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Abstract. We show, in a unified manner, that there exist linear time 

algorithms for many combinatorial problems defined on the class of 

series-parallel graphs. These include (i) the decision problem, and 

(ii) the minimum edge (vertex) deletion problem both with respect to 

a property characterized by a finite number of forbidden graphs, and 

(iii) the generalized matching problem. 

i. Introduction 

A large number of combinatorial problems defined on graphs are 

NP-complete, and hence there is probably no polynomial-time algorithm 

for any of them [i]. A number of such problems can be formulated as a 

"minimum edge (vertex) deletion problem" with respect to some graph 

property @. The problem asks a minimum number of edges (vertices) of 

a given graph whose deletion results in a graph satisfying @. Various 

other problems can be formulated as a "generalized matching problem", 

in which one would like to find a maximum number of vertex-disjoint 

copies of a fixed graph B contained in an input graph. Some 

systematic approaches have been achieved to these problems. 

Krishnamoorthy et al. have shown that the minimum vertex deletion 

problem is NP-complete whenever property @ is nontrivial and 

hereditary [12,15,23]. They have also shown that several minimum edge 

deletion problems are NP-complete. It should be noted that a 

hereditary property @ can be characterized by (possibly an infinite 

number of) "forbidden (induced) subgraphs", that is, a graph G 
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satisfies @ if and only if G contains none of the forbidden graphs as 

an (induced) subgraph [3,11,15]. On the other hand Kirkpatrick and 

Hell [13] have shown that any generalized matching problem is 

NP-complete if the graph B has a component with at least three 

vertices. 

Some of the combinatorial problems which are NP-complete for 

general graphs remains so even for a restricted class of graphs [7]. 

However it has been shown by ad hoc methods that polynomial-time 

algorithms are available for some combinatorial problems on special 

classes of graphs, such as planar graphs, regular graphs, bipartite 

graphs, or series-parallel graphs. An example is the maximum cut 

problem, which is NP-complete for nonplanar graphs, but there exists 

a polynomial-time algorithm for planar graphs, as shown by Hadlock 

[9]. 

In this paper we consider a special class of graphs, called 

"series-parallel graphs", which can be constructed by recursively 

applying "series" and "parallel" connections. The class of such 

graphs, which is a well known model of series-parallel electrical 

networks, is a restricted class of planar graphs. It has been known 

that many practical problems defined on such graphs can be 

efficiently solved, for example, "resistance of electrical networks", 

"reliability of systems", and "scheduling" [4,16,17]. The following 

question naturally arises: do there exist polynomial-time algorithms 

for all combinatorial problems defined on such a class of graphs? One 

can easily observe that not every combinatorial problem is 

polynomial-time computable even if restricted to series-parallel 

graphs. However we show, in a unified manner, that a number of 

combinatorial problems are linear time computable for series-parallel 

graphs. Such a rather broad class of problems includes: 

(i) the decision (i.e. yes-no) problem with respect to any 

property @ characterized by a finite number of "forbidden 

(induced or homeomorphic) subgraphs", in which one would 

like to decide whether an input graph satisfies ~; 

(ii) the minimum edge (vertex) deletion problem with respect to 

the same property as above; and 

(iii) the generalized matching problem. (The proof for this 

problem is omitted.) 

Hence the following problems among others prove to be linear time 

computable for the class of series-parallel graphs : 

(i) the minimum vertex cover problem (equivalently the maximum 

independent vertex set problem); 
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(2) the maximum (induced) line-subgraph problem; 

(3) the minimum edge (vertex) deletion problem with respect to 

property "without cycles (or paths) of specified length n or 

any lengh ( n"; 
w 

(4) the maximum outerplanar (induced) subgraph problem; 

(5) the minimum feedback vertex set problem; 

(6) the maximum ladder (induced) subgraph problem (K2, 3 and its 

dual are the forbidden homeomorphic subgraphs of a ladder 

graph [20]); 

(7) the minimum path cover problem (in which one would like to 

find a minimum number of disjoint paths which contain all the 

vertices of a given graph); 

(8) the maximum matching problem; and 

(9) the maximum disjoint triangle problem. 

Some of these problems have individually been shown to be 

polynomial-time computable for the class of series-parallel graphs or 

some larger class containing all such graphs [2,5,6,9,22]. 

