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Section 2 

HOW TO USE EISPACK 

This section is designed to provide, in readily accessible form, the 

basic information you need to correctly use subroutines from EISPACK to 

solve an eigenproblem. The way in which this information is presented 

is influenced by the design of the eigensystem package; hence we will 

first consider briefly the global structure of EISPACK. 

EISPACK is capable of performing 22 different basic computations, 

plus several variations of them. If each of these computations (and var- 

iations) were performed completely within a single EISPACK subroutine, 

the package would be unwieldy indeed. It also would be highly redundant, 

since the same steps appear in many of the computations. To avoid these 

problems, the subroutines in EISPACK are designed so that each performs 

a basic step which appears in one or more of the computations. (See [7] 

for an introduction to the modularization of EISPACK.) Consequently, 

the redundancy (hence the size) of the package is minimized. 

Another consequence is that, in general, more than one subroutine from 

EISPACK is required to perform a given computation. These subroutines must 

of course be called in the correct order and with the proper parameters; 

in addition, some computations also require certain auxiliary actions, 

e.g., initializing parameters and testing for errors. Throughout the re- 

mainder of this book such an ordered set of subroutine calls and associated 

auxiliary actions will be called an EISPACK path. 

As a result of this structure the documentation for the use of EISPACK 

comprises two main parts: a description of the basic paths and their var- 

iations, and a description of the individual subroutines in EISPACK. The 

information about the paths constitutes the remainder of this section 

while the subroutine documentation is collected in Section 7. 
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The path descriptions are divided into three parts. Section 2.1 

describes the 22 basic paths and includes a table to facilitate reference 

to them. Section 2.2 describes some of the variations of these paths and 

suggests when such variations might be useful. Section 2.3 contains cer- 

tain additional information about and examples of the use of EISPACK. To 

keep the descriptions of the basic paths and their variants simple~ we 

have omitted much of the detailed information (e.g., the meanings of non- 

zero error indicators and the descriptions of certain parameters) and 

collected it in Section 2.3. Detailed information about each subroutine 

may be obtained from the documentation for the individual subroutines in 

Section 7. We hope, however, that the information given in this section 

will be sufficient to permit you to correctly solve most eigenproblems. 

The detail of path information that you must know to solve certain 

basic eigenproblems can be reduced by using an appropriate driver sub- 

routine to build the desired path from other EISPACK members. Applica- 

bility of the driver subroutines is limited to those problems where all 

eigenvalues and eigenvectors or all eigenvalues only are desired. There 

is a driver subroutine for each class of matrices handled by the package; 

driver subroutine calls corresponding to twelve of the 22 basic paths are 

given as part of the discussion of the paths in this section. 

Substantial further reduction in the detail of path information 

that you must know to solve an eigenproblem, with wider applicability, 

can be achieved by use of a control program, called EISPAC, which is 

available with the IBM version of the eigensystem package [6]. (It is 

only practical to implement this control program on those computing sys- 

tems which adequately support execution-time loading of subroutines.) 

EISPAC accepts a relatively straightforward problem description stated 
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in terms of the properties of the input matrix and the kinds of results 

required. It checks this description for consistency, automatically 

selects and executes the appropriate path, and then returns the results 

to your program. Thus EISPAC not only simplifies the use of the eigen- 

system package, but also enhances its robustness by eliminating the 

possibility of making errors in transcribing a path. 

To use EISPAC, you call it with a set of parameters which describes 

the problem you wish to solve, and which enables EISPAC to choose the 

appropriate path. EISPAC calls corresponding to the 22 basic paths (and 

most of their variations) are given as a further part of the discussion 

of the paths in this section. Note that in order to use EISPAC~ you must 

provide system control cards defining the file from which the EISPACK 

subroutines are to be loaded; this and other detailed information on the 

use of EISPAC can be found in its subroutine document in Section 7.2. 
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Section 2.1 

RECOMMENDED BASIC PATHS IN EiSPACK 

This section describes how to use EISPACK to compute some or all of 

the eigenvalues, or some or all of the eigenvalues and their correspond- 

ing eigenvectors, for the six classes of matrices mentioned in Section I. 

The paths recommended here provide accurate solutions for their respective 

eigenproblems using a minimum of storage. Under some circumstances, 

variations of these paths (using different subroutines) may provide 

slightly more accurate or speedier solutions; these variations are dis- 

cussed in Section 2.2. 

To determine the recommended path to solve your particular eigen- 

problem, consult Table I at the end of this section. First, decide to 

which of the six classes of matrices listed across the top of the table 

your matrix belongs. In general, the computation will be more accurate 

and efficient if you use any known special properties of the matrix to 

place it in the most specialized applicable class. Thus a matrix which 

is real symmetric is better classified so, than as real general or complex. 

On the other hand, some special properties cannot be utilized; for example, 

a complex matrix, even though known to be symmetric (not Hermitian), must 

be classified as complex general. 

Next, determine which of the problem classifications listed down the 

left side of Table 1 most closely matches the subset of eigenvalues and 

eigenvectors you wish to find. The table entry so determined indicates 

the subsection which describes the recommended path for your problem. 

(If variations of the path exist, the subsection will refer you to Sec- 

tion 2.2 for them.) For example, if you have a full (not tridiagonal) 
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real symmetric matrix and you wish to find all its eigenvalues and their 

corresponding eigenvectors, the table directs you to Section 2.1.11. 

Each subsection to which the table refers provides just the infor- 

mation you need to use the described path correctly. It begins with a 

statement of the problem and an identification of the main input and 

result variables. The subroutine calls and auxiliary statements consti- 

tuting the path are given and are followed by the corresponding driver 

subroutine call, if applicable, and the EISPAC call. Next is a descrip- 

tion of additional parameters (if any) appearing in the path and a brief 

summary of the disposition of the results of the computation. Dimension 

information for the arrays appearing in the path and a summary of the 

total amount of array storage used is then given. These are followed by 

indicative timing results. (Timing considerations are discussed more 

fully in Section 4.) The subsection concludes with references to appli- 

cable subsections of Section 2.2. 

We have employed a few conventions in these subsections to streamline 

the presentation of information. One of these concerns the types of the 

parameters. Except for SELECT (and TYPE in Section 2.2.4), to which type 

LOGICAL applies, all parameters have their Fortran implied type: those 

beginning with I, J, K, L, M, or N are type INTEGER, and the others are 

what will be called working preci~on~ which denotes either type REAL or 

type DOUBLE PRECISION depending on the version of EISPACK being used. 

A second convention concerns certain parameters which are used only 

to pass intermediate results from one subroutine to another. The roles 

of these parameters are not described in the subsections, since only their 

type and dimension need be known to execute a path correctly. To facili- 

tate recognition of these parameters, they are written in lower case~ 
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employing a systematic nomenclature. Their names are composed of f or i 

to indicate type (working precision or integer), s, v, or m to indicate 

dimensionality (scalar, vector, or matrix), and a serial number. Thus 

fv2 is used for the first working precision temporary vector to appear 

in a given paths 

A third convention is used to indicate how the array parameters in 

a path are dimensioned. It employs two "variables" ~ and ~, which must 

be replaced in array declarator statements by Fortran integer constants. 

The parameters NM and MM communicate the values of these constants to 

array declarator statements in the EISPACK subroutines; therefore NMmust 

be set to the constant used for ~ and MM set to that used for ~. It 

is of utmost importance that whenever a path is executed, N and, if used~ 

M, satisfy N ~r~ and M in; otherwise unpredictable errors will occur. 

An example may help clarify the use of ~ and ~. Suppose you are 

using the path described in Section 2.1.13. Considering only the parameters 

Aj W, and Z, the dimension information is stated there as A(~,~), W(~), 

and Z(nm,~). If the largest matrix for which you intend to use this 

paah is of order 50, and if you do not expect to compute more than i0 

eigenvalues and eigenvectors, you might use the array deelarator statement 

DIMENSION A(50,50) ,W(IO) ,Z(50, i0) 

together with 

NM= 50 

MM= i0 

You would, of course~ set N to the actual order of the matrix A for each 

execution of the path; it must satisfy N ~ 50. Similarly, M will be set 

10 
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(by the path) to the number of eigenvalues determined; it must satisfy 

M< i0. 

The summary of the total amount of array storage used by a path is 

given in terms of the order parameters N and M, rather than in terms of 

nm and turn. Thus it represents the minimum array storage required to 

execute the path for a given order matrix, achieved when ~ is equal to 

N and ~ is equal to M. Note that when using the EISPAC control program 

you need not dimension any parameters which do not appear in the call to 

EISPAC (i.e., those named according to the second convention above) since 

it allocates them for you. This does not, however, reduce the minimum 

storage required, which remains as indicated in the summary. 

A fourth convention relates to the calls to driver subroutines when 

eigenvalues only are computed. In such a case the formal parameter(s) 

corresponding to the eigenvector matrix Z or (ZR, ZI), although required, 

is(are) not referenced in the subroutine; the variable name DUMMY will 

appear instead at the corresponding position(s) in the calling statement. 

A final convention concerns the handling of execution errors in a 

path. Certain EISPACK subroutines may fail to satisfactorily perform 

their step of the computation; in this case an error parameter, universally 

denoted by IERR, is set to a non-zero value indicating the type of error 

which occurred. In many cases the execution of a path must not be allowed 

to continue after such an error; hence a conditional branch to statement 

number 99999 is inserted in each path after each subroutine call which 

may set the parameter IERR. Appropriate action at statement 99999 might 

be to print IERR and stop. Each distinct error that can occur in EISPACK 

produces one of a unique set of values for IERR. The possible values of 

IERR and their meanings, together with an indication of whether or not any 

11 
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partial results have been correctly computed, are summarized in Section 

2.3.8; more detailed information on IERR can be obtained by consulting 

the documents for the individual subroutines. If you are using EISPAC~ 

it will print a message describing any errors which occur and terminate 

execution, unless you elect to examine !ERR as discussed in Section 2.3.7 

and in the EISPAC document. 

