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ABSTRACT 

I f  we are not careful, a parallel machine may become swamped  wi th  
the computa t ion  of the expressions whose values are not needed in order to 
produce the result  f rom a program. We give a semantic  criterion which 
ensures tha t  this does not  happen. 

An abs t rac t  interpretation can be developed which gives the 
definedness of  a function in t e rms  of the definedness of  its arguments .  
Tradi t ional ly  this has been used to give a strictness analysis which has 
been interpreted to say how much the argument  in an application can be 
evaluated in parallel  wi th  the application while still sat isfying the 
semantic  criterion. Strictness analysis  however  only takes into account 
local information.  

By taking into account contextual  information of an application, we 
are able to find tha t  in many  ca s~  more evaluation of the argument  is 
al lowed. This informat ion is available f rom the same abst ract  
interpretation tha t  is used for  slrictness analysis.  Given how much 
evaluation is a l lowed of a function application, an evaluation transfolzner 
says  how much evaluation of the argument  in the application is allowed. 
This leads to a na tura l  model of the parallel evaluat ion of functional  
languages. 

K e y w o r d s  : Functional Languages, Parallel Reduction, Abstract  Interpretat ion,  Strictness 
Analysis,  Evaluation Trans formers  

* Research p a r t i a l l y  funded  by  ESPRIT Projecl 415 : Para l le l  Archi tec tures  and  Languages for AIP - 
A VLSI-Directed Approach.  
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1. P a r a l l e l i s m  in the  E v a l u a t i o n  o f  Func t iona l  P r o g r a m s .  

There are two  broad classes of ways  we may  choose to obtain parallel ism in the 

evaluation of functional  languages which have no explicit parallel constructs.  A machine 

may employ  speculative parallel evaluation, where all possible redexes in a graph are 

reduced in parallel, or it may use conservative parallel evaluation, where it only  evaluates 

an expression if At knows  it wilt  need its value. 

Speculative parallel ism wastes machine resources by evaluating expressions which 

may eventual ly  be discarded. For example,  in the expression 

i f  c o n d i t i o n  t h e n  e 1 e lse  e 2 

the value of on ly  one of e I and e 2 will  be needed, depending on the t ru th  of the condition. 

The problem is compounded in languages which a l low the wri t ing of expressions denoting 

infinite computat ions,  for  such computat ions  may  t ry  and consume infinite amounts  of 

resources.(*) This would imply  the need to garbage collect infinite processes, which is a 

diificult problem we would  like to avoid. 

Therefore, we have investigated a conservative parallel  reduction model. Wha t  is 

required is a method for  finding out  which redexes in a program graph are going to be 

eventual ly  reduced in the evaluation of a program. 

By on ly  ever evaluating the le f t -most  ou te r -mos t  redex and evaluating expressions 

only as far  as head normal  form, lazy evaluation ensures tha t  no expression is evaluated 

more than is needed to produce the result  of a calculation. While this is perfect ly  

sat isfactory for  a sequential machine, it is hard ly  useful for  a parallel machine for  it on ly  

ever a l lows one expression to be evaluated at a time. The problem is tha t  lazy evaluation 

is over ly  pessimistic about  which expressions are going to be needed - it only  knows that  

the le f t -most  outer -most  redex is needed. 

Another  w a y  of looking at lazy evaluation is to notice tha t  it never initiates a non- 

terminat ing computat ion unless the semantics of  the original expression to be evaluated 

was undefined, tha t  i s ,  bot tom. Our problem then reduces to ensuring tha t  we do not 

initiate a computa t ion  unless its non- terminat ion would  imp ly  tha t  the semantics  of  the 

overall  expression was  bot tom. We wil l  call this our semantic criterion. Note tha t  this 

precludes the evaluation of expressions whose values are not needed, even if it could be 

determined that  their  evaluation would  terminate.  A safe evaluation s t ra tegy is one 

which obeys the semantic  criterion. 

(*) An  infinite compu ta t i on  does not necessar i ly  mean no resul t  is produced.  When  one has s l ruc -  
tured data  types ,  a computa t ion  m a y  produce a finite or unbounded  amoun t  of  ou tpu t  as wel t  as 
proceeding forever. 
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Our  semantic criterion seems to be a natural  way to specify the behaviour of a 

parallel evaluation s t ra tegy which does not  evaluate an expression unless it its value is 

needed at  some t ime in the computat ion.  This implies that  there is no wasted work, and 

also means tha t  there is no need to garbage collect infinite processes unless the whole 

program is undefined. Note how the semantic  criterion relates s t rongly  the operational 

behaviour of an evaluation s t ra tegy and the denotational semantics of  a program. 

Abst rac t  interprela~ion will be used to gain the information necessary for  checking the 

semantic  criterion. 

By giving a different interpretat ion,  an abxzracg interpretation, to the symbols  in a 

programming language, we are somet imes able to find out  informat ion about  a program 

wi thou t  running it. An abs t rac t  interpretat ion for  determining the definedness of 

functions in t e rms  of the definedness of their  arguments  has been developed in a series of 

papers. Mycrof t  [Mycrof t  t981]  developed a strictness analysis  for  f irst-order functions 

over atomic data types(*).  This was  extended in [Burn, Hankin and A b r a m s k y  1986] to a 

strictness analysis  for  higher-order functions.  The work  depends on programs being 

monotyped,  but  see [Abramsky  1985a]. Wadle r  [Wadler  1987] introduced an abstract  

domain for  s t ruc tured  data types  such as lists. All of these various s t rands  were drawn 

together in [Burn 1987a] where a f r a m e w o r k  for  the abst ract  interpretation of functional 

languages was developed and applied to this problem. A related analysis  is also 

developed in [Hudak and Young 1985], based on giving a different s ty le  of semantics to a 

language. ]t is designed for  typeless  languages. 

