we wish to draw as a “concave corner” is drawn by
a white circle with ×, each of the other vertices on the outer face is drawn by
a black circle, and all vertices not on the outer face are drawn by gray circles.
We call a drawing an extended rectangular drawing (with designated corners) if
all inner faces are drawn as rectangles and the outer face is drawn as such a
rectilinear polygon with designated corners. The maximum degree of a graph G
is denoted by ∆. Thomassen obtained a necessary and sufficient condition for
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Fig. 1. Extended rectangular drawings.

the existence of a rectangular drawing of a plane graph G with ∆ ≤ 3 [T84],
and linear-time algorithms were obtained for finding a rectangular drawing of
G [BS88,H93,KH97,KK84,RNN98,RNN02]. However, for a general plane graph
G which does not necessarily satisfy ∆ ≤ 3, a necessary and sufficient condition
has not been known for the existence of a rectangular drawing or an extended
rectangular drawing. Of course, ∆ ≤ 4 if G has a rectangular drawing or an
extended rectangular drawing.

As a main theorem of the paper, we give a necessary and sufficient condition
for a plane graph to have an extended rectangular drawing. It immediately yields
a necessary and sufficient condition for a plane graph of ∆ ≤ 4 to have an
ordinary rectangular drawing. Thomassen’s condition [T84] can be immediately
obtained from our main theorem as a corollary. The necessity of our condition
is trivial, while the sufficiency is not. Our constructive proof of the sufficiency is
outlined as follows. Let G be a plane graph satisfying our condition. We choose
an appropriate inner face F ofG called a “corner face,” and draw F as a rectangle
as illustrated in Figs. 2(a) and (b). Let G∗ = G − F be a graph obtained from
G by “trimming off” the face F , then G∗ satisfies our condition. We now choose
a corner face of G∗, and draw the face as a rectangle. Repeating the operation,
we eventually obtain an extended rectangular drawing of the whole graph G.
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Fig. 2. The outline for a proof of the sufficiency of our main Theorem.

The remainder of the paper is organized as follows. In Section 2, we give
some definitions and lemmas. In Section 3, we give a necessary and sufficient
condition for a plane graph to have an extended rectangular drawing. Finally we
conclude in Section 4.

2 Preliminaries

In this section we give some definitions and lemmas. Let G be a simple connected
undirected graph having no multiple edge or loop. The degree of a vertex v in G
is the number of neighbors of v in G, and is denoted by d(v). We call a vertex
of G a cut vertex if its removal results in a disconnected graph. A graph G is
biconnected if G has no cut vertex.

A plane graph G is a graph embedded in the plane so that no two edges
intersect geometrically except at a vertex to which they are both incident. In
this paper, we assume that a plane embedding of G is fixed. If a plane graph G
has a rectangular drawing or an extended rectangular drawing, then clearly G
is biconnected and ∆ ≤ 4. We thus assume that G is a plane biconnected graph
with ∆ ≤ 4. G divides the plane into connected regions called faces. The contour
of a face is a cycle of G, and is often called simply a face. We denote the outer
face of G by Fo. A vertex and an edge of Fo is called an outer vertex and an
outer edge, respectively. A vertex and an edge not on Fo is called an inner vertex
and an inner edge, respectively.
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A drawing D(G) of G is called an extended rectangular drawing of a plane
graph G if

(a) each vertex of G is drawn as a point in D(G);
(b) each edge of G is drawn as a horizontal or vertical line segment in D(G);
(c) each inner face of G is drawn as a rectangle in D(G); and
(d) the outer face of G is drawn as a rectilinear polygon in D(G).

In an extended rectangular drawing D(G), each cycle C of G is drawn as a
rectilinear polygon, which is denoted by D(C). A vertex of polygon D(C) is a
vertex of graph G, and is called a corner of a cycle C. The inner angle of a corner
is either π/2 or 3π/2. A corner of inner angle π/2 is called a convex corner of
a cycle C, while a corner of inner angle 3π/2 is called a concave corner of C. A
vertex v of C is called a non-corner of C if v is not a vertex of polygon D(C).