2. Preliminary 

A multigraph G=(V,E) consists of a finite set V of vertices and a 

finite multiset E of edges, each of which is a pair of distinct 

vertices [i0]. Throughout this paper we simply call them graphs since 

we consider only multigraphs. A graph G'=(V',E') is a subgraph of 

another G=(V,E) if V' is a subset of V and E' is a subset of E. If 

V'=V, G' is denoted by G'=G-E s where Es=E-E' We write G'cG if G' 

is a subgraph of G. For any subset W of the vertices of a graph G, 

the induced subgraph on W is the maximal subgraph of G with vertex 

set W, and is denoted by G-V s where Vs=V-W. 

Two edges of a graph are Series if they are incident to a vertex 

of degree 2, and are parallel if they join the same pair of distict 

vertices. A series-parallel graph is defined recursively as follows 

[4] : 

Definition i. A graph consisting of two vertices joined by two 

parallel edges is series-parallel. If G is a series-parallel graph, 

then a graph obtained from G by replacing any edge of G by series or 

parallel edges is series-parallel. 

Definition 2. A graph G=(V,E) is called a 2-terminal graph when 
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two distinct vertices of V are distinguished from the other vertices 

and also from each other, and are called the first terminal and the 

second terminal, respectively. We write G=(V,E,x,y) if x is the 

first terminal of G and y the second. 

A 2-terminal graph may have one or two virtual terminals, called 

dummy i (i=i,2), which are necessarily isolated, and distinguished 

from a usual terminal. They will play a special role in the 

"connections" or "separations" of the succeeding sections. When we 

wish to discriminate a non-virtual vertex from virtual one, we call 

it a real vertex. An underlying graph of a 2-terminal graph G is a 

graph consisting of all edges and all real vertices of G. 

We will introduce a "2-terminal series-parallel graph"~ which is 

slightly different from a series-parallel graph. We define two kinds 

of connections of 2-terminal graphs, which are used to construct 

2-terminal series-parallel graphs, as follows. 

Definition 3. Let two 2-terminal graphs H=(VH,EH,a,b) and 

K=(VK,EK,C,d ) have no vertex in common: VHNVK=~. 

(a) H and K are series-connectable (in type I) if both the second 

terminal b of H and the first terminal c of K are real. By a series 

connection (of type I) of 2-terminal graphs H and K, we mean the 

2-terminal graph G s obtained from H and K by identifying b of H 

with c of K. Note that the resultant graph G s is regarded as a 

2-terminal graph with terminals a and d. 

(b) H and K are parallel connectable if both a and c are either 

real or virtual, and both b and d are also either real or virtual. 

By a parallel connection of H and K, we mean the 2-terminal graph 

G obtained from H and K by identifying a with c and b with d; the 
P 

terminal vertices of H are also the terminal vertices of the 

composite graph. 

If a 2-terminal graph G s (or Gp) is obtained from two 

2-terminal graphs H and K by a series connection of type I (or 

parallel connection), we write Gs=H*K (or Gp=H//K), and say that 

H and K are series separations of type I of G s (or parallel 

separations of Gp). 

A two-terminal series-parallel (TTSP) 9raph is recursively 

defined as follows : 

Definition 4. [Two-Terminal Series-Parallel Graphs] 
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(i) A two-terminal graph consisting of two vertices joined by a 

single edge is TTSP, and is called a minimum series-parallel 

graph denoted by Gmi n. 

(ii) If H and K are TTSP graphs, the two terminal graphs H*K and 

H//K are TTSP. 

It is known that every series-parallel graph is TTSP if one 

designates appropriate vertices, for example, two ends of an edge, as 

the terminals [4]. 

3. Decision Problems on TTSP Graphs 

In this section we consider a decision (i.e. yes-no) problem with 

respect to property ~ for TTSP graphs, in which one would like to 

determine whether a given TTSP graph satisfies ~ or not. We will 

show that whenever ~ can be characterized by a finite number of 

forbidden (induced) subgraphs, the decision problem is linear time 

computable. 

Throughout this paper we often denote by ~ itself the set of all 

(2-terminal) graphs satisfying property Q, so that G~@ if and only if 

G satisfies property @. We employ "divide-and-conquer" [i] based on 

the recursive definition of a TTSP graph to solve our problems on 

TTSP graphs. The requirements for the success and efficiency of the 

method is formulated as follows. 