Tradi t ional ly  this abst ract  interpretat ion has been used to give a strictness analysis 

of functional  programs,  tha t  is, finding if a function application is undefined when one of 

its a rguments  is undefined. However ,  this loses information,  for  it only  tests the semantic 

criterion locally. By looking at the same abst ract  interpretation in another  way ,  we are 

able to determine more parallel ism information,  which leads to a natural  model for  the 

parallel  evaluation of functional  languages. We call the results of  this analysis evaluation 

transformers, for  they tell how much evaluation can be done to an argument  of  a function 

given tha t  we can do a cerlain amoun t  of  evaluation of the funct ion application. 

This paper  does not develop a new abstract  interpretation for  finding out  definedness 

information about  functions.  Rather  it gives an intuit ive introduction to evaluation 

t ransformers ,  showing how they  give more informat ion than strictness analysis,  the w a y  

(*) An atomic data type is one which has a flat domain as its usual interprelation. Integers and 
booleans are lwo examples. 
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to determine them f rom the abstract  interpretal ion developed in the abovementioned 

series of papers, and how they  give rise to a parallel evaluation model for  functional 

languages which obeys the semantic  criterion and is as natural  as lazy evaluation is a 

natural  model for  the sequential implementat ions  of functional  languages. Therefore, no 

proofs are given in the paper; a ful l  mathemat ical  t r ea tment  will be the subject of a later  

paper, or  can be found in [Burn 1987a]. 

I t  is impor tan t  to note 1hat this work  rests on the foundat ions  of an abstract  

interpretation which deals wi th  higher-order f~mctions. 

This paper  is organised as follows. The concept of  an evaluator  is covered in section 

2, and section 3 introduces the abst ract  interpretation of several functions which are used 

as examples  in sections 4 and 5, which discuss respectively strictness analysis  and 

evaluation t ransformers .  Section 6 shows how evaluation t ransformers  lead to a natural  

parallel  reduction model. In section 7 we lift  the restrictions tha t  have been made in 

order to s impl i fy  the exposition in the main body of the text,  and in section 8 we 

compare our  work  with  [Hughes 1985] and [Wadler  and Hughes 1987]. 

We will  wri te  our  examples  in the language Miranda(*) [Turner 1985]. 

2. "Eva lua t ion"  o f  Express ions .  

So far  we have said tha t  we wish to "evaluate" an expression wi thou t  being specific as 

to how much evaluation can be done. Implementa t ions  of functional languages normal ly  

keep reducing an expression unti l  it is in head  n o r m a l  f o r m  (**). A ),-expression is in head 

n o r m a l  f o r m  if  and only  if it is of  the fo rm 

h x  1" " " " hxn  .(v M 1 " " " Mrn ) 

where 

( i )  n , r n  >t O, 

( i i )  v is a variable (i.e. x i for  some i ) or a constant,  and 

(*) Mi randa  is a t r ademark  of  Research Sof tware  Ltd. 
(**) Funct ional  language eva lua to r s  of ten  evaluale  func t ions  on ly  as fa r  as w e a k  h e a d  t t o r m a l  f o r m ,  

which  differs f rom head no rma l  f o r m  on ly  in the way  that  it t rea ts  func t ions  [Peylon Jones 1987]. 
An  expression which  s t a n d s  for a func t ion  is in weak head no rma l  f o rm  when  there  is a h at the  
top-level .  By on ly  eva lua t ing  express ions  to weak head no rma l  fo rm we remove the problem of 
hav ing  to rename variables w i t h i n  expressions,  making  imp lemen ta t i on  a lot easier [Peyton Jones 
1987]. Consider  the  expression 

)`x.( ()` y . ) ,x .y)x)  

which  is weak head normal  fo rm but  not head no rma l  form.  To reduce this  to head normal  fo rm 
requires  a r enaming  of one of  the  bound  var iables  to obtain ) , x . h z . x .  



450 

( i i i )  if v is a constant,  then rn is less than the ar i ty of v.  

For atomic data types such as integers and booleans, that  is types which have a flat 

domain as their normal interpretation, this is the maximum amount  of evaluation that 

can be performed. For lists, an expression is in head normal  form when it has been 

reduced to ni l  or a cons  of two unevaluated expressions. We know however, that  in some 

function applications the argument  will need more reduction than just to head normal 

form. The function 

length [] = 0 
length (x:xx) = 1 + length xs  

will eventually need to traverse the whole of the argument list, but will not need any of 

the values of elements of the list. The function 

surnlist [] = 0 
surnlist (x:xs) = x + surrdist xs  

needs to traverse the whole of its argument list and also obtain the values of the elements 

of  the list. We will call the process of recursively evaluating the second argument of cons  

"creating the structure" of the list. (This process terminates if ni l  is reached, that  is, the 

list is finite.) 

There is a similar idea for  all recursively defined types, such as numeric binary trees 

which have the Miranda type definition : 

tree ::= NIL._TREE i N O D E  hum tree tree 

where the second and third arguments to the NODE constructor are recursively evaluated. 

Essentially, evaluating the s tructure of an expression is unfolding the recursive part of the 

data type definition. 

We will say that we can evaluate an expression using a particular evaluator,  and call 

an evaluator which evaluates expressions to head normal form £1, an evaluator which 

evaluates the structure of a list ~2, and an evaluator which evaluates the structure of a 

list and every element of the list to head normal form £3. For completeness, the 

evaluator ~o does no evaluation. In section 4 we will  see that  any argument to l ength  can 

indeed be evaluated using ~2 and thai any argument to sumlis~ can be evaluated using ~3, 

as our  intuition above suggested. 

Note that  an implementation does not need to create the whole structure of a list if 

it knows that  it is safe to do so. This is because the information we will  find out  says 

that  we may use a particular evaluator, not that  we must  use it. (It also says that  we 

may not use a stronger evaluator.)  If  the list was very long, then creating its structure 
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may cause space problems in a machine. Therefore, it may be implemented as an 

evaluator which created the structure of the list in small chunks, which is activated by a 

consumer requiring some more of the list. ~3 can be implemented in a similar manner. 