In this paper, we assume that a rectilinear polygonal drawing D(Fo) of the
outer face Fo is roughly given: each outer vertex is designated as a convex corner,
a concave corner, or a non-corner of Fo. A vertex designated as a convex corner
of Fo is called an R-vertex of Fo, a vertex designated as a concave corner is called
an L-vertex of Fo, and a vertex designated as a non-corner is called an S-vertex
of Fo. (See Fig. 3(a).) If we turn around Fo clockwise, then we turn right at
an R-vertex, turn left at an L-vertex, and go straight through an S-vertex. An
extended rectangular drawing D(G) is called an extended rectangular drawing
with designated corners if all R-vertices of Fo are drawn as convex corners of
Fo, all L-vertices as concave corners, and all S-vertices as non-corners, as illus-
trated in Fig. 3(b). In this paper, we give a necessary and sufficient condition
for a plane graph G to have an extended rectangular drawing with designated
corners. Thomassen gave a necessary and sufficient condition for a plane graph
of ∆ ≤ 3 to have a rectangular drawing [T84]. His condition corresponds to our
condition for the special case where exactly four of the outer vertices are desig-
nated as R-vertices and all the other outer vertices are designated as S-vertices
as illustrated in Fig. 1(a). Therefore his condition can be immediately derived
from our condition.

The drawings in Figs. 1(a) and (b) are an rectangular drawing and an ex-
tended rectangular drawing of the same graph. Thus the same graph may have
various extended rectangular drawings. On the other hand, the plane graph in
Fig. 3(a) has an extended rectangular drawing in Fig. 3(b), but has no rectan-
gular drawing because there is an outer vertex of degree four.

An extended rectangular drawingD(G) satisfies the following four Conditions
(i)–(iii) for any outer vertex v of Fo:

(i) if d(v) = 2, then v is a convex corner or a non-corner of Fo;
(ii) if d(v) = 3, then v is a concave corner or a non-corner of Fo; and
(iii) if d(v) = 4, then v is a concave corner of Fo.

We may thus assume without loss of generality that each outer vertex v of G is
designated as follows:
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Fig. 3. An extended rectangular drawing.

(O-1) if d(v) = 2, then v is either an R-vertex or an S-vertex of Fo;
(O-2) if d(v) = 3, then v is either an L-vertex or an S-vertex of Fo; and
(O-3) if d(v) = 4, then v is an L-vertex of Fo.

According to the designation of outer vertices, a labeling λ of graph G is
defined as follows.

[Definition 1] A labeling λ of G assigns R,S, L,R′ or L′ as a label λ(C, v) to
each pair of a cycle C of G and a vertex v of C, as follows.
Case 1: both of the two edges e1 and e2 of C incident to v are outer edges. (See
Fig. 4.)

Let λ(C, v) be the same as the designation of v for Fo:

λ(C, v) =



R if v is designated as an R-vertex of Fo;
S if v is designated as an S-vertex of Fo;
L if v is designated as an L-vertex of Fo.

In Fig. 4 a label λ(C, v) is written in cycle C; v is designated as an R-vertex of
Fo in Fig. 4(a), as an S-vertex in Fig. 4(b), and as an L-vertex in Fig. 4(c).
Case 2: both e1 and e2 are inner edges, and d(v) = 2. (See Fig. 5.)

In this case, v is an inner vertex. Let λ(C, v) = S. (That is, e1 and e2 must
be drawn on the same straight line.)
Case 3: both e1 and e2 are inner edges, and d(v) = 3. (See Fig. 6.)

In this case, v is an inner vertex. Let e3 be the edge incident to v other than
e1 and e2, then λ(C, v) is defined as follows:

λ(C, v) =
{
R′ if e3 is outside C;
L′ if e3 is inside C.

Label R′ means that v must be either a convex corner or a non-corner of C as
illustrated in Figs. 6(a) and (b). Label L′ means that v must be either a concave
corner or a non-corner of C as illustrated in Figs. 6(c) and (d).
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Fig. 5. Illustration for Case 2.