In summary, to select the recommended EISPACK path to solve your 

eigenproblem, consult Table I and then read the subsection to which it 

refers in light of the above conventions, Note that in order to ensure 

correct execution of the path, you must, in addition to providing input 

data and result storage, do the following: provide arrays for storage of 

intermediate or temporary results, call the subroutines in the path in 

the correct order, pass parameters from one call to the next exactly as 

described, and perform certain auxiliary actions. Alternatively, if the 

control program EISPAC is included in your version of EISPACK, you may 

simply call it and let it perform these tasks for you. 

12 
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TABLE 1 

SECTIONS DESCRIBING THE RECOMMENDED BASIC PATHS IN EISPACK 

lass of 
X 

Classification~ 

All 
Eigenvalues & 
Corresponding 
Eigenvectors 

All 
Eigenvalues 

All Eigenvalues 
& Selected 
Eigenvectors 

Some Eigenvalues 
& Corresponding 
Eigenvectors 

Some 
Eigenvalues 

Real 
Complexl Complex Real Real Symmetric 
GeneraliHemitianGeneral Symmetric Tridiagonali 

2.1.1 2.1.4 2.1.8 2.1.11 

2.1.2 2.1.5 

2.1.3 

Special 
Real 

Tridiagonal 

2.1.6 

2.1.7 

2.1.9 

2.1.10 

2.1.12 

2.1.13 

2.1.14 

2.1.15 2.1.19 

2.1.16 2.1.20 

2.1.17 2.1.21 

2. I. 18 2.1.22 

13 
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Section 2.1.i 

ALL EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A COMPLEX GENERAL MATRIX 

To determine all the eigenvalues (WR,WI) and their corresponding 

eigenvectors (ZR,ZI) of a complex general matrix (AR,AI) of order N, the 

recommended E!SPACK path is: 

CALL CBAL(NM,N,AR,AI,isl,is2,fvl) 

CALL CORTH(N~M,N,isl,is2,AR,AI,fv2,fv3) 

CALL COMQR2(NM,N,isl,is2,fv2,fv3,AR,AI,WR,WI,ZR,ZI,IERR) 

IF (IERR .NE. 0) GO TO 99999 

CALL CBABK2(NM,N,is!,is2,fvI,N,ZR,ZI) 

or, using driver subroutine CG: 

CALL CG(NM,N,AR,AI,WR,WI, I,ZR,ZI,fV2 ,fv2,fv3 ,IERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('COMPLEX',AR,AI),VALUES(WR,WI),VECTOR(ZR, ZI)) 

This path destroys AR and AI. 

Suitable dimensions for the arrays are: AR(nm,~m), Al(~,nm), WR(nm), 

Wl(r~n), ZR(~,ryn), Zi(r~m,r~m), fv1(r~), fv2(~n), and fv3(r~). 

The array storage required to execute this path is 4N 2 + 5N working 

precision words. 

Indicative execution times for this path (run on an IBM 370/195) are 

.038, .24, 1.7, and 13 seconds for sample matrices of order I0, 20, 40, and 

80 respectively. 

14 
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Variants of this path omit the balancing of the input matrix or sub 

stitute elementary for unitary transformations; see Sections 2.2.1 and 

2.2.6. 

15 
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Section 2ol.2 

ALL EIGENVALUES OF A COMPLEX GENERAL MATRIX 

To determine all the eigenvalues (WR, WI) of a complex general matrix 

(AR,A!) of order N, the recommended EISPACK path is: 

CALL CBAL(NM,N,AR,AI,isl,is2,fvl) 

CALL CORTH(I~i,N,isl,is2,AR,AI,fv2,fv3) 

CALL COMQR(NM, N,isl,is2,AR,AI,WR,WI,IERR) 

IF (IERR .NE. 0) GO TO 99999 

or~ using driver subroutine CG: 

CALL CG(NM,N,AR,AI,WR,WI,O,DUMMY,DUMMY,fvl,fv2,fv3,1ERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using EiSPAC: 

CALL EISPAC(NM, N,MATR!X('COMPLEX',AR,AI),VALUES(WR,WI)) 

This path destroys AR and AI. 

Suitable dimensions for the arrays are: AR(z~n,nm), Al(nm,~), WR(nm), 

Wl(nm), fv1(r~), fv2(nm), and fv3(nm). 

The array storage required to execute this path is 2N 2 + 5N working 

precision words~ (2N working precision words could be saved by using 

WR and WI for fv2 and fv3; another N working precision words could be 

saved by identifying ~1 and fv2.) 

Indicative execution times for this path (run on an IBM 370/195) are 

.022, .12, °78, and 5.7 seconds for sample matrices of order I0, 20, 40, and 

80 respectively. 

Variants of this path omit the balancing of the input matrix or sub- 

stitute elementary for unitary transformations; see Sections 2.2.1 and 2.2.6. 

16 
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Section 2.1.3 

ALL EIGENVALUES AND SELECTED EIGENVECTORS OF A COMPLEX GENERAL MATRIX 

To determine all the eigenvalues (WR,WI) and certain eigenveetors 

(ZR, ZI) (those corresponding to eigenvalues flagged by .TRUE. elements 

in the LOGICAL array SELECT) of a complex general matrix (AR,AI) of 

order N, the reco~ended EISPACK path is: 

CALL CBAL(NM,N,AR,AI,isl,is2,fvl) 

CALL CORTH(NM, N,isl,is2,AR,AI,fv2,fv3) 

DO i00 1 = i, N 

DO 50 J = I, N 

fm/(I,J) = AR(I,J) 

~m2(l,J) = AI(I,J) 

50 CONTINUE 

i00 CONTINUE 

CALL COMQR(NM,N,isl,i82,~l,fm2,WR,WI,IERR) 

IF (IERR .NE. 0) GO TO 99999 

CALL CINVIT(NM, N,~m,AI,WR,WI,SELECT,MM, M, ZR, ZI,IERR,fml,fm2,fv4,fv5) 

IF (IERR .NE. 0) GO TO 99999 

CALL CORTB(NM, isl,is2,AR,AI,fv2,fv3,M, ZR, ZI) 

CALL CBABK2(NM,N,isl,is2,fvl,M,ZR,ZI) 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('COMPLEX',AR,AI),VALUES(WR,WI), 

VECTOR(ZR,ZI,MM,M, SELECT)) 

See Section 2.3.1 for a discussion of the SELECT array. Upon comple 

tion of the path, M is set to the number of columns of ZR and ZI used, 

17 
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and provided MM is sufficiently large, the computed eigenvectors corres- 

ponding to the flagged eigenvalues are stored in the first M columns of 

ZR and ZI. If MM is not sufficiently large, then IERR is set non-zero, 

M is set to MM, and only the first M selected vectors are computed 

provided that the interrupted path is completed. (IERR is also set non- 

zero if a vector fails to converge.) This path destroys AR and AI. 

Suitable dimensions for the arrays are: AR(~,~), AI(~,~), 

WR(nm), Wl(nJn), ZR(nm,mm), Zl(nm,mm), SELECT(nm), fml(nm,nm), fm2(nm,nm), 

fvl(nm), fv2(nm), fv3(n~m), fv4(nm), and ~5(nm). 

The array storage required to execute this path is 4N 2 + N(2M+7) 

working precision words and N logical words. 

Indicative execution times for this path (run on an IBM 370/195), 

when computing all N eigenvectors, are .040, .22, 1.3, and 9.7 seconds for 

sample matrices of order i0, 20, 40, and 80 respectively. Extrapolation 

of these execution times for cases where M is less than N is discussed in 

Section 4. 

Variants of this path omit the balancing of the input matrix or sub- 

stitute elementary for unitary transformations; see Sections 2.2.1 and 

2.2.6. 

18 
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Section 2.1.4 

ALL EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A COMPLEX HERMITIAN MATRIX 

To determine all the eigenvalues W and their corresponding eigenvectors 

(ZR,ZI) of a complex Hermitian matrix (AR,AI) of order N, the recommended 

EISPACK path is: 

CALL HTRIDI (NM,N,AR,AI ,W,fv2 ,fv l ,fml) 

DO i00 1 = I, N 

DO 50 J = i, N 

ZR(I,J) = 0.0 

50 CONTINUE 

ZR(I,I) = 1.0 

i00 CONTINUE 

CALL TQL2(NM,N,W,fv2,ZR,IERR) 

IF (IERR .NE. O) GO TO 99999 

CALL HTRIBK(NM,N,AR,AI,fm2,N,ZR,ZI) 

or, using driver subroutine CH: 

CALL CH(NM,N,AR,AI,W,I,ZR,ZI,fv2,fvJ,fmI,IERR) 

IF (IERR .NE. O) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('COMPLEX',AR,AI,'HERMITIAN'),VALUES(~),VECTOR(ZR,ZI)) 

This path returns the eigenvalues in ascending order and a set of complex 

orthonormal eigenvectors; it preserves the full upper triangle of All and 

the strict upper triangle of AI. 

19 



2.1-13 

Suitable dimensions for the arrays are: AR(r~n,~), Al(~,r~n), W(~), 

ZR(n~n,nm), ZI (nm,nm), fvl (nm), and fml(2,nm). 

The array storage required to execute this path is 4N 2 . 4N working 

precision words. 

Indicative execution times for this path (run on an IBM 370/195) are 

.011, .065, °44, and 3.2 seconds for sample matrices of order i0, 20, 40, 

and 80 respectively. 

Variants of this path substitute the implicit for the explicit QL 

shift or proceed from a packed form representation of the input matrix; 

see Sections 2.2.3 and 2.2.9. 

20 
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Section 2.1.5 

ALL EIGENVALUES OF A COMPLEX HERMITIAN MATRIX 

To determine all the eigenvalues W of a complex Hermitian matrix (AR,AI) 

of order N, the recommended EISPACK path is: 

CALL HTRIDI(NM, N,AR,AI,W,fvl,fv2,fm2) 

CALL TQLRAT(N,W,fv2,1ERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using driver subroutine CH: 

CALL CH(NM,N,AR,AI,W,O,DUMMY,DUMMY,fvl,fv2,fmT,IERR) 

IF (IERR .NE. O) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('COMPLEX',AR,AI,'HERMITIAN'),VALUES(W)) 

This path returns the eigenvalues in ascending order; it preserves the 

full upper triangle of AR and the strict upper triangle of AI. 