Also, if suitable mechanisms are incorporated into an architecture (see for example [Bevan 

et al 1987]), each c o n s  cell of a list being evaluated by ~2 or £3 can be made available 

when it is created. This means that the whole list does not have to be created before it 

can be consumed. 

We chose such evaluators because they treat each element of a list in a uniform way.  

When the structure is more complex than a list of atomic data objects, then we may wish 

to add more evaluators. This causes no fur ther  problems, but would  clutter our  

presentation; we return briefly to this in section 7. 

3. Abs t r ac t  I n t e rp re t a t i on .  

In this section we will  define some functions and give their definedness abstract 

interpretation. We assume the reader is familiar with this particular interpretation [Burn, 

t tankin and Abramsky  1986], [Wadler 1987], [Burn 1987a]. The abstract domain used 

for atomic base types, from [Mycroft 1981], has two values:  

0 - representing the undefined value 
1 - representing any value 

and is often called 2, for  it is the two point domain. For list types the domain of [Wadler 

1987] is used : 

0 - representing the undefined list 
1 - representing infinite lists and lists which have an 

undefined tail after a finite number of elements, including 
the undefined list 

2 - representing all those represented by 1, plus all finite 
lists with at  least one undefined element 

3 - representing all lists 

We need to introduce some notation for our  discussion. It o" is some type, by Da  we 

will  mean the abstract domain for the type q ,  -I-D° is the top element of the abstract 

domain D a (e.g. I for  atomic base types and 3 for  lists) and J-Do iS the bottom element 

of the abstract domain D~. For the function type (r--, ~, the abstract domain is Do- - - - ,D  r ,  

that  is, the set of continuous functions from Dcr to D r. When using the tests given in 

Facts 4-I  and 5-I  of  this paper, we will only need the top and bottom elements of the 

abstract domains for  the function spaces. For the type (r I . . . . .  ¢r n -* r ,  the top element 

is h x  D ° I .  - • • ~,x D o  .-[  D ,  and the bottom element is is h x  D % .  " ' • h x  D o  "-J-D, As with the 
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cases of atomic base domains and lists, the bottom element of each of the abstract 

domains represents only  the bottom element of the corresponding real function space and 

the top element represents all elements in that  function space. 

These abstract domains are useful because they capture the way that  the evaluators 

we have chosen behave. For example, the evaluator  ~1 will  fail to terminate if and only 

if the expression being evaluated denotes an undefined value, that  is, the value represented 

by the bottom of the appropriate abstract  domain (0 for  atomic base types and lists). In 

a similar manner, because ~2 evaluates the structure of a list, it will  fail to terminate 

precisely in the case that  the list is not  finite, tha t  is if an expression denotes any value 

represented by 1. Finally, £3 will also fail to terminate if the expression denotes a list 

which is either not  finite or has any undefined elements in it, that  is, it fails to terminate 

on any expression denoting an element represented by 2. For this reason, we will say that  

the evatuator  £1 corresponds to the bot tom of the appropriate abstract domain, that  £z 

corresponds to 1 and that  ~3 corresponds to 2. 

We give three more funct ion definitions, and then give the abstract interpretations of 

all five examples plus those for  head and tail. Note that  map is a higher-order function. 

append [] ys = ys 
append (x:xs) ys = x:(append xs ys) 

reverse [] -- [] 
reverse (x:xs) = append (reverse xs)  (x:[]) 

m~p[[ ]  = [] 
map I x:xs = ( !  x):(ma/, [ xs)  

In the following we will  denote the abstract interpretation of a function by placing a 

bar over the name of the function. Thus  the abstract interpretation of  [ is wri t ten f .  

[Wadler 1987] and [Burn 1987a] show how to derive the abstract  interpretation of a 

function. Here we content ourselves wi th  giving the results for  our  examples. Table 3-1 

gives the abstract  interpretation of xurrdis~t, length and head. The abstract interpretation 

of reverse and tt are given in Table 3-2. Table 3-3 gives the values of append xs ys .  

Remembering tha t  we are working in a (mono-)  typed  f ramework,  Table 3-4 gives the 

~,alues of ~ f~-~ for  a map of type  (int-~ int)-~ list int-* list int. 

i t  can seen that  these abstract  interpretations capture our  intuitions about the 

definedness of functions. For example, the function sumlis~ is undefined (has value 0 in 

the abstract domain) whenever the argument is not a finite list wi th  no undefined 

elements in it (has the value 2 in the abstract  domain). The only sl ightly curious result is 

the value of ~-~ (hx2 .O)  3 which is 3 ra ther  than 2 (recalling that  ~x2.0 represents the 
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Table  3-1. 
Abs t r ac t  I n t e rp r e t a t i on  of  sumlis't, l eng th ,  and hd.  

It sum2ist(~7) 

o o 

II ° 

3 1 

length(x'~) I hd(~-d) [ 

0 "  . . . . .  I" 0 . . . . . .  
t t 

o l ............ ~ i 
I 1 

1 I 1 t 

, ...... . , ............... J 

Table  3 - 2 .  
Abs t rac t  I n t e rp r e t a t i on  of  reverse and tl. 

II 
oli o 

1 II o 

3 3 

0 I 

1 ................ I 
t 

3 I 
J 

3 
r 

Table  3 - 3 .  
Abs t r ac t  In t e rp re t a t ion  o f  append .  

0 0 

3 0 

3 

1 

1 

2 

3 

bottom function and applying the bottom function to each element of a finite list returns 

a finite list all of whose elements are bottom). The value 3 is correct because when map is 

applied to the empty  list, which has 3 as its abstract interpretation (as it is a finite list 

with no bottom elements in it!), then it returns the empty list. As the abstract 

interpretation has to capture all possible results of an application of map, then the result 

in this case has to be 3. 
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T a b l e  3-4 .  
Abs t r ac t  I n t e r p r e t a t i o n  o f  map. 