LEMMA i. Let Q be a property defined on 2-terminal graphs. The 

decision problem with respect to @ is linear time computable for TTSP 

graphs if there exists a finite set of properties 

~={~l,@2,...@k } such that 

(i) @~R; 

(ii) it is decidable whether Gmin~@ r or not for each 

property @r~R; and 

(iii) for each property @r~, there exist two sets of 

properties {~hl,~h2,...,~ht}C~ and {~kl,~k2 ..... 

@kt}CR such that 

t 
GT~@ r iff V ((H~@hi) A (K~ki)) , 

i=l 
for any 2-terminal graph G T satisfying GT=H*K (or 

H//K), where * denotes a series connection of type I, A 

denotes "and", and v "or". 
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Proof. Let G=(V,E,x,y) be a given TTSP graph. Consider an 

extended decision problem in which one would like to determine for 

every @r~ whether G~ r or not. Since ~R by (i), the new problem 

includes the original one. Therefore it is sufficient to verify that 

the extended decision problem is linear time computable. We will 

show that the recursive algorithm shown below solves this problem in 

linear time of the number of edges of G. 

procedure TEST(G): 

if G=Gmi n the____nn determine Gmin~Q r for each ~r~R 

else if G=H*K for H and K both having fewer edges than G 

then TEST(H) and TEST(K), and determine G~@ r for each 

Qr~R by using the solutions to H and K and condition 

(iii) of Lemma 1 

else let G=H//K for H and K both having fewer edges than G; 

TEST(H), TEST(K), and determine G~@ r for each @r~R 

by using the solutions to H and K and condition (iii) 

of Lemma 1 

First it should be noted that any TTSP graph G with e=IEl edges 

can be constructed from e copies of the minimum series-parallel graph 

Gmi n by a sequence of series and parallel connections, and that 

such a sequence can be determined by constructing a binary 

decomposion tree of G in O(e) time [8,19,21]. That is, the total 

amount of time required for series and parallel separations is O(e). 

Hence we shall verify that the other operations require at most O(e) 

time. Let T(e) denote the total amount of time required for these 

operations to solve the extended decision problem on G with e edges. 

By induction on e we prove that T(e) ! cle-c 2 for some constants 

c I and c2. If e=l, that is, G=Gmin, then condition (ii) implies 

that one can determine in a constant time whether G~ r for 

r=l,2,...,k. Thus T(1) ! Cl.l-c 2 for appropriate constants c 1 

and c 2. If e ~ 2, then G=H*K or H//K for two TTSP graphs H and K 

both with fewer edges than G. Condition (iii) implies that the 

solution to G can be obtained by combining the solutions to H and K 

in a constant time. Note that both k and t are constants independent 

of the size e of the problem instance. Thus, if H has e H edges and 

K e K edges, then 

T(e) ! T(e H) + T(e K) + kt, 

where eH,e K ~ 1 and e=eH+e K. The inductive hypothesis implies 

T(eH) ! CleH-c 2 and T(e K) ! CleK-c 2. 
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Therefore, by appropriately selecting c I and c2, we have T(e) 

cle-c2, which completes the proof. ~ 

We need some more definitions. 

( 

Definition 5. Let G=(V,E) be a graph, and let x and y be distinct 

vertices of V. A 2-terminal graph G T is a terminal-attached graph 

of G if G T is one of the following: 

(i) GT=(V,E,x,y); 

(ii) GT=(Vu{dummy l},E,dummy l,y); 

(iii) GT=(Vu{dummy 2},E,x,dummy 2); and 

(iv) GT=(Vu{dummy l,dummy 2},E,dummy l,dummy 2), 

where dummy 1 and dummy 2 are virtual vertices. 

Let GT=(V,E,x,y ) and GT'=(V',E',x',y' ) be any two 2-terminal 

graphs. G T' is a 2-terminal subgraph of G T if (i) the underlying 

graph of G T' is a subgraph of the underlying graph of G T , (ii) 

x'=x if x~V', otherwise x' is an isolated virtual terminal dummy l,- 

and (iii) y'=y if y~V', otherwise y' is an isolated virtual terminal 

dummy 2. If V'=V, then we write GT'=GT-E s with Es=E-E'. If E' 

contains all the edges of E with both ends in V', G T' is a 

2-terminal induced subgraph of G T, If VscV, then GT-V s 

denotes the induced subgraph G T' with vertex set V' consisting of 

all vertices in V-V s together with dummy i (i=l or 2) if 

x(or y)~V s. We write again GT'CG T if G T' is a 2-terminal 

subgraph of G T. 