Suitable dimensions for the arrays are: AR(n~n,nm), AI(mm,nm), W(nm), 

fvl(nm), fv2(nm), and fml(2,nm). 

The array storage required to execute this path is 2N 2 + 5N working 

precision words. 

Indicative execution times for this path (run on an IBM 370/195) are 

.005, .022, .14, and 1.0 seconds for sample matrices of order I0, 20, 40, 

and 80 respectively. 

Variants of this path substitute the explicit or implicit for the 

rational QL shift or proceed from a packed form representation of the 

input matrix; see Sections 2.2.3 and 2.2.9. 

2~ 
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Section 2.1.6 

SOME EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A COMPLEX HERMiTIAN MATRIX 

To determine the eigenvalues W in an interval extending from RLB to 

RUB, together with their corresponding eigenvectors (ZR,ZI), of a complex 

Hermitian matrix (AR,AI) of order N, the recommended EISPACK path is: 

CALL HTRIDI (NM,N ,AR,AI ~7 ,fv2 ,fv 3 ,fml ) 

EPSI = 0~0 

CALL BISECT (N, EPS 1 ,fvi ,fv2 ,fv3 ,RLB ,RUB ,MM,M ,w,ivl, IERR,fv4 ,fvS) 

IF (IERR ~NE. 0) GO TO 99999 

CALL TINVIT(NM,N,fvl,fv2,fv3,M,W,ivl ,ZR,!ERR,fv4,fv5,fv6,fv7,fvS) 

IF (IERR ~NE. 0) GO TO 99999 

CALL HTRIBK(NM,N,AR,AI ,fml ,M,ZR, ZI) 

or, using EISPAC: 

CALL EISPAC(I~M,N,MATRIX('COMPLEX',AR,AI,'HERMITIANI), 

VALUES(W,MM,M,RLB,RUB),VECTOR(ZR,ZI)) 

The parameter EPSI is used to control the accuracy of the eigenvalue 

computation° Setting it to zero or calling EISPAC without supplying it 

causes the use of a default value suitable for most matrices. Further in- 

formation about the use of EPSI can be found in Section 2.3.3 and in the 

BISECT and EISPAC documents~ Upon completion of the path, M is set to 

the number of eigenvalues determined to lie in the interval defined by 

RLB and RUB and, provided M !MM, the eigenvalues are in ascending order 

in W and their corresponding complex orthonormal eigenvectors are in the 

first M columns of ZR and ZI. Note that, should the computed M be greater 

than MM, BISECT sets iERR non-zero and does not compute any eigenvalues. 

22 
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This path preserves the full upper triangle of AR and the strict upper tri- 

angle of AI. 

Suitable dimensions for the arrays are: AR(~,~), AI(~,r~n), W(~), 

ZR(~w,~), ZI(~,~), fv1(r~), fv2Ozw), fv3(nm), fv4(r~w), fv5(~), fv6(r~n), 

fv?(~), fv8(~), fml(2,~), and ivl(~). 

The array storage required to execute this path is 2N 2 + I0N + M(2N+I) 

working precision words and M integer words. 

Indicative execution times for this path (run on an IBM 370/195), when 

computing all N eigenvalues and eigenvectors, are .023, .I0, .52, and 3.2 

seconds for sample matrices of order i0, 20, 40, and 80 respectively. 

Extrapolation of these execution times for cases where M is less than N is 

discussed in Section 4. 

Variants of this path substitute the rational QR method or the implicit 

QL method for the bisection process, allow the specification of boundary 

eigenvalue indices instead of an interval to the bisection process, combine 

the determination of the eigenvalues and eigenveetors of the symmetric 

tridiagonal form into a single subroutine, or proceed from a packed form 

representation of the input matrix; see Sections 2.2.4, 2.2.7, 2.2.8, 2.2.5, 

and 2.2.9. 

23 
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Section 2.1.7 

SOME EiGENVALUES OF A COMPLEX HERMITIAN ~TRIX 

To determine the eigenvalues W in an interval extending from RLB to RUB 

of a complex Hermitian matrix (AR,AI) of order N, the recommended EISPACK 

path is: 

CALL HTRIDl(mi,N,AR,Al,~1,fv2,fv3,fm2) 

EPSI = 0.0 

CALL BISECT(N,EPSI,fv2,fv2,fv3,RLB,RUB,MM,M,W,iv2,1ERR,fv4,fv5) 

IF (IERi oNE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC (NM~N ,MATRIX( ~ COMPLEX I ,AR,AI , ' HEP~MITIAN ' ) ,VALUES (W,~I,M,_R~B ,RUB) ) 

The parameter EPSI is used to control the accuracy of the eigenvalue 

computation. Setting it to zero or calling EISPAC without supplying it 

causes the use of a default value suitable for most matrices. Further infor- 

nmtion about the use of EPSI can be found in Section 2.3.3 and in the BISECT 

and EISPAC documents. Upon completion of the path, M is set to the number 

of eigenvalues determined to lie in the interval defined by RLB and RUB 

and, provided M ~MM, the eigenvalues are in ascending order in W. Note 

that, should the computed M be greater than MM, BISECT sets IERR non-zero 

and does not compute any eigenvalues. This path preserves the full upper 

triangle of AR and the strict upper triangle of AI. 

Suitable dimensions for the arrays are: AR(nm,nm), Al(nm,~), W(mm), 

fv1(nm), fv2(nm), fv3(nm), fv4(nm), fv5(nm), fm1(2,nm), and ivl(mm). 

The array storage required to execute this path is 2N 2 + 7N + M working 

precision words and M integer words. 

24 
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Indicative execution times for this path (run on an IBM 370/195), when 

computing all N eigenvalues, are .019, .072, .32, and 1.7 seconds for sample 

matrices of order i0, 20, 40, and 80 respectively. Extrapolation of these 

execution times for cases where M is less than N is discussed in Section 4. 

Variants of this path substitute the rational QR method for the bi- 

section process, allow the specification of boundary eigenvalue indices 

instead of an interval to the bisection process, or proceed from a packed 

form representation of the input matrix; see Sections 2.2.4, 2.2.8, and 2.2.9. 

25 
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Section 2~1.8 

ALL EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A REAL GENERAL MATRIX 

To determine all the eigenvalues (WR,WI) and their corresponding eigen- 

vectors Z of a real general matrix A of order N, the recommended EISPACK 

path is: 

CALL BALANC (NM,N ,A,isl ,is2,fvl) 

CALL ELMHES (NM,N ,is I ,is 2 ,A,ivl ) 

CALL ELTRAN(NM,N,isl,is2,A,ivl ,Z) 

CALL HQR2 (NM,N ,is I ,is2 ,A,WR,WI, Z, IERR) 

IF (IERR .NE. 0) GO TO 99999 

CALL BALBAK(NM,N,isl ,is2 ,fvl ,N,Z) 

or, using driver subroutine RG: 

CALL RG(NM,N,A,WR,WI,I,Z,ivl,fvI,IERR) 

IF (IERR oNE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('REAL',A),VALUES(WR,WI),VECTOR(Z)) 

Pairs of complex eigenvalues are stored in consecutive elements of (WR,WI) 

with that member of the pair with positive imaginary part first. The corres- 

ponding columns of Z contain the real and imaginary parts, respectively, of 

the eigenvector associated with the eigenvalue of positive imaginary part. 

See Section 2.3.2 for a discussion of the eigenveetor packing into Z. This 

path destroys A. 

Suitable dimensions for the arrays are: A(~n,~), WR(~), WI(~), 

Z (~,~) , fvl (~), and ivl (nm). 
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The array storage required to execute this path is 2N 2 + 3N working pre 

cision words and N integer words. 

Indicative execution times for this path (run on an IBM 370/195) are 

.019, .I0, .66, and 4.6 seconds for sample matrices of order I0, 20, 40, 

and 80 respectively. 

Variants of this path omit the balancing of the input matrix or sub- 

stitute orthogonal for elementary reduction transformations; see Sections 

2.2.1 and 2.2.2. 
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Section 2.1.9 

ALL EIGENVALUES OF A REAL GENERAL MATRIX 

To determine all the eigenvalues (WR,WI) of a real general matrix A of 

order N, the recommended EISPACK path is: 

CALL BALANC (NM,N ,A,isl ,is2 ,fvl ) 

CALL ELMHES (NM,N,isl ,is2,A,ivl) 

CALL HQR(NM,N,isl ,is2 ,A,WR,WI ,IERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using driver subroutine RG: 

CALL RG(NM,N,A,WR,WI,O,DUMMY,iVl,fu2,!ERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC (NM,N ,MATRIX ( ' REAL ' ,A) ,VALUES (WR,WI)) 

Complex eigenvalue pairs are stored in consecutive elements of (WR,WI) 

with that member of the pair with positive imaginary part first. This path 

destroys A. 

Suitable dimensions for the arrays are: A(r~n,r~n), WR(~), WI(~), 

fvl (~), and iv1(~) ° 

The array storage required to execute this path is N 2 + 3N working pre- 

cision words and N integer words. (N working precision words could be saved 

by using WR or WI for fvl.) 

Indicative execution times for this path (run on an IBM 370/195) are 

.012, .056, o31, and 1.9 seconds for sample matrices of order I0, 20, 40, 

and 80 respectively. 
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Variants of this path omit the balancing of the input matrix or sub- 

stitute orthogonal for elementary reduction transformations; see Sections 

2.2.1 and 2.2.2. 