-••f X£Z.O 

o II o 

3 3 

o "  0 

1 1 

We will now show how to use this information to control the parallel evaluation of 

expressions. 

4. S t r ic tness  Analys is ,  

Suppose that  we know we have to evaluate a function application. Because we have 

to evaluate the application, we know by the semantic criterion that if the application is 

undefined, that  is, evaluating the application will  cause a non-terminating computation, 

then the original expression must  have been undefined. If  we therefore choose an 

evaluator for  the argument  so that  it does as much evaluation as possible, but does not 

initiate a non-terminating computation unless the function application is undefined, then 

we have preserved the semantic criterion. 

We are thus interested in finding out when a function is undefined. Specifically, we 

wan t  to find the maximal ly  defined argument for which an application of a function to 

that  argument  is still undefined. This has been called strictness analysis in the literature. 

The following fact, proved formal ly  as Theorem 3.5.t in [Burn 1987a], allows us to say 

when arguments to functions may be evaluated in parallel. 

Fact  4-1: 

Suppose that  f is a function of type or 1 . . . .  ~rn~Z, and that  f is the abstract 

interpretation of f .  if 

f TDo,  " "  T~o,_,  ~TTDo, .  " "  T~,o. = ±,:,. 

then in any application of f the semantic criterion allows the evaluation of the ith 

argument to f using the evaluator corresponding to s i . 

E] 
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The top elements used in the test are capturing the idea of "for any possible value of the 

argument" (c.f. that  the point 3 stood for any list and the point 1 for any atomic base 

domain value). This fact allows us 1o choose any s i satisfying the condition, but clearly 

we will choose the largest one because this will allow us to use the most powerful 

evaluator for the argument. 

Three examples will illustrate the use of the test. The function length takes one 

argument.  From Table 3-1 we find that 

length 0 = length 1 = O. 

Since ~1 corresponds to 0 and ~2 corresponds to 1, we are allowed by the Theorem 4-1 to 

evaluate the argument to length using either ~1 or ~2- Choosing the maximum value 

means we are allowed to do the maximum evaluation. This corresponds to our intuition 

that  length needs to have a finite list as its argument or the application would be 

undefined. 

A p p e n d  is a function of two arguments. From Table 3-3 we find that  the maximum 

~- such that  

append T 3 = 0 

is O, which corresponds to ~1, and so by the above fact we can evaluate the first argument 

to append in any application to head normal form. There is no T such that  

append 3 ~ = 0 

and so we are not able to do any evaluation of the second argument. 

Recalling that  hx2.1 is the top element of the abstract domain for functions of type 

int--* int, from Table 3-4 we find that the maximum g such that 

map (hx2.1) ~'= 0 

is 0, which corresponds to £1, and so the second argument to map in any application can 

be evaluated to head normal form. As the only sensible amount  of evaluation for a 

function is £1, we need only t ry  the bottom of the appropriate type for the s i in the test 

when the ith argument is a function. From Table 3-4 we see that  

map (hx2.0) 1 = 1 ¢ 0 

and so no evaluation is allowed on the functional argument to map. 

We can use this information to label the function applications in a program with 
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evaluators which say how much evaluatJon can be made of an argument in an 

applications. Using the above information, in the application 

length (append e 1 e 2) 

we can label the apply nodes as in the diagram : 

length / @ N ~ e  2 

aPP e J @ ~ e  I 

This says that  the expression append e I e2 can be evaluated using ~2, the expression e I can 

be evaluated using ~1, and no evaluation is permitted on the expression ez. Similarly, we 

can label the application 

sumlist (append e 1 e2) 

as in the diagram : 

append e I 

which says that  "~he argument to sulnlist can be evaluated using ~3, while the first 

argument to append can be evaluated using ~1 and no evaluation is allowed of  the second 

argument.  

5. Eva lua t i on  T r a n s f o r m e r s  

Strictness analysis is deficient because it does not take into account the contextual 

information about a function application. 

Let us reconsider the expression 

length (append e 1 e 2 ) 

which was discussed in the previous section. The application nodes in the application of 

append were labelled, making sure that  we did not initiate a non-terminating computation 

unless the application of append was undefined. We noted that  an application of length is 
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only defined if its a rgument  is a finite list. Therefore the overall  expression can only be 

defined if the resul t  of  the application of append is a finite list. We know tha t  an 

application of append can on ly  re turn a list which is finite if  both of  its a rgument  lists are 

finite. In this context  therefore, it is safe to evaluate both of the arguments  to append 

using ~2, because we are guaranteed tha t  the top-level  application of length is undefined 

whenever  evaluating the arguments  to append using ~2 initiates a non-terminat ing 

computat ion.  Hence we  are able to label the applications as in the diagram : 

/ e n f @ ~  @ ~2 

using stronger evaluators  on the arguments  to append and thus  al lowing more parallel 

evaluation. 

In a s imilar  manner,  we are able to label all  applications in 

surnlist (append e 1 e 2) 

wi th  ~3 because the on ly  w a y  tha t  we can obtain a finite list wi th  no undefined elements 

in it f rom an application of append is if both of the arguments  to append are finite lists 

wi th  no bot tom elements in them. 

So the first impor tan t  observation is tha t  by taking into account the context of  an 

application, we m a y  be a l lowed to use stronger evaluators  on some of the arguments  than 

we could determine using strictness analysis, while  still  obeying our  semantic condition. 

A second impor tan t  point is tha t  an expression may  occur in m a n y  different contexts 

within a program. For example,  the expression e defined by 

e = appendel e2 

may appear  in several contexts, such as hd e ,  tl e and sumlist e. In the first case, we would  

only  be al lowed to evaluate e using ~1, and so evaluate the first and second arguments  to 

append using ~1 and to  respectively, while  in the last case ~3 can be used for  both 

arguments .  We m u s t  therefore associate wi th  each argument  to a function a mapping tha t  

takes an evaluator  which is safe in a part icular  context and gives an evaluator  which is 

safe for  the a rgument  in tha t  context. We call such a mapping an evaluation tran~folmer. 