Case 4: exactly one of e1 and e2 is an outer edge, and d(v) = 3. (See Fig. 7.)
In this case, v is an outer vertex, and the edge e3 incident to v other than

e1 and e2 is an outer edge. By Condition (O-2), v is either an S-vertex or an
L-vertex of Fo. Label λ(C, v) is defined as follows:

λ(C, v) =
{
R if v is an S-vertex of Fo;
R′ if v is an L-vertex of Fo.

Case 5: d(v) = 4. (See Fig. 8.)
Let e3 and e4 be the edges incident to v other than e1 and e2, then λ(C, v)

is defined as follows:

λ(C, v) =



R if both e3 and e4 are outside C;
S if exactly one of e3 and e4 is outside C;
L if both e3 and e4 are inside C.

✷

Clearly the following lemma holds.

Lemma 1. If G has an extended rectangular drawing with designated corners,
then the following (a)–(e) holds for any cycle C of G and any vertex v of C:
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Fig. 6. Illustration for Case 3.
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Fig. 7. Illustration for Case 4.

(a) if λ(C, v) = R, then v is a convex corner of C.
(b) if λ(C, v) = S, then v is a non-corner of C.
(c) if λ(C, v) = L, then v is a concave corner of C.
(d) if λ(C, v) = R′, then v is either a convex corner or a non-corner of C.
(e) if λ(C, v) = L′, then v is either a concave corner or a non-corner of C.

According to λ(C, v) = R,S, L,R′ and L′, we call v an R-, S-, L-, R′- and
L′-vertex of cycle C, respectively. Let nR(C) be the number of R-vertices of
cycle C. Define nL(C), nR′(C) and nL′(C) similarly. One can easily know from
Definition 1 that the following lemma hold.

Lemma 2. (a) nR′(Fo) = nL′(Fo) = 0 for the outer face Fo of G.
(b) nL(F ) = nL′(F ) = 0 for any inner face F of G.
(c) If v is an inner vertex and λ(C, v) = R or L for a cycle C, then d(v) = 4.

3 Extended Rectangular Drawing

In this section, we prove the following main theorem.

Theorem 1. A plane biconnected graphG has an extended rectangular drawing
with designated corners if and only if each cycle C of G satisfies

nR(C) − (nL(C) + nL′(C)) ≤ 4 (1)
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Fig. 8. Illustration for Case 5.

and
(nR(C) + nR′(C)) − nL(C) ≥ 4. (2)

One can derive Thomassen’s condition as a corollary of Theorem 1. Although
Corollary 1 below is slightly different from the presentation of Thomassen’s
condition [T84, Theorem 7.1], they are effectively equivalent with each other.

Corollary 1. Let G be a plane biconnected graph of ∆ ≤ 3. Assume that
exactly four of the outer vertices of degree two are designated as R-vertices of Fo,
and all the other outer vertices are designated as S-vertices of Fo, as illustrated in
Fig. 1(a). Then G has an extended rectangular drawing with designated corners,
that is, a rectangular drawing if and only if each cycle C of G satisfies

nR(C) + nR′(C) ≥ 4. (3)

Proof. Omitted in this extended abstract due to the page limitation. ✷

Before giving a proof of Theorem 1, we present some definitions and lemmas.
A labeling ψC of a cycle C assigns a label R, S, or L to each vertex v of C. We
say that ψC is consistent with the labeling λ of G if

ψC(v) =




R if λ(C, v) = R;
S if λ(C, v) = S;
L if λ(C, v) = L;
R or S if λ(C, v) = R′;
L or S if λ(C, v) = L′.

We call a labeling of C consistent with λ simply a consistent labeling of C. We
denote by nR(ψC) the number of vertices v of C such that ψC(v) = R, and
denote by nL(ψC) the number of vertices v of C such that ψC(v) = L. If ψC is
a consistent labeling of C, then

nR(C) ≤ nR(ψC) ≤ nR(C) + nR′(C) (4)

and
nL(C) ≤ nL(ψC) ≤ nL(C) + nL′(C). (5)

We then immediately have the following lemma.
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Lemma 3. If a plane graph G has an extended rectangular drawing D(G) with
designated corners, then each cycle C of G has a consistent labeling ψC such
that

nR(ψC)− nL(ψC) = 4. (6)

We are now ready to give a proof of the necessity of Theorem 1, which is
rather trivial.