29 



2.1-23 

Section 2.1.10 

ALL EIGENVALUES AND SELECTED EIGENVECTORS OF A REAL GENERAL MATRIX 

To determine all the eigenvalues (WR,WI) and certain eigenvectors Z 

(those corresponding to eigenvalues flagged by .TRUE. elements in the LOGICAL 

array SELECT) of a real general matrix A of order N, the recommended EISPACK 

path is: 

CALL BALANC(NM,N,A,is2,is2,fvl) 

CALL ELMHES(NM,N,is2,is2,A,iv2) 

DO i00 1 = I, N 

DO 50 J = I, N 

fml(l,J) = A(I,J) 

50 CONTINUE 

I00 CONTINUE 

CALL HQR(NM,N,isl,is2,fm2,WR,WI,IERR) 

IF (IERR ,NE. 0) GO TO 99999 

CALL INVIT(NM,N,A,WR,WI,SELECT,MM,M,Z,IERR,fmi,fv2,fv3) 

IF (IERR .NE. 0) GO TO 99999 

CALL ELMBAK(NM,isl,i82,A,iVI,M,Z) 

CALL BALBAK(NM,N,isi,is2,fvl,M,Z) 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('REAL',A),VALUES(WR,WI),VECTOR(Z,MM,M,SELECT)) 

Complex eigenvalue pairs are stored in consecutive elements of (WR,WI) 

with that member of the pair with positive imaginary part first. See Section 

2.3.1 for a discussion of the SELECT array. Note in particular that if both 

elements of SELECT corresponding to a pair of complex (conjugate) eigenvalues 
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are set to .TRUE., the second element will be reset to .FALSE. 

Upon completion of the path, M is set to the number of columns of Z 

used, and provided MM is sufficiently large, the computed eigenvectors cor- 

responding to the flagged eigenvalues are stored in the first M columns of 

Z. Note that the real and imaginary parts, respectively, of an eigenvector 

corresponding to a complex eigenvalue occupy two consecutive columns of Z. 

If MM is not sufficiently large, then IERR is set non-zero, M is set to MM 

or MM-I, and only the selected vectors that can be stored in M columns of 

Z are computed provided that the interrupted path is completed. (IERR is 

also set non-zero if a vector fails to converge.) See Section 2.3.2 for a 

discussion of the eigenvector packing into Z. This path destroys A. 

Suitable dimensions for the arrays are: A(nm,nm), WR(nm), Wl(nm), 

Z (~,mm), SELECT (nm), fro1 (nm,~), fvl (~), fv2 (nm), fv3 (r~m), and iv1 (nm). 

The array storage required to execute this path is 2N 2 + N(M+5) work- 

ing precision words, N logical words, and N integer words. 

Indicative execution times for this path (run on an IBM 370/195), when 

computing all possible (M=N) eigenvectors, are .019, .093, .53, and 3.5 

seconds for sample matrices of order I0, 20, 40, and 80 respectively. 

Extrapolation of these execution times for cases where M is less than N is 

discussed in Section 4. 

Variants of this path omit the balancing of the input matrix or sub- 

stitute orthogonal for elementary reduction transformations; see Sections 

2.2oi and 2.2.2. 
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Section 2.1.11 

ALL EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A REAL SYMMETRIC MATRIX 

To determine all the eigenvalues W and their corresponding eigenvectors 

Z of a full real symmetric matrix A of order N, the recommended EISPACK path 

is: 

CALL TRED2(NM,N,A,W,fV2 ,Z) 

CALL TQL2 (NM,N ,W,fV2 ,Z, IERR) 

IF (iERR .NE. O) GO TO 99999 

or, using driver subroutine RS: 

CALL RS(NM,N,A~W,I,Z,fvi,fv2,1ERR) 

IF (IERR oNE. O) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,Y~TRIX('REAL',A,'SYMMETRIC'),VALUES(W),VECTOR(Z)) 

This path returns the eigenvalues in ascending order and a set of ortho- 

normal eigenvectors; it leaves A unaltered. 

Suitable dimensions for the arrays are: A(nm,nm), W(r~), Z(~,nm), 

a n d  fvi (nm)~ 

The array storage required to execute this path is 2N 2 + 2N working 

precision words. However, for this particular path the eigenvectors can 

overwrite the input matrix if the same array parameter is used for both A 

and Z, thereby reducing the storage required to N 2 + 2N working precision 

words. 

Indicative execution times for this path (run on an IBM 370/195) are 

~007, ~036, .22, and 1.5 seconds for sample matrices of order i0, 20, 40, 

and 80 respectively. 
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A variant of this path substitutes the implicit for the explicit QL 

shift; see Section 2.2.3. 
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Section 2.1.12 

ALL EIGENVALUES OF A REAL SYMMETRIC MATRIX 

To determine ali the eigenvalues W of a full real symmetric matrix A 

of order N~ the recommended EISPACK path is: 

CALL TREDI(NM,N,A,W,fvl,fv2) 

CALL TQLRAT(N,W,~,IERR) 

IF (IERR 0NE. 0) GO TO 99999 

or, using driver subroutine RS: 

CALL RS(NM, N,A,W,O,DUMMY,fv2,fv2,1ERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('REAL',A,'SYMMETRIC'),VALUES(W)) 

This path returns the eigenvalues in ascending order; it preserves the 

full upper triangle of A~ 

Suitable dimensions for the arrays are: A(~,n~), W(~), fvi(nm), 

and fv2 (rim). 

The array storage required to execute this path is N 2 + 3N working 

precision words~ 

Indicative execution times for this path (run on an IBM 370/195) are 

.003, .011, ~055, and .33 seconds for sample matrices of order i0, 20, 40, 

and 80 respectively. 

Variants of this path substitute the explicit or implicit for the 

rational QL shift or proceed from a packed form representation of the 

input matrix; see Sections 2.2.3 and 2.2.9. 
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Section 2.1.13 

SOME EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A REAL SYMMETRIC MATRIX 

To determine the eigenvalues W in an interval extending from RLB to 

RUB, together with their corresponding eigenvectors Z, of a full real 

symmetric matrix A of order N, the recommended EISPACK path is: 

CALL TREDI (NM,N,A,fN2 ,fv2 ,fv3) 

EPSI = 0.0 

CALL BISECT(N,EPSI,fvl,fv2,fv3,RLB,RUB,MM,M,W,iv2,1ERR,fv4,fv5) 

IF (IERR .NE. 0) GO TO 99999 

CALL TINVIT (NM,N ,fv2 ,fv2 ,fv3 ,M,W ,iv2, Z, IERR ,fv4 ,fv5 ,fv6 ,fvf ,fvS) 

IF (IERR .NE. 0) GO TO 99999 

CALL TRBAKI(NM,N,A,fV2,M,Z) 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('REAL',A,'SYMMETRIC'),VALUES(W,MM,M,RLB,RUB),VECTOR(Z)) 

The parameter EPSI is used to control the accuracy of the eigenvalue 

computation. Setting it to zero or calling EISPAC without supplying it 

causes the use of a default value suitable for most matrices. Further in- 

formation about the use of EPSI can be found in Section 2.3.3 and in the 

BISECT and EISPAC documents. Upon completion of the path, M is set to the 

number of eigenvalues determined to lie in the interval defined by RLB and 

RUB and, provided M !MM, the eigenvalues are in ascending order in W and 

their corresponding orthonormal eigenvectors are in the first M columns of 

Z. Note that, should the computed M be greater than MM, BISECT sets IERR 

non-zero and does not compute any eigenvalues. This path preserves the 

full upper triangle of A. 
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Suitable dimensions for the arrays are: A(nm,nm), W(m~n), Z(nm,m3n), 

fvl(n~n), fv2(nm), fv3(nm), fv4(nm), fv5(nm), ~6(nm), fvF(~n), fv8(nm), 

and ivl(~n). 

The array storage required to execute this path is N 2 + 8N + M(N+I) 

working precision words and M integer words. 

Indicative execution times for this path (run on an IBM 370/195), when 

computing all N eigenvalues and eigenvectors, are .020, .075, .33, and 1.6 

seconds for sample matrices of order I0, 20, 40, and 80 respectively. 

Extrapolation of these execution times for cases where M is less than N 

is discussed in Section 4. 

Variants of this path substitute the rational QR method or the implicit 

QL method for the bisection process, allow the specification of boundary 

eigenvalue indices instead of an interval to the bisection process, combine 

the determination of the eigenvalues and eigenvectors of the tridiagonal 

form into a single subroutine, or proceed from a packed form representation 

of the input matrix; see Sections 2.2.4, 2.2.7, 2.2.8, 2.2.5, and 2.2.9. 
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Section 2.1.14 

SOME EIGENVALUES OF A REAL SYMMETRIC MATRIX 

To determine the eigenvalues W in an interval extending from RLB to 

RUB of a full real symmetric matrix A of order N, the recommended EISPACK 

path is: 

CALL TREDI (NM,N ,A,fvl ,fv2 ,fv3) 

EPSI = 0.0 

CALL BISECT (N,EPS 1 ,fv l ,fv2 ,fv3 ,RLB ,RUB ,MM,M,W ,iVl ,IERR,fv4 ,fv5) 

IF (IERR .NE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('REAL',A,'SYMMETRIC'),VALUES(W,MM,M,RLB,RUB)) 

The parameter EPSI is used to control the accuracy of the eigenvalue 

computation. Setting it to zero or calling EISPAC without supplying it 

causes the use of a default value suitable for most matrices. Further 

information about the use of EPSI can be found in Section 2.3.3 and in 

the BISECT and EISPAC documents. Upon completion of the path, M is set 

to the number of eigenvalues determined to lie in the interval defined by 

RLB and RUB and, provided M !MM, the eigenvalues are in ascending order 

in W. Note that, should the computed M be greater than MM, BISECT sets 

IERR non-zero and does not compute any eigenvalues. This path preserves 

the full upper triangle of A. 

Suitable dimensions for the arrays are: A(nm,rm0, W(mm), fvl (rim), 

fv2(nm), fv3(nm), fv4(nm), fv5(nm), and ivl(mm). 

The array storage required to execute this path is N 2 + 5N + M 

working precision words and M integer words. 