The compiler  can label funct ion applications wi th  evaluation t ransformers .  Given an 

application and an evaluator  which is safe, concurrent task can be initiated to evaluate  the 
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argument .  The amount  of evaluation permit ted  is given by applying the evaluation 

t r ans former  on the application node to the evaluator  of  the application. 

This work  is related to some ideas of [Cousot and Cousot  I979] where they 

introduced the ideas of forward flow analysis and backward flow analysis. The tradit ional 

use of abstract  interpretation corresponds to a fo rwards  analysis - put t ing in values and 

seeing if bo t tom was the resulL However,  the view of evaluation t ransformers ,  seeing 

wha t  constraints  are put  on the inputs  of a function given some constraint  on the ou tpu t  

of the fxmction, corresponds to the ideas of a backwards flow analysis. 

Evaluation t ransformers  can be determined using exactly the same abstract  

interpretat ion as was  used in strictness analysis.  Essentially it amounts  to reading the 

interpretat ion backwards.  We use the fol lowing fact, proved fo rmal ly  as Theorem 4.2.1.1 

in [Burn 1987a], to determine evaluation t ransformers .  

Fac t  5-1: 

Suppose tha t  f is a function of type  cr 1 cr~-*r ,  and tha t  f is the abstract  

interpretation of f .  If  

? TD% TDo,~ ,~- ~vo , TDoo -< ? 

then when the evaluator  corresponding to }- is al lowed by the semantic  criterion to 

evaluate an application of  [ ,  the evalua tor  corresponding to s~ is a l lowed to be used 

for  the evaluation of the ith argument  to f .  

D 

By, put t ing E into the r ight-hand side of  the test, we are taking into account the 

contextual  information.  Strictness analysis  only  ever put  Z D o  for  this value, which 

co r~sponds  to £~, and so was only finding out  how much evaluation could be done when 

evahmting the application to head normal  fo rm was safe. 

An evaluation t r ans former  mus t  be determined for  each argument  to a function. For 

each possible evaluator  of  an application of a function, the t r ans former  mus t  give an 

evaluator .  

The evalua tor  £0 means tha t  it is not safe to do any evaluation of an expression. If it 

is not safe to do any  evaluat ion of a function application, then it is not safe to do any  

evaluat ion of an argument.(*)  Thus  all evaluation t ransformers  will  give to  at  to- 

(*) This is true by our definition of safety. However, if one was to have a looser definition of safety 
which  just ensured that no non-terminat ing computat ion was initiated unless the semantics of the 
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Examples  of  determining the evaluation t ransformers  for  funct ions are now given. 

The function r e v e r s e  has a list as its result  and therefore an application of r e v e r s e  

may  appear  in the context of being evaluated by any of the evaluators  Co to C3. From the 

above discussion the evaluation t ransformer  will  be Co at  C0. We will  denote the 

evaluation t rans former  for  the ith argument  of a function )r by Fz, tha t  is the name of the 

funct ion in upper  case letters, subscripted by the argument  number.  This notation has 

been borrowed from [Hughes 1985]. Thus we have determined that  

R E V E R S E I ( ¢ O )  = ~o 

We mus t  determine the values for  the other possible evaluators.  

The evaluator  Ci corresponds to the point 0 and so we put  in the value 0 on the 

r ight-hand side of  the above test  and determine the max imum ~ such tha t  

rever se  s <x 0 

From the abst ract  interpretat ion of r e v e r s e  in Table 3-2 we find tha t  the m a x i m u m  value 

is 1 which corresponds to C2, and so 

R E V E R S E 1 ( C  l ) = C 2 

We can see that  this is intui t ively true by noting tha t  ~1 is asking for  an expression to be 

evaluated to head normal  form and tha t  r e v e r s e  m u s t  traverse the entire list before it can 

create the first c o n s  cell, so the list mus t  be finite if it is to be able to give a result  in head 

normal  form. 

Corresponding to the evaluator  C2 we have the point 1, and f rom the abstract  

interpretation we see the m ax i m um  point sat isfying the condition is again 1, and thus the 

evaluation t r ans former  is Cz at  C2. Note that  in this case we have  tha t  ~ 1 is O, 

which is s t r ict ly less defined than  1. This says  tha t  it is impossible for  r e v e r s e  to return a 

list which is partial  or infinite. 

Finally, the point  2 corresponds to the evaluator  ~3, and the abstract  interpretation 

says  tha t  the m a x i m u m  ~- sat isfying the criterion is 2, and so C3 is a safe evaluator  for  the 

a rgument  in this case. We interpret  this as saying tha t  for  an application of r e v e r s e  to 

return a finite list wi th  no bot tom elements, then it mus t  be given a finite list wi th  no 

original expression was  undefined,  then  the eva lua t ion  of such an expression m a y  te rmina le  and  so 
it wou ld  be perfectly safe to evalua te  it. However,  this  po ten t ia l ly  was tes  machine  resources for  we 
m a y  not need the  va lue  of  the  expression.  Moreover,  our  abstract  in terpre ta t ion is not able Io give 
us  th is  in format ion .  However ,  see [Mycrof t  and  Nielson 1983] and  [ A b r a m s k y  1985b]. 
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bottom elements as an argument. The evaluation transformer for reverse is given in Table 

5-2. 

For functions such aslength and sumlist, which have results which come from flat 

domains like integers and booleans, there is only ever one sensible evaluator for an 

application which does any work,  namely ~1, and so we have only to determine the 

evaluation t ransformer at that  point. In a similar manner, as ~! is the only  evaluator for 

functions, when determining the evaluation transformers for a function which returns a 

function as its result, we need only put the bottom of the appropriate abstract domain 

into the r ight-hand side of the test in Theorem 5-1. 