Proof of the necessity of Theorem 1 Assume that G has an extended
rectangular drawing D(G) with designated corners. By Lemma 3, each cycle C
of G has a consistent labeling ψC such that nR(ψC)− nL(ψC) = 4. Since ψC is
a consistent labeling, by Eqs. (4) and (5) we have that nR(C) ≤ nR(ψC) and
nL(ψC) ≤ nL(C) + nL′(C). We thus have

nR(C)− (nL(C) + nL′(C)) ≤ nR(ψC)− nL(ψC) = 4,

and hence C satisfies Eq. (1). Similarly one can show that C satisfies Eq. (2). ✷

In the remainder of this section, we give a proof for the sufficiency of The-
orem 1. The proof of the sufficiency is outlined as follows. First, we choose an
appropriate inner face F called a “corner face,” as illustrated in Fig. 2(a). Next,
we draw F as a rectangle, and let G∗ = G − F be a graph obtained from G
by “trimming off” the face F from G as illustrated in Fig. 2(b). As shown in
Lemma 5 later, every cycle of G∗ satisfies Eqs. (1) and (2). Repeating this op-
eration, we can eventually obtain an extended rectangular drawing of G with
designated corners.

Before giving a proof of the sufficiency, we present some definitions and lem-
mas. Let F be an inner face of G containing an outer edge. Delete from G all the
outer edges on F , and then delete all resulting isolated vertices. The resulting
graph is denoted by G∗ = G− F .

We call an inner face F of G a corner face if F satisfies the following four
Conditions (a)–(d):

(a) at least one vertex of F is designated as an R-vertex of Fo. (Hence, the
vertex is an outer vertex, and has degree two.)

(b) 2 ≤ nR(F ) ≤ 4. (Hence, F has two, three, or four R-vertices.)
(c) at least two of the R-vertices of F are outer vertices. (Two of the R-vertices

of F are outer vertices in Fig. 9(a), three are outer vertices in Fig. 9(b), and
four are outer vertices in Fig. 9(c).)

(d) G∗ = G− F is biconnected.

We have the following lemma.

Lemma 4. If each cycle C of a plane biconnected graph G satisfies Eqs. (1) and
(2), then G has a corner face.

Proof. Omitted in this extended abstract due to the page limitation. ✷



Extended Rectangular Drawings of Plane Graphs with Designated Corners 265

(a) (b) (c)

F

RR

R

F

F
RR RR

RR

u vu' u'u v u v=u'

Two outer R-vertices of F Three outer R-vertices of F Four outer R-vertices of F

G* G*

G*

Puv
PuvPuv

Fig. 9. Illustration for a corner face F .

If G has an extended rectangular drawing with designated corners, then by
Lemma 3 each cycle C has a consistent labeling ψC such that nR(ψC)−nL(ψC) =
4. We say that such a labeling ψC is rectangular if nR(ψC) = 4 and nL(ψC) = 0.
We then have the following lemma.

Lemma 5. If each cycle of G satisfies Eqs. (1) and (2), then any inner face F
has a consistent rectangular labeling ψF .

Proof. Omitted in this extended abstract due to the page limitation. ✷

Let F be a corner face of F . Then, by Condition (d) of a corner face,
G∗ = G − F is biconnected and hence the intersection of G∗ and F is a sin-
gle path P ∗ of G, which is called the partitioning path of F . In Fig. 10, P ∗ is
drawn by thick lines. Clearly, the ends of P ∗ are outer vertices and have degree
three or four. All vertices of P ∗ other than the ends are inner vertices of G. Since
F is an inner face of G, by Lemma 5 F has a consistent rectangular labeling ψF .
We then decide the rough shape of the outer face F ∗

o of G∗ according to ψF : we
designate each outer vertex v of G∗ as a convex corner, a concave corner, or a
non-corner, as follows. (See Fig. 10.)