37 



2.1-31 

Indicative execution times for this path (run on an IBM 370/195), 

when computing all N eigenvalues, are .017, .061, .24, and 1.0 seconds for 

sample matrices of order i0, 20, 40, and 80 respectively. Extrapolation 

of these execution times for cases where M is less than N is discussed in 

Section 4o 

Variants of this path substitute the rational QR method for the bi- 

section process, allow the specification of boundary eigenvalue indices 

instead of an interval to the bisection process~ or proceed from a packed 

form representation of the input matrix; see Sections 2.2.4~ 2.2.8, and 2.2.9. 
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Section 2.1.15 

ALL EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A REAL SYMMETRIC 
TRIDIAGONAL MATRIX 

A real symmetric tridiagonal matrix of order N can be presented to 

EISPACK as a two-column array (or as two N-component vectors), the sub- 

diagonal elements in the last N-I positions of the first column and the 

diagonal elements in the second column. The first element in the first 

column is arbitrary. 

To determine all the eigenvalues W and their corresponding eigen- 

vectors Z of a real symmetric tridiagonal matrix A of order N, the 

recommended EISPACK path is: 

DO i00 1 = i, N 

DO 50 J = i, N 

Z(l,J) = 0.0 

50 CONTINUE 

Z(I,I) = 1.0 

W(1) = A(I,2) 

fv2(i) = A(I,I) 

I00 CONTINUE 

CALL IMTQL2 (NM,N ,W,fv 2, Z, IERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using driver subroutine RST: 

CALL RST(NM,N,W,fu2, I,Z,IERR) 

IF (IERR .NE. 0) GO TO 99999 
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or, using EISPAC: 

CALL EISPAC (NM,N ,MATRIX ( v REAL v ,A, T SY~iETRIC ' , ' TR!D!AGONAL ' ) , 

VALUES(W),VECTOR(Z)) 

This path returns the eigenvalues in ascending order and a set of 

orthonormal eigenvectors. Copying A into W and fvl preserves A of 

course which would otherwise be destroyed. EISPAC, however, preserves 

only the second column (diagonal elements) of A. 

Suitable dimensions for the arrays are: A(nm,2), W(nm), Z(nm,nm), 

and fvl (rim)° 

The array storage required to execute this path is N 2 + 4N working 

precision words. (2N working precision words could be saved by trans- 

mitting the columns of A itself in place of fvl and W. Similarly, A(I,2) 

could be transmitted to EISPAC in place of W.) 

Indicative execution times for this path (run on an IBM 370/195) are 

.005, .026, o15, and .97 seconds for sample matrices of order I0, 20, 40, 

and 80 respectively. 

A variant of this path substitutes the explicit for the implicit QL 

shift; see Section 2.2.3. 
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Section 2.1.16 

ALL EIGENVALUES OF A REAL SYMMETRIC TRIDIAGONAL MATRIX 

A real symmetric tridiagonal matrix of order N can be presented to 

EISPACK as a two-column array (or as two N-component vectors), the sub- 

diagonal elements in the last N-I positions of the first column and the 

diagonal elements in the second column. The first element in the first 

column is arbitrary. 

To determine all the eigenvalues W of a real symmetric tridiagonal 

matrix A of order N, the recommended EISPACK path is: 

DO i00 1 = i, N 

W(1) = A(I,2) 

fv1(~) = A(I,I) 

i00 CONTINUE 

CALL IMTQLI(N,W,fv2,1ERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using driver subroutine RST: 

CALL RST(NM,N,W,fV2,0,DUMMY,IERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('REAL',A,'SYMMETR!C','TRIDIAGONAL'),VALUES(W)) 

This path returns the eigenvalues in ascending order. Copying A into 

W and fvl preserves A of course which would otherwise be destroyed. EISPAC, 

however, preserves only the second column (diagonal elements) of A. 

Suitable dimensions for the arrays are: A(nm,2), W(nm), and fv1(nm). 
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The array storage required to execute this path is 4N working preci- 

sion words° (2N working precision words could be saved by transmitting 

the columns of A itself in place of fvl and W, Similarly, A(I,2) could 

be transmitted to EISPAC in place of W.) 

Indicative execution times for this path (run on an IBM 370/195) are 

.003, .011, .042, and .16 seconds for sample matrices of order i0, 20, 40, 

and 80 respectively. 

Variants of this path substitute the explicit or its rational refor- 

mulation for the implicit QL shift; see Section 2.2.3. 
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Section 2.1.17 

SOME EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A REAL SYMMETRIC 
TRIDIAGONAL MATRIX 

A real symmetric tridiagonal matrix of order N can be presented to 

EISPACK as a two-column array (or as two N-component vectors), the sub- 

diagonal elements in the last N-I positions of the first column and the 

diagonal elements in the second column. The first element in the first 

column is arbitrary. 

To determine the eigenvalues W in an interval extending from RLB to 

RUB, together with their corresponding eigenvectors Z, of a real symmetric 

tridiagonal matrix A of order N, the recommended EISPACK path is: 

DO i00 1 = I, N 

f~1(1) = A(I,2) 

IF (I .EQ. i) GO TO i00 

fv~(i) = k(I,1) 

fv3(1) = A(I,I)**2 

i00 CONTINUE 

EPSI = 0.0 

CALL BISECT (N ,EPSI ,fVl ,fv2 ,fv3,RLB ,RUB ,MM,M,W,ivl ,IERR,fv4 ,fv5) 

IF (IEILR .NE. 0) GO TO 99999 

CALL TINVIT (NM,N ,fv 2 ,fv2 ,fv3 ,M,W,ivl ,Z ,IERR,fv4 ,fv5 ,fv6 ,fv7 ,fvS) 

IF (IERR .NE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('REAL',A,'SYMMETRIC','TRIDIAGONAL'), 

VALUES(W,MM,M,RLB,RUB),VECTOR(Z)) 
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The parameter EPSi is used to control the accuracy of the eigenvalue 

computation. Setting it to zero or calling EISPAC without supplying it 

causes the use of a default value suitable for most matrices. Further 

information about the use of EPSI can be found in Section 2.3.3 and in 

the BISECT and EISPAC documents. Upon completion of the path, M is set 

to the number of eigenvalues determined to lie in the interval defined 

by RLB and RUB and, provided M ! ~i, the eigenvalues are in ascending 

order in W and their corresponding orthonormal eigenvectors are in the 

first M columns of Z. Note that, should the computed M be greater than 

MM, BISECT sets IERR non-zero and does not compute any eigenvalues. This 

path leaves A unaltered. 

Suitable dimensions for the arrays are: A(nm,2), W(mm), Z(nm,~wn), 

fvl(nm), fv2(nm), fv3(nm), fv4(n~), fv5(nm), fv6(nm), fvT(nm), fvS(nrn), 

and ivi (~)o 

The array storage required to execute this path is I0N + M(N+I) 

working precision words and M integer words. (2N working precision words 

could be saved by transmitting the columns of A itself in place of fvN 

and fv2, still preserving A.) 

Indicative execution times for this path (run on an IBM 370/195), when 

computing all N eigenvalues and eigenvectors, are .017, .059, .22, and 

.84 seconds for sample matrices of order I0, 20, 40, and 80 respectively. 

Extrapolation of these execution times for cases where M is less than N 

is discussed in Section 4. 

Variants of this path substitute the rational QR method or the implicit 

QL method for the bisection process, allow the specification of boundary 

eigenvalue indices instead of an interval to the bisection process, or 
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cosine the determination of the eigenvalues and eigenvectors of the 

matrix into a single s~routine; see Sections 2.2.4, 2.2.7, 2.2.8, and 

2.2.5. 
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Section 2.1o18 

SOME EIGENVALb~S OF A REAL SYMMETRIC TRIDIAGONAL .MATRIX 

A real symmetric tridiagonal matrix of order N can be presented to 

EISPACK as a two-column array (or as two N-component vectors), the sub- 

diagonal elements in the last N-I positions of the first column and the 

diagonal elements in the second column~ The first element in the first 

column is arbitrary. 

To determine the eigenvalues W in an interval extending from RLB to 

RUB of a real symmetric tridiagonal matrix A of order N, the recommended 

EISPACK path is: 

DO i00 1 = i, N 

fvl(1) = A(I,2) 

IF (I .EQ. I) GO TO I00 

fv~(1) = A(~,I) 

fv3(I) = A(I,I)**2 

i00 CONTINUE 

EPSI = 0.0 

CALL BISECT(N,EPSI,fvl,fv2,fv3,RLB,RUB,MM,M,W,iVI,IERR,fv4,fv5) 

IF (IERR .NE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC (NM,N,MATRIX( 'REAL v ,A, 'SYMMETRIC' , 'TRIDIAGONAL' ) , 

VALUES (W ,MM,M,RLB ,RUB) ) 

The parameter EPSI is used to control the accuracy of the eigenvalue 

computation. Setting it to zero or calling EISPAC without supplying it 

causes the use of a default value suitable for most matrices. Further 
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information about the use of EPSI can be found in Section 2.3.3 and in 

the BISECT and EISPAC documents. Upon completion of the path, M is set 

to the number of eigenvalues determined to lie in the interval defined 

by RLB and RUB and, provided M~MM, the eigenvalues are in ascending 

order in W. Note that, should the computed M be greater than MMj BISECT 

sets IERRnon-zero and does not compute any eigenvalues. This path 

leaves A unaltered. 

Suitable dimensions for the arrays are: A(~n,2), W(mm), fv2(nm), 

fv2(n~), fv3(n~m), fv4(nm), fv5(r~), and ivl (~). 

The array storage required to execute this path is 7N + M working 

precision words and M integer words. (2N working preciaion words could 

be saved by transmitting the columns of A itself in place of fv2 and fvl, 

still preserving A.) 

Indicative execution times for this path (run on an IBM 370/195), 

when computing all N eigenvalues, are .016, .055, .20, and .76 seconds 

for sample matrices of order I0, 20, 40, and 80 respectively. Extrapola- 

tion of these execution times for cases where M is less than N is dis- 

cussed in Section 4. 