As an example of  the use of  Theorem 5-1 for a function of more than one argument, 

we find the evaluation t ransformer for the first argument of append when a safe 

evaluator for the application is £2. Using the above test, we find the maximum ~ such 

that 

append T 3 <~ 1 

noting that  3 is the top of the abstract domain for lists, and that  1 corresponds to the 

evaluator ~2. From the abstract interpretation of append given in Table 3-3, we find that 

the maximum value of ~ is 1, and thus 

APPEND 1(~2) = ~2" 

The rest of the evaluation t ransformer for the first argument and the evaluation 

transformer for the second argument can be determined in a similar manner, and are given 

in Table 5-3. 

Evaluation transformers are used to label arguments to flmctions and application 

nodes in the same way  that  we labelled them with evaluators in strictness analysis. I t  is 

important  to note that labelling with evaluation transformers replaces labelling with 

evaluators, that  is, we label with evaluation transformers and not evaluators. We can 

label the applications in append e I e 2 as in the diagram : 

/ @ A P P E N D 2  

If, for  example, the application was to be evaluated using ~2, say because we had applied 

length to it, then e 1 could be evaluated using APPENDI(~ 2) = ~z, and e z could be 

evaluated using APPEND z(~ 2) = ~2. At another time, ~1 may be a safe evaluator for the 
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application and so '1 = APPEND1(*]) is a safe evaluator for e 1, while *0 = APPENDz(*I) 

is a safe evaluator for e 2" 

Table  5-1. 
Eval uati on T r a n s f o r m e r s  f o r  sumlist, length and  hd. 

[ E [1 SUMLISTI(E) 
i tl 

I] ,o 

LENGTH I(E) 

*o 

*z 

HD 'I'(E) 

*0' 

Table 5-2. 
Eva lua t ion  T r a n s f o r m e r s  f o r  reverse and tl. 

E ~ERSE~(E) 

*o '[I *o 

TL ] (E) 

*o 

'1 

*2 

*2 

Table 5-3. 
Eva lua t ion  T r a n s f o r m e r s  f o r  append. 

I E APPENDI(E) 

II 

*2] *2 il 
*3 II *3 

............ H 

APPEND 2(E) 

*o 

*o 
*z 

"*3 

6. A Model f o r  the  Paral le l  Eva lua t ion  of  Funct ional  Languages.  

Just as lazy evaluation is the natural model for the sequential evaluation of 

functional languages, programs annotated with evaluation transformers lead to a natural 

model for their parallel evaluation. 
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T a b l e  5-4. 
E v a l u a t i o n  T r a n s f o r m e r s  f o r  map. 

i E ~[ M A P I ( E )  

i ~o ~o l II 
~ .  " tl .... 

H 
~21 ~o 

I eo 

M A P  2(E) ] 

~0 i 

£ 1 

I J 
One way  of representing a functional program is as a 

Thus the application 

f e~ - °  e n 

would  be represented in m em ory  as : 

graph of binary app ly  nodes. 

/ el  

Lef t -mos t  ou te r -mos t  reduction is obtained by traversing the spine of the application, 

unt i l  the funct ion f is reached. A copy of the body of f is made, subst i tu t ing pointers to 

the arguments  e I to e m if f needs m arguments,  and the root of this graph overwri tes  the 

the application node which points to era. Traversal  of  the spine begins again a t  this node. 

An excellent coverage of graph reduction is given in [Peyton Jones 1987]. 

For parallel reduction we associate wi th  each function its evaluation t ransformers .  

The funct ion f has evaluation t ransformers  F 1 to F n . Suppose tha t  the above expression 

is being evaluated using the evaluator  ~. Then the only  thing tha t  changes in the above 

evaluation mechansim is tha t  when encountering the function I at the end of the spine, I a 

task is initiated to evaluate  each argument  e i with  the evaluator  F i ( t ) .  Of course, if Fi(~) 

is t0, then no parallel task is initiated, 

There are some i m p o r t a n t  things to note about  this evaluation mechanism. Any 

par t icular  expression is being evaluated using lef t -most  ou te r -mos t  reduction. The 

evaluation mechanism is not some sort  of paral le l - innermost  reduction strategy,  for  in the 
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case tha t  the f in the above example is a user-defined function, the evaluation of the 

expression e~ proceeds in parallel  wi th  the evaluation of the expression f e I " " " en" 

Evaluat ion t ransformers  can be incorporated into a compiled implementat ion of 

functional  languages. Most s imply  this can be done by having a case on the evaluator  at  

the en t ry  point  of  the code for  a function. The code for  each case initiates the evaluation 

of the argument  expressions for  which the evaluation t ransformers  give a non-~ o 

evalua tor  at tha t  part icular  evaluator.  

The abst ract  machine of [Clack and Peyton Jones 1987] solves the problems of 

synchronisat ion of processes evaluating pieces of the graph on a shared memory  

architecture when only  the evaluator  {~i is being used. In [KarJa 1987] an abstract  

d is t r ibuted memory  architecture is defined which fu l ly  supports  the evaluation 

t r ans former  model of parallel reduction. This is in the process of being fur ther  refined 

[Bevan et al 1987]. 

7, O t h e r  Issues. 

For exposi tory purposes, we have made some restrictions in the main body of the 

paper. We give an indication of how these may  be lifted in this  section. 