Definition 6. Let H=(VH,EH,a,b ) and K=(VK,EK,C,d ) be two 

2-terminal graphs having no vertex in common: VHNVK=~. H and K 

are series-connectable in type II if both b and c are virtual. By a 

series connection of type II we mean the 2-terminal graph G 
s 

obtained from the union of H and K by deleting b and c. That is, 

Gs=(VHUVK-{b,c},EH+EK,a,d). 

H and K are called series separations of type II of G s. 

If G s is a series connection of H and K, then we write, from 

now on, Gs=H*K regardless of type I or II. 

Suppose that property @ is defined on graphs by a finite set of 

forbidden subgraphs B={BI,B2,...,Bq}. Thus G~@ if and only if G 

contains no members of B as a subgraph. Since the algorithm in Lemma 

1 works only on TTSP graphs, we shall first reduce the decision 
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problem defined on graphs to one on 2-terminal graphs. We define a 

set B T of forbidden 2-terminal subgraphs as the set of all 

terminal-attached graphs of a graph in B. It should be noted that the 

set B T is finite since the set B is finite. Associated with 

property ~ on graphs, we define property QT on 2-terminal graphs by 

BT: QT is the set of all the 2-terminal graphs that contain no 

member of B T as a 2-terminal subgraph. 

LEMMA 2. Let G T be any terminal-attached graph of a graph G. 

Then G~Q if and only if GT~ T. 

According to Lemma 2, it is sufficient to verify that the 

property QT on 2-terminal graphs satisfies the requirements of 

Lemma i. Let a set $ consist of all 2-terminal graphs that belong to 

B T or can be obtained from a 2-terminal graph in B T by a sequence 

of series (of type I and type II) and parallel separations. Note that 

set B T is finite and that any separation graph has not more 

vertices than the original 2-terminal graph. It hence follows that 

set $ is finite. We will show intuitively that the set of all the 

properties defined by a subset of S satisfies the requirements of 

Lemma I. In what follows we will write $={SI,S2,...,S~}. 

Furthermore we define S[I], ~i(i)~ ~i(i), oi(J), and ~i(J) 

for i=1,2 .... ,Z, and I,Jc{l,2 .... ,Z} as follows: 

S[I]={Sj : j~I}; 

~i(i)={j : Sj~S and Si*Sj~S[I]}; 

~i(i)={j : Sj~S and Si//Sj~S[I]}; 

of(J) = u ~I(J); and ~i(J) = u ~I(J)- 
j~J j~J 

We need some more lemmas. 

LEMMA 3. Let G T be a 2-terminal graph such that GT=H*K (or 

H//K) for some 2-terminal graphs H and K, and let G T ' be a 

2-terminal graph. Then GT'CG T if and only if there exist 

2-terminal graphs H' and K' such that H'cH, K'cK, and GT'=H'*K' (or 

H'//K~). 

~$. Then if LEMMA 4. Let GT=H*K (or H//K), and S r SrcG T 

and only if there exist Sf,Sg~S such that Sr=Sf*Sg (or 

Sf//Sg), and SfcH, SgcK. 
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Let G T be a 2-terminal graph, and Ic{l,2,...,Z}. We denote by 

S[I]cG T the proposition that G T contains at least one member of 

set S[I] as a 2-terminal subgraph, and denote by S[I]{G T the 

proposition that G T contains no member of S[I], where the 

proposition S[I]~G T is true if I=~. Using Lemmas 3 and 4, we can 

show that if G T is a series or parallel connection, then the 

solution to G T can be efficiently obtained from the solutions to 

component graphs. 

LEMMA 5. Let Gs=H*K (of type I), Gp=H//K and I<{1,2 ..... Z}. 

Then we have: 

(i) S[I]~G s iff v [(S[J]~H)A(S[~I(Is-J)]~K)] ; 
JcI s 

and 

(ii) S[I]~Gp iff _V [(S[J]~H)A(S[~I(Ip-J)]~K)] , 

where Is={i : there exists Sj~$ s.t. 

: there exists Sj~S s.t. Si//Sj~S[I]}. 

Si*Sj~S[I] } and Ip={i 

We now have the following theorem. 