Variants of this path substitute the rational QR method for the bi- 

section process or allow the specification of boundary eigenvalue indices 

instead of an interval to the bisection process; see Sections 2.2.4 and 

2.2.8. 
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Section 2.1o19 

ALL EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A SPECIAL REAL 
TRIDIAGONAL MATRIX 

A real tridiagona! matrix of order N which, although not symmetric, 

has the property that products of pairs of corresponding off-diagonal 

elements are all non-negative~ and zero only when both factors are zero, 

can be presented to EISPACK as a three-column array. The subdiagonal 

elements are stored in the last N-I positions of the first column, the 

diagonal elements in the second column, and the superdiagonal elements in 

the first N-I positions of the third column. The first element in the 

first column and the last element in the third column are arbitrary. 

To determine all the eigenvalues W and their corresponding eigen- 

vectors Z of such a real tridiagonal matrix A of order N, the recommended 

EISPACK path is: 

CALL FIGI2(NM,N,A,W,fVi,Z,IERR) 

IF (IERR ~NE. 0) GO TO 99999 

CALL IMTQLe(NM,N,W,fvI,Z,IERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using driver subroutine RT: 

CALL RT(NM,N,A,W,I,Z,~i,IERR) 

IF (IERR .h~. 0) GO TO 99999 

or, using EISPAC: 

CALL EiSPAC(NM,N,MATRIX('REAL',A,'TRIDIAGONAL'),VALUES(W),VECTOR(Z)) 

This path returns the eigenvalues in ascending order and a set of (non- 

orthonorma!) eigenvectors; it leaves A unaltered. Note that a non-zero 
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value of IERR from FIGI2 is indicative of an input matrix which lacks the 

required property. 

Suitable dimensions for the arrays are: A(nm,3), W(nm), Z(nm,nm), 

and fvl (rim). 

The array storage required to execute this path is N 2 + 5N working 

precision words. 

Indicative execution times for this path (run on an IBM 370/195) are 

.006, .027, .15, and .97 seconds for sample matrices of order I0, 20, 40, 

and 80 respectively. 

A variant of this path substitutes the explicit for the implicit QL 

shift; see Section 2.2.3. 
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Section 2.1.20 

ALL EIGENVALUES OF A SPECIAL REAL TRiDIAGONAL MATRIX 

A real tridiagonal matrix of order N which, although not symmetric, 

has the property that products of pairs of corresponding off-diagonal 

elements are all non-negative, can be presented to EISPACK as a three- 

column array. The subdiagonal elements are stored in the last N-I 

positions of the first column, the diagonal elements in the second column, 

and the superdiagonal elements in the first N-I positions of the third 

column. The first element in the first column and the last element in 

the third column are arbitrary. 

To determine all the eigenvalues W of such a real tridiagonal matrix 

A of order N, the recommended EISPACK path is: 

CALL FiGI(NM,N,A,W,fv2,fv2,1ERR) 

IF (IERR ~NE. 0) GO TO 99999 

CALL IP~QLI (N,W,fv2 ,IERR) 

IF (IERR oNE. O) GO TO 99999 

or, using driver subroutine RT: 

CALL RT(~I,N,A,W,0,DU~Y,fv2,1ERR) 

IF (IERR ~NE. 0) GO TO 99999 

or, using EISPAC: 

CALL El SPAC (NM, N, MATRIX (' REAL ' ,A ,' TRID IAGONAL ' ) ,VALUE S (W)) 

This path returns the eigenvalues in ascending order; it leaves A 

unaltered. Note that a non-zero value of IERR from FiGI is indicative 

of an input matrix which lacks the required property. 
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Suitable dimensions for the arrays are: A(rtm,3), W(nm), and fvl(nm). 

The array storage required to execute this path is 5N working pre- 

cision words. 

Indicative execution times for this path (run on an IBM 370/195) are 

.003, .012, .044, and .16 seconds for sample matrices of order i0, 20, 40, 

and 80 respectively. 

Variants of this path substitute the explicit or its rational refor- 

mulation for the implicit QL shift; see Section 2.2.3. 
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Section 2.1.21 

SOME EIGENVALUES AND CORRESPONDING EIGENVECTORS OF A SPECIAL REAL 
TRiDIAGONAL MATRIX 

A real tridiagonal matrix of order N which, although not symmetric, 

has the property that products of pairs of corresponding off-diagonal 

elements are all non-negative, and zero only when both factors are zero, 

can be presented to EISPACK as a three-column array. The subdiagonal 

elements are stored in the last N-I positions of the first column, the 

diagonal elements in the second column, and the superdiagonal elements 

in the first N-! positions of the third column. The first element in 

the first column and the last element in the third column are arbitrary. 

To determine the eigenvalues W in an interval extending from RLB to 

RUB 9 together with their corresponding eigenvectors Z, of such a real 

tridiagonal matrix A of order N, the recommended EISPACK path is: 

CALL FIGI(NM,N,A,fvl,fv2,fv3,1ERR) 

IF (IERR .NE. 0) GO TO 99999 

EPSI = 0.0 

CALL BISECT(N,EPSI,ful,f~2,fv3,RLB,RUB,MM,M,W,iVI,IERR,fv4,fv5) 

IF (iERR ~NE. O) GO TO 99999 

CALL TINVIT(NM,N,fv2,fu2,fv3,M,w,iv2,Z,IERR,fu4,fv5,fv6,fv?,fvS) 

IF (IERR .NE. O) GO TO 99999 

CALL BAKVEC(hrM,N,A,fv2,M,Z,IERR) 

IF (lEER ~NE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('REAL~,A,'TRIDIAGONALT), 

VALUES(W,MM,M,RLB,RUB),VECTOR(Z)) 
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The parameter EPSI is used to control the accuracy of the eigenvalue 

computation. Setting it to zero or calling EISPAC without supplying it 

causes the use of a default value suitable for most matrices. Further 

information about the use of EPSI can be found in Section 2.3.3 and in 

the BISECT and EISPAC documents. Upon completion of the path, M is set 

to the number of eigenvalues determined to lie in the interval defined 

by RLB and RUB and, provided M ! ~, the eigenvalues are in ascending 

order in W and their corresponding (non-orthonormal) eigenvectors are 

in the first M columns of Z. Note that, should the computed M be greater 

than MM, BISECT sets IERR non-zero and does not compute any eigenvalues. 

This path leaves A unaltered. Note that a non-zero value of IERR from 

either FIGI or BAKVEC is indicative of an input matrix which lacks the 

required property. 

Suitable dimensions for the arrays are: A(nm,3), W(n~n), Z(nm,mm), 

fv1(nm), fv2(nm), fv3(n~), fv4(nm), fv5(nm), fv6(nm), fvT(nm), fv8(nm), 

and ivl(~). 

The array storage required to execute this path is IIN + M(N+I) 

working precision words and M integer words. 

Indicative execution times for this path (run on an IBM 370/195), 

when computing all N eigenvalues and eigenvectors, are .018, .060, .22, and 

.84 seconds for sample matrices of order i0, 20, 40, and 80 respectively. 

Extrapolation of these execution times for cases where M is less than N 

is discussed in Section 4. 

Variants of this path substitute the rational QR method or the 

implicit QL method for the bisection process, allow the specification of 

boundary eigenvalue indices instead of an interval to the bisection 

process, or combine the determination of the eigenvalues and eigenvectors 
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of the s~-mmetrized matrix into a single subroutine; see Sections 2.2.4, 

2.2.7, 2.2.8, and 2.2.5. 
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Section 2.1.22 

SOME EIGENVALUES OF A SPECIAL REAL TRIDIAGONAL MATRIX 

A real tridiagonal matrix of order N which, although not symmetric, 

has the property that products of pairs of corresponding off-diagonal 

elements are all non-negative, can be presented to EISPACK as a three- 

column array. The subdiagonal elements are stored in the last N-I 

positions of the first column, the diagonal elements in the second 

column, and the superdiagonal elements in the first N-I positions of 

the third column. The first element in the first column and the last 

element in the third column are arbitrary. 

To determine the eigenvalues W in an interval extending from RLB 

to RUB of such a real tridiagonal matrix A of order N, the recommended 

EISPACK path is: 

CALL FIGI(NM,N,A,fvl,fv2,fv3,1ERR) 

IF (IERR .NE. 0) GO TO 99999 

EPSI = 0.0 

CALl. BISECT(N,EPSI,fv2,fv2,fv3,RLB,RUB,MM,M,W,ivl,IERR,fv4,fv5) 

IF (IERR .NE. 0) GO TO 99999 

or, using EISPAC: 

CALl EISPAC(NM,N,MATRIX('REAL',A,'TRIDIAGONAL'),VALUES(W,MM,M,RLB,RUB)) 

The parameter EPSI is used to control the accuracy of the eigenvalue 

computation. Setting it to zero or calling EISPAC without supplying it 

causes the use of a default value suitable for most matrices. Further 

information about the use of EPSI can be found in Section 2.3.3 and in the 

BISECT and EISPAC documents. Upon completion of the path, M is set to the 
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number of eigenva!ues determined to lie in the interval defined by RLB 

and RUB and, provided M ~MM, the eigenvalues are in ascending order 

in W. Note that, should the computed M be greater than ~, BISECT sets 

IERRnon-zero and does not compute any eigenvalues. This path leaves A 

unaltered. Note that a non-zero value of IERR from FIGI is indicative 

of an input matrix which lacks the required property. 

Suitable dimensions for the arrays are: A(nm,3), W(~v~), fv2(nm), 

fv2(~), fv3(nm), fv4(nm), fv5(nm), and ivl(mm). 

The array storage required to execute this path is 8N + M working 

precision words and M integer words. 

Indicative execution times for this path (run on an IBM 370/195), 

when computing all N eigenvalues, are .016, .055, .20, and °76 seconds for 

sample matrices of order I0, 20, 40, and 80 respectively. Extrapolation 

of these execution times for cases where M is less than N is discussed 

in Section 4. 