We have restricted ourselves to discussing the evaluators £0 to ~ .  The eva]uators £2 

and ~3 were chosen because they treated each element of the list in a uni form way.  I t  is 

shown in [Wadler 1987], [Burn 1987a] that  we can choose abstract  domains for  other  

evaluators  which Ireat  the elements of a list in a uni form way ,  and also for  other 

recursive data types. For example,  if we had a list of  lists, then we may  w a n t  to evaluate 

the s t ruc ture  of the top level list and to evaluate each of the elements of  the list ,  

themselves  lists, using £3. We can cope wi th  these by adding extra  points in the abstract  

domain for  lists [Wadler  1987], [Burn 1987a]. The evaluation t r ans former  theorems of  

[Burn 1987a] still  hold in these cases. Furthermore,  in [Burn 1987a] abstract  domains are 

given for  data types constructed by  finite applications of  sums,  products and lifting to 

base types,  and the evaluation t ransformer  theorems hold for  these situations as well.  

The strictness information and evaluation t ransformers  we have been discussing are 

really wha t  are called context-free strictness [Hankin, Burn and Peyton Jones 1986], 

where the problem was  first isolated, and context-free evaluation t ransformers  [Burn 

1987a], for  they are valid in any  context in which the function applied. When we have 

higher-order functions in our  language, then we can sometimes find out  more information 

which will  a l low stronger evaluators to be used on an argument  in an application. For 

example,  it can be determined tha t  
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g = X / . X x . [  x 

is s tr ict  in its first a rgument  in any  application, but  not in its second. (Use Theorem 4-1 

to show this.) However,  if g is applied to a strict  function, then it also needs to evaluate 

its second argument .  Thus taking into account this second type  of contextual  information 

means tha t  Jn this case we are able to evaluate the second argument  to g .  Such context- 

s e n s i t i v e  issues are cove~-ed in [Hankin, Burn and Peyton Jones 1986] in the case of  

strictness analysis,  and in [Burn 1987a] for  the more general issue of evaluation 

transforlners .  

Final ly we note tha t  al though we have been discussing parallel evaluation in this 

paper, evaluation t ransformers  can be used in a sequential sys tem as well,  for  the 

semantic  criterion is exact ly tha t  which will ensure the same semantics as lazy evaluation. 

Instead of evaluating an argument  sometime in the future,  we are able to evaluate the 

a rgument  when the function is applied to it, passing its value ra ther  than creating a 

closure, i t  remains a mat te r  for  experiment  whether  it is wor th  using the evaluators  ~2 

and ~3 because they create the whole of the s t ruc ture  of a list which may  overload 

memory .  In a parallel  sys tem this is hopeful ly  not so much of a problem because it is 

possible tha t  consumers of a list are using the list in parallel wi th  its creation. Simple 

strictness information has been used to optimise code for  the G-machine [Johnsson 1987], 

a sequential architecture for  graph reduction. In some cases this has been responsible for  

an order  of magni tude increase in the speed of executing programs. This is because 

expressions can somet imes be evaluated on the stack instead of wri t ing them out  into 

graph store. 

8. R e l a t i o n s h i p  to  O t h e r  W o r k .  

Par t  of  the motivat ion for  this work  came f rom thinking about  [Hughes 1985], as 

well  as realising tha t  we were not making ful l  use of  the abstract  interpretat ion tha t  we 

had. We will  restrict  our  discussion in this section to relating our  work  and tha t  

contained in [Wadler  and Hughes 1987] (also appearing in this volume),  which has 

developed fu r the r  the ideas of [flughes 1985], a l though we note thai  [Hall and Wise 

1987] bears some s imilar i ty  to [Wadler and Hughes 1987]. 

We were interested to read the paper  by Wadler  and Hughes because it is tackling the 

same problem and gives a similar  final solution, but uses a different route to get there. On 

the surface, the only  differences seem to be tha t  this paper is able to deal wi th  higher- 

order functions,  while  [Wadler  and Hughes 1987] can find out information about  more 

contexts. However,  there are some quite subtle differences. Unfor tuna te ly  we mus t  
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content  ourselves wi th  listing some of these differences and having an initial guess at  their  

implications, for  it  appears  that  a tot more work  mus t  be done in order to relate the t w o  

pieces of  work  more adequately.  

In [Wadler and Hughes 1987] the domain theoretic concept of a projection [Scott 

1976] is brought  to bear in order to describe the behaviour of  functions. (The terms 

projection and context are used interchangeably in [Wadler and Hughes 1987].) Of 

part icular  interest to us are the projections T" and H '  I-IT' f rom the paper  of Wadler  and 

Hughes. T' projects all lists wi th  an undefined tail to _L and is the ident i ty everywhere  

else. Any  list which has an undefined tail or  an undefined element is mapped to _L by the 

projection H '  I-IT'. I f  f is the semantics of  some function, and it satisfies the condition 

/ o T ' = /  

then the function is called tail-strict. The analagous concept for  H ° ["JT' is head and tail 

strict. Intui t ively it would  seem to be the case tha t  if a function is tail strict, then its 

a rgument  can be evaluated using a tail s tr ict  evaluator.  

I f  u and B are contexts, then a function f is B-str ic t  in an u - s t r i c t  context  if 

9 0 f . ~  = f .  

tha t  is, if it is safe to evaluate an application of f in a B-str ict  context,  then it is safe to 

evaluate the argument  of f in an u-s t r ic t  context. 

Ini t ia l ly we thought  that  evaluators corresponded directly to contexts (or 

projections) and evaluation t ransformers  to context transformel:s' (or projection 

translOrmers); in particular,  the evaluators  ~z and ~3 corresponded respectively to the 

contexts T' and H' ~T ' ,  We were surprised therefore in talking wi th  Phil Wadler  when 

we realised tha t  the evaluators  $2 and ~3 are not the same as the projections T' and 

H' I-IT'. For example,  T' projects any  list wi th  an undefined tail onto the bot tom element, 

while  ~2 preserves the denotat ional  semantics of  the list. Rather, it seems to be the case 

tha t  if the analysis  of  [Wadler and Hughes 1987] al lows the evaluation of a list in the 

context T ° , then it is safe to evaluate the list using the evaluator  ~2" A similar  

relationship holds between ~3 and H'  [ ']T'.  