THEOREM 1(2). Let ~ be a property on graphs defined by a finite 

number of forbidden (induced) subgraphs. Then the decision problem 

with respect to @ is linear time computable for every series-parallel 

graph. 

Proof. Let G T be a terminal-attached graph obtained from a 

series-parallel graph G by designating two ends of any edge of G as 

the terminal vertices, so that G T is TTSP. According to Lemma 2, 

the problem with respect to @ on a series-parallel graph G can be 

reduced to the problem with respect to the property @T on the TTSP 

graph G T. Therefore it suffices to show that there exists a set of 

properties associated with @T that satisfies the requirements (i), 

(ii) and (iii) of Lemma i. Consider the following set ~ of properties 

on 2-terminal graphs: 

~={"S[I]" : I~{1,2, .... £}}, 

where "S[I]" denotes the property defined by the set S[I] of 

forbidden 2-terminal subgraphs: a 2-terminal graph satisfies property 

"S[I]" if it contains no member of S[I] as a 2-terminal subgraph. We 

write K={~l,~2,...,@k} where k=2 £. Note that set R is finite 

since ~ is a constant. Then: 

(i) The definition of S implies BTC$. Thus property QT is 

identical with the property "S[I]" with S[I]=BT, and hence ~T~. 
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(ii) Since Z is finite, one can determine in a constant time 

whether S[I]~_Gmi n for every S[I]; 

(iii) It follows from Lemma 5 that for each @r=.~ there exist 

sets of properties { @hl,~h2,... ,@ht}CR and { ~kl,(~k2,... , 

@kt}C~ such that 

t 
GT=~ r iff V ((H~hi)A(K~ki)) , 

i=l 

for any GT=H*K (or H//K). ~] 

4. Edge deletion problems 

In this section we consider the minimum edge deletion problems 

with respect to a property ~ for series-parallel graphs, in which one 

would like to determine the minimum number of edges of a given 

series-parallel graph whose deletion results in a graph satisfying @. 

We will show that the problem is also linear time computable if @ can 

be defined by a finite number of forbidden (induced) subgraphs. 

For a graph G=(V,E) (or 2-terminal graph G=(V,E,x,y)) and 

property @ on (2-terminal) graphs, define L(G,@) as follows: if there 

exists a subset E s of E such that G-Es~@, then L(G,~) is the 

minimum cardinality of such a set Es; otherwise L(G,~) is undefined 

(or ~ ). The edge deletion problem asks L(G,~) for a given G and a 

fixed ~. Let ~, @T and ~ be defined as in the preceding section. 

Then: 

LEMMA 6. Let G=(V,E) be a graph, and let GT=(V',E',x,y) be any 

terminal-attached graph of G. Then L(G,~)=L(GT,~T). 

Lemma 6 implies that the minimum edge deletion problem on a graph 

can be reduced to the same problem on a 2-terminal graph. The 

succeeding lemma follows from Lemmas 1 and 3. 

LEMMA 7. If G T is a 2-terminal graph such that GT=H*K (of 

type I) (or GT=H//K) for some 2-terminal graphs H and K, then for 

each @r~ 

L(GT,@r) = rain {L(H,@hi)+L(K,@ki) }. 
I( i( t 

We now have the following theorem. 
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THEOREM 3. Let @ be a property on graphs defined by a finite 

number of forbidden (induced) subgraphs. Then the minimum edge 

deletion problem with respect to @ is linear time computable for 

every series-parallel graph. 

5. Vertex deleti0n ~roblems 

In this section we consider the vertex deletion problems with 

respect to a property ~ for series-parallel graphs, in which one 

would like to determine the minimum number of vertices of a given 

series-parallel graph whose deletion results in a graph satisfying ~. 

We will show that the vertex deletion problem is also linear time 

computable if ~ can be defined by a finite number of forbidden 

(induced) subgr aphs. 

For a graph G=(V,E) and property @ on graphs, define N(G,@) as 

follows: if there exists VscV such that G-Vs~, then N(G,~) is 

the minimum cardinality of such a set Vs; otherwise N (G,~) is 

undefined (or co ). The vertex deletion problem asks N(G,@) for a 

given G and a fixed @. 

For a 2-terminal graph G=(V,E,x,y) we consider a vertex deletion 

problem with an additional constraint that one or both terminals 

should be deleted. For a property @ and m,n=l or 0, define N(G,@,m,n) 

as follows: if there exist VscV such that (i) G-Vs,@ , (ii) x~V s 

iff m=l, and (iii) y=_V s iff n=l, then N(G,@,m,n) is the minimum 

cardina!ity of such a set Vs; otherwise N(G,@,m,n) is undefined (or 

co). 