(a) (b) (c)
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Fig. 10. Illustration for the designation of outer vertices of G∗.

[Definition 2] (Designation of outer vertices of G∗)
Case 1: v is not on P ∗.

In this case, v is an outer vertex of G. We designate v as an R-, S-, and
L-vertex of F ∗

o if v was designated as an R-, S- and L-vertex of Fo, respectively.
Case 2: v is a vertex of P ∗ other than its ends.
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Since ψF is rectangular, ψF (v) is either S or R. If ψF (v) = S then we
designate v as an S-vertex of F ∗o , while if ψF (v) = R then we designate v as an
L-vertex of F ∗o .
Case 3: v is an end of P ∗.

In this case, v has degree three or four, and hence by Condition (O-2) v is
either an S-vertex of Fo or an L-vertex of Fo.

Consider first the case where v is an S-vertex of Fo as illustrated in Fig. 10(a).
In this case, v has degree three, and hence by Case 4 of Definition 1, we have
λ(F, v) = R. Since ψF is consistent with λ, ψF (v) = λ(F, v) = R. Thus the
vertex v of polygon D(F ∗o ) must have an inner angle π − π/2, and hence we
designate v as an R-vertex of F ∗o .

Consider next the case where v is an L-vertex of Fo as illustrated in Figs. 10(b)
and (c). Since ψF is rectangular, either ψF (v) = S or ψF (v) = R. If ψF (v) = S as
illustrated in Fig. 10(b), then we designate v as an R-vertex of F ∗o . If ψF (v) = R
as illustrated in Fig. 10(c), then we designate v as an S-vertex of F ∗o . ✷

One can easily observe that the designation of the outer vertices of G∗ above
satisfies Conditions (O-1)–(O-3). We have the following lemma.

Lemma 6. If every cycle of G satisfies Eqs. (1) and (2), then any corner face F
of G has a consistent rectangular labeling such that each cycle of G∗ = G − F
satisfies Eqs. (1) and (2).

Proof. Omitted in this extended abstract due to the page limitation. ✷

We are now ready to give a proof of the sufficiency of Theorem 1.
Proof of the sufficiency of Theorem 1 We prove, by induction of the

number i of inner faces of G, the proposition that if every cycle of G satisfies
Eqs. (1) and (2) then G has an extended rectangular drawing with designated
corners.

If i = 1, then G = Fo and by Lemma 2 and Eqs. (1) and (2), nR(Fo) = 4
and nL(Fo) = 0, and hence G can be drawn as a rectangle having the four R-
vertices of Fo as the convex corners. The drawing of G is an extended rectangular
drawing with designated corners. The proposition thus holds for i = 1.

Assume inductively that i ≥ 2 and the proposition holds for any plane graph
of less than i inner faces. We shall prove that the proposition holds for a plane
graph G of exactly i inner faces. By Lemma 4 G has a corner face F , and by
Lemma 6 F has a consistent rectangular labeling ψF for which each cycle of
G∗ = G− F satisfies Eqs. (1) and (2). Since ψF is rectangular, F can be drawn
as a rectangle D(F ) having the four R-vertices of ψF as convex corners. Since
the number of inner faces of G∗ is equal to i − 1, by the inductive assumption
G∗ has an extended rectangular drawing D(G∗) with designated corners. The
designation of outer vertices of G∗ in Definition 2 implies that one can combine
the drawings D(F ) and D(G∗) to an extended rectangular drawing of G with
designated corners. ✷
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4 Conclusion

In this paper, we gave in Theorem 1 a necessary and sufficient condition for a
plane graph to have an extended rectangular drawing with designated corners.
It immediately yields a necessary and sufficient condition for a plane graph of
∆ ≤ 4 to have an ordinary rectangular drawing. Thomassen’s condition for a
plane graph of ∆ ≤ 3 to have a rectangular drawing can be easily derived from
our condition as in Corollary 1. It is remaining to obtain an efficient algorithm
to find an extended rectangular drawing with designated corners.
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