This brings us to where the fundamenta l  differences in the two  approaches seem to 

lie. Our  w o r k  relates the denotational semantics and the operational semantics of  a 

program. The semantic  criterion which we use for  changing the evaluation s t ra tegy (see 

section l )  relates the denotational and operational semantics of a program. We saw in 

section 3 tha t  the points in the abstract  domain were chosen because they modelled the 
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behaviour of evaluators .  Facts 4 - I  and 5-1 use the denotatJonal semantics to say which 

evaluator  is safe for  an argument  to a function and they are proved by discussing the 

operational behaviour of the evaluators.  Contexts  however  are a denotational notion. 

The tests given in [Wadler and Hughes 1987] see whether  disturbing the denotational 

semantics of  an argument ,  for  example, sending a list which has an undefined tail to 

bot tom using T ' ,  has any  effect on the denotational semantics of  the result  of a function 

application. If, for  example,  first applying T' to the argument  list has no effect on the 

semantics  of  the function, then this is interpreted to mean tha t  a tail s tr ict  cons can be 

used (i.e. use the evaluator  ~2), but no fo rmal  proof is given which a l lows movement  

f rom changing the denotat ional  behaviour to changing the operational behaviour. In fact, 

it is in [Burn 1987a], by explicitly relating the denotational  and operational behaviour, 

tha t  the first fo rma l  proof  is given tha t  any  of the extant  analyses can be used to al low a 

change in the operational behaviour of the evaluation of a functional  program. 

Care must  be taken when comparing the two pieces of work  because they have two  

different notions ot safety.  Safety here relates the denotational and operational behaviour 

of  programs, whereas safety in [~v'adler and Hughes 1987] is again a denotational notion. 

I t  is interesting to note that  the denotational  semantics of the evaluators  f2 and ~3 

are just  the ident i ty  function, that  is, they sat is fy  the conditions for  the identi ty 

projection 1l) of [Wadler  and Hughes 1987]. This is curious because one may  therefore 

wish to conclude f rom their  analysis  tha t  it is therefore safe to use the evaluators ~2 and 

~3 in any  function application, which is not true. I t  is clear tha t  if an expression is to be 

evaluated in the context  ID ,  then this is intui t ively supposed to indicate tha t  no 

evaluation is a l lowed (i.e. use £o). Therefore it is not safe just  to implement  any  

evaluator  which has the same denotational  semantics as a projection. Anyway ,  one would  

not  wish to be constrained to choosing an evaluator  which modelled the behaviour of a 

projection. For example,  the T' projection would  imply  that  all the list must  be 

evaluated before it is available to any other  process, for  T' must  return _L if the list has 

an undefined tail. (Recall tha t  uses of ~2 and £~ a l low the list to be consumed as each 

cons cell is produced,)  There is room here for  some more work  investigating the 

relationship between the information gained f rom the context analysis  and the operational 

behaviour of an evaluator .  

There are m a n y  other  relationships between the two  pieces of work.  Our  analysis is 

based on abs t rac t  interpretat ion,  while [Wadler  and Hughes 1987] is based on projections. 

There are many  more projections discussed in their  paper than we discuss here, and so one 

mus t  determine whether  one analysis  is able to give more accurate information than the 

other and whether  one is able to give a greater variety of information.  As we pointed out  
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in section 7, we ha.re restricted ourselves to the evaluators to  to ~3 for  expositional 

purposes. If  one is interested in finding out  more information, then the abstract domains 

can be extended to include points which model the behaviour of the evaluators. However 

we will  not be able to capture all notions of evaluators in this way.  It is our  opinion that  

we will  not be able to capture the notion of head strictness presented in [Wadler and 

Hughes 1987] in an abstract interpretation, for  it seems to need abstract domains with an 

infinite amount  of information (i.e. infinite number  of points), which would make the 

abstract interpretation uncomputable. So in this sense, the analysis of [Wadler and 

Hughes 1987] is the more powerful.  However,  we have isolated another  notion of head 

strictness which one is able to determine using abstract interpretation, and which appears 

at  the moment  to fit natural ly  into our  evaluation t ransformer model of parallel 

reduction [Burn 1987b]. 

Our analysis is able to deal with higher-order functions, whereas [Wadler and 

Hughes 1987] is unable to. 

Finally, suppose that  all the problems referred to in the above discussion have been 

solved and that  one of  the analyses has been used to determine evaluation (or context)  

transformers.  This paper shows how to use the information to give a parallel reduction 

model of  functional languages. One could just compile three different versions of a 

function, choosing the version according to the context of the application. However we 

argued in section 5 that  it is not possible to determine at compile-time all the contexts in 

which an expression will  occur at run-time. We have therefore proposed a dynamic run- 

time mechanism. This records the particular context in which an expression is being 

evaluated, and is then t ransformed by the evaluation transformers to give the amount  of 

evaluation which is allowed for  the arguments in a function application. Pragmatic issues 

become important  at the actual implementation level, for  more evaluators mean larger 

evaluation t ransformers which mean more complex hardware. Therefore one has to 

choose a suitably sized set of evaluators which are sensible for  parallel evaluation. 

9. Conclusion. 

With conservative parallel evaluation of functional languages, we must  find out  

which expressions can be evaluated in parallel. A series of papers has developed an 

abstract interpretation which gives the definedness of functions in terms of the 

definedness of their  arguments. Tradit ional ly this has been used to give a strictness 

analysis of functions, which has then been interpreted to say when arguments to 

functions could be evaluated in parallel with applications. However, we have shown in 

this paper that  strictness analysis loses information which is available from the abstract 
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interpretation because it does not take into account the context of an expression. At 

compile time we are able to determine from the abstract interpretation what evaluator is 

safe for the argument in an application given the evaluator which is safe for the 

application. This leads to a model for the parallel evaluation of functional languages 

which is a natural generalisation of lazy evaluation. These ideas can also be used to 

change the evaluation order of sequential implementations. 
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