Let ~, @T and ~ be defined as in Section 3. Then we can reduce 

a problem on a graph to one on a 2-terminal graph as follows. 

LEMMA 8. Let G=(V,E) be a graph, and let GT=(V',E',x,y ) be any 

terminal-attached graph of G. Then 

N(G,@) = min N(GT,@T,m,n ). 
m,n~{O,l} 

LEMMA 9. 

(i) If G T is a 2-terminal graph such that GT=H*K (of type I) 

for 2-terminal graphs H and K, then for @r~=]~ 

N(GT,@r,m,n) = min{ min {N(H,@hi,m,0)+N(K,@ki,0,n)} , 
I< i( t 

min {N(H,@hi,m,l)+N(K,@ki,l,n ) }-i }. 
i( i( t 
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(ii) If G T is a 2-terminal graph such that GT=H//K for 

2-terminal graphs H and K, then 

N(GT,Qrtm,n) = min {N(H,Qhi,m,n)+N(K,~ki,m,n ) } - (m+n). 
l(i(t 

We now have the following theorem. 

THEOREM 4. Let @ be a property on graphs defined by a finite 

number of forbidden (induced) subgraphs. Then the minimum vertex 

deletion problem with respect to ~ is linear time computable for 

every series-parallel graph. 

6. Properties , characterized by homeomorphic sub~raphs 

In the preceding sections we showed that whenever property @ is 

defined by a finite number of forbidden (induced) subgraphs, the 

decision and minimum edge (vertex) deletion problems with respect to 

are all linear time computable. Although there exist graph 

properties whose characterizations require an infinite number of 

forbidden subgraphs, some of them can be characterized by a finite 

number of forbidden "homeomorphic subgraphs". For example, 

"planarity" is characterized by two forbidden homeomorphic subgraphs 

K 5 and K3,3, while it requires an infinite number of forbidden 

subgraphs, i.e., all the graphs that are homeomorphic to K 5 or 

K3,3, if one characterizes it by forbidden "subgraphs" instead of 

"homeomorphic subgraphs". 

In this section we will show that if property @ is defined by a 

finite number of homeomorphic subgraphs, the decision and minimum 

edge (vertex) deletion problems are also linear time computable. 

We now present some more terminology. Let GI=(VI,E I) and 

G2=(V2,E2) be any two graphs. G 2 is homeomorphic to G 1 if 

there exist mappings ~ and 8, ~ from E 1 into a set of paths of G 2 

and 8 from V 1 into V 2, such that, for each edge (v,w)~E I, path 

~((v,w)) has ends 8(v) and 8(w), and no two paths ~((Vl,Wl)) and 

~((v2,w2) ) share a vertex except possibly an end of both paths. 

Next let GI=(VI,EI,Xl,Y I) and G2=(V2,E2,x2,Y 2) be 

any two 2-terminal graphs. G 2 is 2-terminal homeomorphic to G 1 

if (i) the underlying graph of G 2 is homeomorphic to the 

underlying graph of G I, (ii) x 2 (or y2 ) is virtual if and only 

if x I (or yl ) is virtual, and (iii) the associated mapping 8 
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satisfies 8(Xl)=X 2 and 8(yl)=y 2. For a 2-terminal graph G we 

denote by Hom(G) the set of all the 2-terminal graphs that are 

2-terminal homeomorphic to G. 

Suppose that property @ is defined by a finite set of forbidden 

homeomorphic subgraphs, say B={BI,B2,...,Bq}: set @ consists of 

all the graphs that contain no subgraph homeomorphic to any Bi, 

i=l,2,...,q. As in the Section 5, let B T be the set of all the 

terminal-attached graphs of BI,B2,...,B q. Define the set B h 

of 2-terminal graphs as follows: 

Bh=BTUBIUBIIUBIII; 

BI: the set of all 2-terminal graphs obtained from some 

B.~B by two operations: replace any edge (u,v) of B. 
1 1 

by a new real terminal z together with two edges (u,z) 

and (z,v); and designate either an arbitrary vertex of 

B i different from z or a newly added isolated virtual 

vertex as the other terminal; 

BII: the set of all the 2-terminal graphs obtained from some 

B.~B by replacing any two edges (u,v) and (u' v') of 1 n 
B i by new real terminals x and y together with edges 

(u,x), (x,v), (u',y) and (y,v') ; and 

BIII: the set of all the 2-terminal graphs obtained from some 

Bi~B by replacing any edge (u,v) of B i by new real 

terminals x and y together with edges (u,x), (x,y), and 

(y,v). 