Variants of this path substitute the rational QR method for the bi- 

section process or allow the specification of boundary eigenvalue indices 

instead of an interval to the bisection process; see Sections 2.2.4 and 

2.2.8. 
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Section 2.2 

VARIATIONS OF THE RECOMMENDED EISPACK PATHS 

This section describes variants of the recommended paths given in 

Section 2.1. These variants are obtained by modifying one or more of 

the call or ancillary statements in the recommended paths; they provide 

some additional or alternate capability. The variant paths are related 

to considerations of: whether or not complex and real general matrices 

should be balanced; the use of orthogonal similarities in place of 

elementary similarities for reducing a real general matrix to upper 

Hessenberg form; choosing between the implicit and explicit versions of 

the QL algorithm for finding all eigenvalues and eigenvectors, or all 

eigenvalues only, of matrices which can be reduced to real symmetric tri- 

diagonal form; the use of the rational QR algorithm for finding a few 

extreme eigenvalues of matrices which can be reduced to real symmetric 

tridiagonal form; the use of the single subroutine TSTURM to find some 

eigenvalues and their corresponding eigenvectors of matrices which can be 

reduced to real symmetric tridiagonal form; the use of elementary simi- 

larities in place of unitary similarities for a complex general matrix; 

possible economies realizable with a variant of the implicit QL algorithm 

when partial eigensystems are determined; specification of boundary 

eigenvalue indices to the bisection process instead of an interval; and 

availability of storage economies when algorithms that proceed from packed 

representations of real symmetric and complex Hermitian matrices are used. 

Each of the subsections describing these variations discusses the 

advantages and disadvantages of using the variant instead of the recom- 

mended paths and includes an indication of why the routines used in the 

recommended paths were chosen. The descriptions of the variant paths 
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differ from those of the recommended paths in Section 2.1 in that the 

variants are described in terms of modifications to the recommended 

paths; differences in storage requirements are similarly described. In 

order to illustrate the modifications, one example of the several variant 

paths is also given in each subsection~ 
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Section 2.2.1 

NON-BALANCING OF COMPLEX AND REAL GENERAL MATRICES 

All of the recommended paths in EISPACK for complex general and real 

general matrices employ the subroutines CBAL and BALANC, respectively, to 

"balance" the matrix before computing its eigensystem ([i], pp. 315-326). 

This operation includes two distinct functions: Permutation of the rows 

and columns of the matrix to display any isolated eigenvalues, and equili- 

bration of the remaining portion of the matrix. 

The first part of the operation attempts to permute the rows and 

columns of the matrix in such a way as to render portions of the matrix 

triangular (column-wise at the top or row-wise at the bottom) so that 

some eigenvalues are isolated on the diagonal. Any eigenvalues so iso- 

lated are available without further computation and the order of the 

remaining eigenproblem is reduced. 

The equilibration process is then applied to the part of the matrix 

(rows and columns is1 through is2) remaining after any isolated eigen- 

values have been displayed. It consists of exact diagonal similarity 

transformations chosen to make the sums of the magnitudes of the elements 

in corresponding rows and columns more nearly equal. (Note that real 

symmetric and complex Hermitian matrices are by nature balanced.) This 

process may reduce the norm of the matrix thereby placing tighter bounds 

on the rounding errors that can be made by the routines which follow. 

The choice of whether to balance or not depends on several factors, 

some of which are hard to assess a priori. Clearly balancing costs some 

time. However, it is an N 2 process and becomes less significant as N 

increases; in no case have we observed it to constitute more than 7% of 

the time for an entire path (see Section 4.3). It may also happen that 
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the eigenvalues computed for an already nearly-equilibrated matrix are 

slightly more accurate if balancing is omitted; however, balancing can 

never increase the error bounds predicted by the backward error analysis. 

Moreover, balancing obtains isolated eigenvalues exactly whatever be 

their condition numbers, and their isolation reduces the effective order 

of the matrix passed to the N 3 algorithms which follow. Beyond this, 

the equilibration process can make dramatic improvements in the accuracy 

of the computed eigenvalues for certain matrices. It is for these reasons 

that balancing is used in the recommended paths. 

To use the paths of Sections 2.1.1-2.1.3 and 2.1.8-2.1.10 without 

balancing the matrix, the calls to CBAL or BALANC should be replaced by 

the two statements 

is1 = I 

is2 = N 

Also, calls to B~BAK or CBABK2, which transform the eigenvectors of the 

balanced matrix into eigenvectors of the original matrix, should be re- 

moved altogether~ To use the control program EISPAC without balancing, 

the keyword parameter METHOD with alphanumeric subparameters vNO~, 

'BALANCE' should be inserted into the calls to EISPAC given in these 

sections. 

For example (of. Section 2.1.1), to determine all of the eigenvalues 

(WR,WI) and their corresponding eigenvectors (ZR,ZI) of a complex general 

matrix (AR,AI) of order N without balancing, the EISPACK path is: 

60 



2 . 2 - 5  

isl = 1 

is2 = N 

CALL CORTH(NM,N,isl,is2,AR,AI,fv2,fv3) 

CALL COMQR2(NM,N,isl,is2,fv2,fv3,AR,AI,WR,WI,ZR,ZI,IERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NI4,N,MATRIX('COMPLEX',AR,AI),VALUES(WR,WI), 

VECTOR(ZR,ZI),METHOD('NO','BALANCE')) 

The storage requirements for each of the paths without balancing is 

reduced from that of the corresponding path with balancing by N working 

precision words (array parameter fv2). The reduction in computation time 

from not balancing has never exceeded 7% of the total path time in our 

experiments. On the other hand, a substantial increase in total path 

time from not balancing could occur in cases where balancing would iso- 

late some eigenvalues, since isolation of values reduces the effective 

order of the eigensystem to be solved. 
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Section 2.2.2 

ORTHOGONAL REDUCTION TRANSFORMATIONS TO REAL HESSENBERG FORM 

EISPACK contains two sets of subroutines which transform a real 

general matrix to upper Hessenberg form~ accumulate the transformations, 

and backtransform the eigenvectors. These sets consist of ELMHES, 

ELTRAN, and ELMBAK~ which employ elementary similarity transformations, 

and 0RTHES, ORTRAN, and ORTBAK, which employ orthogonal similarity 

transformations~ 

The use of orthogona! similarities to reduce a matrix to upper 

Hessenberg form may be valuable in two respects. First, they preserve 

the Frobenius norm of the matrix and the condition numbers of the eigen- 

values ([i], ppo 339-358), whereas elementary similarities do not. Thus, 

elementary similarities may increase the norm of the reduced matrix, 

which in turn increases the bounds on the rounding errors that can be 

made by the eigenvalue-finding routines HQR and HQR2; in this case, use 

of orthogonal similarities will guarantee a tighter bound on the errors. 

Matrices for which orthogonal similarities improve the accuracies of the 

computed eigenvalues, however, occur rarely in practice. 

A second application of the routines which employ orthogonal simi- 

larities is their possible use with a modified version of HQR2 to compute 

the orthogona! similarity transformation which reduces a real general 

matrix to quasi-triangular form; this application is discussed in Section 

2.3.6. 

The disadvantage of the routines which implement orthogonal similar- 

ities is their longer execution time. ORTHES requires more than twice as 

much time as ELMHES (on the IBM 370/195), and ORTBAK takes about half 

again as long as ELMBAK. ORTRAN requires about one-fourth the time of 
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ORTHES, while the time for ELTRAN, never large, becomes negligible with 

increasing order (see Section 4). For this reason, elementary similarities 

are used in the recommended paths of Sections 2.1.8-2.1.10. Note, however, 

that although the orthogonal subroutines individually take more time, only 

a small increase in total path time usually results and occasionally even 

a decrease in total path time attributable to a decrease in the execution 

time for HQR or HQR2. Experiments using orthogonal similarities have 

resulted in increases as much as 20% but some decreases of 5% were also 

observed. 

To use orthogonal instead of elementary similarities in these paths, 

replace the names ELMIIES, ELTRAN, and ELMBAK with ORTHES, ORTRAN, and 

ORTBAK, respectively, wherever they appear, substituting the array 

parameter fv4 for ivl. To use the control program EISPAC with orthogonal 

similarities, the keyword parameter METHOD with alphanumeric subparameter 

'ORTHOGONAL' should be inserted into the calls to EISPAC given in these 

sections. 

For example (cf. Section 2.1.8), to determine all of the eigenvalues 

(WR,WI) and their corresponding eigenvectors Z of a real general matrix A 

of order N using orthogonal transformations, the EISPACK path is: 

CALL BALANC(NM,N,A,isl,is2,fvl) 

CALL ORTHES(NM, N,isl,is2,A,fv4) 

CALL ORTRAN(NM,N,isl,is2,A,fv4,Z) 

CALL HQR2(NM, N,isi,is2,A,WR,WI,Z,IERR) 

IF (IERR .NE. 0) GO TO 99999 

CALL BALBAK(NM,N,is2,is2,fv2,N,Z) 

or, using EISPAC: 
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CALL EISPAC(NM,N,MATRIX('REAL',A),VALUES(WR,WI),VECTOR(Z), 

METHOD('ORTHOGONALT)) 

Suitable dimensions for the arrays are as given in Sections 2.1.8- 

2.1.10 with fv4(r~) replacing iv1(r~). The array storage requirements 

are thus decreased by N integer words and increased by N working pre- 

cision words. 

64 



2.2-9 

Section 2.2.3 

THE IMPLICIT AND EXPLICIT QL ALGORITHMS 

EISPACK contains two pairs of subroutines plus one unpaired subrou- 

tine which can be used to compute all eigenvalues, or all eigenvalues 

and eigenvectors, of a matrix which is in real symmetric tridiagonal form. 

One pair of programs, TQLI and TQL2, is based on the QL algorithm with 

explicit shifts; the other pair, IMTQLI and IMTQL2, is based on essen- 

tially the same algorithm, but with implicit shifts. Corresponding 

members of these pairs are functionally identical and may be substituted 

for one another in a path without changing either the parameter list or 

the rest of the path. 

The unpaired subroutine is TQLRAT, used in the recommended paths that 

determine all eigenvalues only of a complex Hermitian or real symmetric 

matrix. TQLRAT is a rational reformulation of TQLI; it is formally equivalent 

to TQLI, employing explicit shifts, but requires many fewer arithmetic 

operations and, in particular, eliminates the calculation of most of the 

square roots. 