We now define property @h on 2-terminal graphs by the set B h 

of forbidden 2-terminal homeomorphic subgraphs : set @h consists of 

all the 2-terminal graphs containing no 2-terminal subgraphs that are 

2-terminal homeomorphic to any member of B h . Then we have the 

following lemma. 

LEMMA. 10. Let GT=(V',E',x,y ) be a terminal-attached graph of a 

graph G=(V,E). Then G~ if and only if GT~@ h. 

The following result concerning @h corresponds to Lemmas 6 and 

8. 

LEMMA ii. If G T is a terminal-attached graph of a graph 

G=(V,E), then 

(i) L(G,~)=L(GT,~h) ; and 

(ii) N(G,~)= min N(GT,@h,m,n ). 
m,n~{0,1} 
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The preceding Lemmas l0 and ll imply that the decision problem 

and the minimum edge (vertex) deletion problem both with respect to 

property Q on a graph can be reduced to the same problems with 

respect to property Qh on a 2-terminal graph. In what follows we 

verify that @h satisfies the requirement of Lemma i. 

We now define a new series separation in terms of its associated 

connection. 

Definition 7. Let H=(VH,EH,X,Z2) and K=(VK,EK,Zl,y) 

be 2-terminal graphs. If both z I and z 2 are real vertices and the 

sum of degrees of z I in K and z 2 in H is two, then a series 

connection of type III of H and K is a 2-terminal graph G s obtained 

from the union of H and K by identifying z I and z 2 and replacing 

the two series edges incident to the identified vertex by a single 

edge. Then H and K are called series separations of type III of G s. 

From now on we write G=H*hK if H and K are series separations 

of type I, II or III of G. 

We can now define the set $ of forbidden 2-terminal homeomorphic 

subgraphs as the set of all the 2-terminal graphs that are members of 

B h or can be obtained from a member of B h by a sequence of series 

and parallel separations of all the types. We write $={SI,$2,..., 

S£}. It should be noted that Bh, and hence $, are finite sets. 

For i=i,2,...,£ and a subset I of {1,2,...,£}, define S[I] and 

~i(i) as in Section 3, while define oi(i) as follows : 

~i(i)={ j :Sj~$ and Si*hSj~S[I]} 

We write Hom(Sr)cG T if G T contains at least one member of the 

set Hom(S r) as a 2-terminal subgraph. The following lemma 

corresponds to Lemma 4 of Section 3. 

LEMMA 12. Let G T be a 2-terminal graph such that GT=H*K (or 

H//K) where H=(VH,EH,a,b) and K=(VK,EK,C,d), and let Sr~S. 

Then Hom(Sr)cG T if and only if there exist Sf,Sg~$ such that 

Sr=Sf*hSg (Sf//Sg)~ Hom(Sf)cH, and Hom(Sg)cK. 

Using the preceding lemma, we obtain the following result, where 

we write Hom(S[I])iG s if G s contains no member of the set 

Hom(S[I]) as a 2-terminal subgraph. 

LEMMA 13. Let G s and Gp be 2-terminal graphs such that 
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Gs=H*K (of type I) and Gp=H//K, and let Ic{I,2,...,Z}. Then; 

(i) Hom(S[I])~G s iff 

and 

v [(Hom(S[J])~H)A(Hom(S[~I(Is-J)])~K)] ; 
JcI s 

(ii) Hom(S [I] )~Gp iff 

V [(Hom(S[J])~H)A(Hom(S[~I(Ip-J)])~K)] , 
JcIp 

where 

Is={i : there exists Sj~S such that Si*hSj~S[I]}; 

and 

Ip={i : there exists Sj~$ such that Si//Sj~S[I]}. 

We now have the following theorem by Lemmas 1 and i0-13. 

THEOREM 5. Let @ be a property on graphs defined by a finite 

number of forbidden homeomorphic subgraphs. Then the decision problem 

and the minimum edge (vertex) deletion problem, both with respect to 

@, are linear time computable for every series-parallel graph. 
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