Although functionally identical, the subroutines based on the implicit 

and explicit algorithms do differ, however, in the way rounding errors 

affect the computed results. These differences are most pronounced for 

matrices whose elements vary in a regular way over several orders of mag- 

nitude, and one sometimes wants to compute the small eigenvalues to high 

accuracy relative to themselves, rather than relative to the norm of the 

matrix. To insure that this high accuracy is achieved, the rows and 

columns of such matrices should be permuted (if possible) so that the 

matrix (aij) is "graded increasingly," i.e., so that laij I approximately 

increases as i and j increase, as in the 7 x 7 tridiagonal matrix: 
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a.~ = !02(i-I), i = 1,2,~..,7 
11 

= = 10 2i-1, 
ai~i+ 1 ai+l, i i = 1,2,.o.~6 

a.. = 0 otherwise. lj 

When a tridiagonal matrix is presented so that it is graded increas- 

ingly, the routines based on both the implicit and explicit algorithms 

compute the eigenvalues with high accuracy relative to themselves. How- 

ever, if the matrix is presented so that it is graded decreasingly, the 

routines based on the implicit algorithm may still compute the eigenvalues 

with fairly high relative accuracy, whereas the routines based on the ex- 

plicit algorithm will almost certainly produce large relative errors in 

the smaller eigenvalues. Examples of the performance of the algorithms 

on graded matrices are given in ([i], pp. 227-248). The paired subroutines 

are nearly equal in speed, since the amount of work for a single iteration 

is essentially the same in both; however, for graded matrices the implicit 

algorithm may require a few more iterations to obtain its greater accuracy. 

Because of their more consistent performance on graded matrices, IMTQLI 

and IMTQL2 are recommended for tridiagonal matrices. 

What of full complex Hermitian and real symmetric matrices? It is 

not clear that the algorithms which reduce such matrices to tridiagonal 

form always preserve grading; furthermore, in such matrices they may 

introduce errors large enough to prevent either the implicit or explicit 

algorithm from finding the smaller eigenvalues with high relative accuracy. 

Historically, the explicit algorithm was introduced first and was con- 

siderably faster than early versions of the implicit algorithm; hence it 

was favored for use in the paths for full matrices. Although further 

testing may show that the implicit algorithm has superior reliability, 
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especially for graded full matrices, the advantage is not yet clear 

enough to cause replacement of the codes based on the explicit algorithm 

in the full-matrix paths. 

The calling sequence for TQLI differs from that of TQLRAT only in 

transmitting array parameter fvl instead of fv2. This difference 

though makes it possible to conserve N working precision words in the 

path by not allocating fv2. For example, to find all the eigenvalues W 

of a full real symmetric matrix A of order N using TQLI (compare Section 

2.1.12), the EISPACK path is: 

CALL TREDI(NM,N,A,W,~I,fv2) 

CALL TQLI(N,W,fV2,1ERR) 

IF (IERR .NE. 0) GO TO 99999 

To interchange QL algorithms in the recommended paths of Sections 

2.1.4-2.1.5, 2.1.11-12, 2.1.15-16, and 2.1.19-20 (after formal replace- 

ment of TQLRAT by TQLI) you need only interchange the names in the call 

statements. For instance, to find all the eigenvalues W of a full real 

symmetric matrix A of order N using the implicit QL algorithm (compare 

with above), the EISPACK path is: 

CALL TREDI (NM, N,A,W,fvI ,fvl ) 

CALL IMTQLI(N,W,fVI,!ERR) 

IF (IERR .NE. 0) GO TO 99999 

It is not possible to interchange QL algorithms when using the control 

program EISPAC. Storage requirements for the implicit paths are identical 

and indicative timings closely similar (see Section 4) to those for the 

explicit paths. 
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Section 2.2.4 

THE RATIONAL QR ALGORITHM FOR FINDING A FEW EXTREME EIGENVALUES 

All of the recommended EISPACK paths that determine a subset of the 

eigenvalues of a matrix employ subroutine BISECT, which computes those 

eigenvalues of a real symmetric tridiagonal matrix which lie in an inter- 

val determined by the values of the parameters RLB and RUB. EISPACK 

contains an alternate subroutine which can be used, with minor modifica- 

tions to these paths, in place of BISECT. This subroutine, called RATQR, 

computes a specified number of the smallest or largest eigenvalues. Be- 

cause of this difference in the method of specifying the selected eigen- 

values, BISECT and RATQR are not directly interchangeable. (See Section 

2.2.8 for a discussion of another alternate subroutine to BISECT whose 

capability includes that of RATQR with better stability and which is 

directly interchangeable with BISECT.) 

Although RATQRmight appear to be easier to use than BISECT when 

some of the extreme eigenvalues are desired, the accumulation of rounding 

errors with the determination of each successive eigenvalue may render 

the later eigenvalues insufficiently accurate for some applications. 

For instance, this accumulation of error can be particularly troublesome 

if corresponding eigenvectors are to be computed by subroutine TINVIT, 

for even when maximum accuracy is requested from RATQR (by setting 

EPSI = 0.0, see Section 2.3.3), an eigenvalue may not be accurate enough 

to satisfy TINVIT~s rather strict convergence test for the corresponding 

eigenvector iteration~ This problem is especially likely to occur if too 

many eigenvalues are requested from RATQR, or if some of the requested 

values are tightly clustered. 
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To use RATQR to compute the M smallest (say) eigenvalues of a matrix 

which has been reduced to symmetric tridiagonal form, calls to BISECT of 

the form: 

CALL BISECT(N,EPSI,fv2,fvZ,fv3,RLB,RUB,I~4,M,W,ivl,!ERR,fv4,fv5) 

in the recommended paths in EISPACK should be replaced by: 

TYPE = .TRUE. 

IDEF = 0 

CALL RATQR(N, EPS 1 ,fvl ,fu2,fu 3,M,W, ivl ,fv4, TYPE, IDEF, IERR) 

Here TYPE is a LOGICAL variable which specifies whether the M smallest or 

M largest eigenvalues are desired, according as it is .TRUE. or .FALSE. 

IDEF can be used to specify that the matrix is known to be positive or 

negative definite, according as it is +i or -I; a value of 0 is used to 

indicate either that the definiteness of the matrix is not known, or that 

it is not definite. Specifying the matrix to be definite will save some 

computation time when IDEF is +i and TYPE is .TRUE. or when IDEF is -i 

and TYPE is .FALSE.; however, if later the matrix turns out not to be 

definite as specified, RATQR will terminate with IERR non-zero and with- 

out computing any eigenvalues. Upon successful return from RATQR, the 

computed eigenvalues are to be found in W in increasing order if TYPE is 

.TRUE. and in decreasing order if TYPE is .FALSE. 

To request the control program EISPAC to employ RATQR in place of 

BISECT, modify the illustrated calls for the recommended paths by adding 

the keyword parameter METHOD with alphanumeric subparameter 'RATQR' and 

by changing the subparameters to the VALUES keyword to W, M, and 'SMALLEST ~ 

or 'LARGEST' as desired. To specify the definiteness of the input matrix, 
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insert the alphanumeric subparameter 'POSITIVE DEFINITE' or 'NEGATIVE 

DEFINITE ~ in the IIATRIX keyword anywhere after A (or AI). 

For exmmple, to determine the M smallest eigenvalues W of a full 

real symmetric positive definite matrix A of order N, the path of Section 

2.1.14 becomes: 

CALL TREDI (m~,N ,A,fvl ,fv2 ,fv3) 

EPSI = 0.0 

TYPE = .TRUE. 

IDEF = i 

CALL RATQR(N,EPSI,fvl,fv2,fv3,M,W,iv2,fv4,TYPE,IDEF,IERR) 

IF (IERR .NE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX(~REAL',A,'SYMMETRIC','POSITIVE DEFINITE'), 

VALUES(W,M,'SMALLEST'),METNOD('RATQR')) 

Suitable dimensions for the arrays are: A(~m,nm), W(nm), fv1(nm), 

fv2(~), fv3(r~n), fv4(~), and ivl(nm). Note that storage for W and iv1 

must be of length nm, even though only M eigenvalues are requested, 

The array- storage required to execute this path is N 2 + 5N working 

precision words and N integer words. The arrays fvl and fv3 may be 

identified with W and fv4 respectively, thereby reducing the working 

precision storage required to N 2 + 3N words. 
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Section 2.2.5 

THE USE OF TSTURMAS AN ALTERNATE TO BISECT-TINVlT 

Those recommended paths of Section 2.1 which at some stage compute 

some eigenvalues and eigenvectors of symmetric tridiagonal matrices all 

call subroutine BISECT followed by subroutine TINVIT. Alternatively, 

calls to these two subroutines can be replaced by a single call of sub- 

routine TSTURMwhich combines their two separate functions. TSTURM is 

the translation of the corresponding Handbook algorithm ([I], pp. 418-439); 

TINVIT was additionally written to extend the capability of eigenvector 

determination by inverse iteration to matrices whose eigenvalues have been 

computed by subroutines other than BISECT. Thus paths including RATQR 

(see Section 2.2.4), I~QLV (see Section 2.2.7), and TRIDIB (see Section 

2.2.8) were made available. 

Substitution of TSTURM for BISECT and TINVIT in the paths has only a 

negligible effect on execution time. Three possible differences in the 

computed results may occur, however: The ordering of the eigenvalues (and 

eigenvectors) may differ, there may be tiny differences in the eigenvector 

components, and the action taken upon the occurrence of an eigenvector 

convergence failure is different. The difference in ordering can occur 

only if the symmetric tridiagonal matrix breaks into submatrices; TSTURM 

orders the eigenvalues locally within submatrices, while BISECT orders the 

eigenvalues globally for the entire matrix. Differences in the eigenvec- 

tors can result only from the different order in which the eigenvectors 

associated with close eigenvalues are orthogonalized in TSTURM and TINVIT; 

for such differences to exist there would have to be at least three close 

eigenvalues within the same submatrix. Finally, TSTURM returns immediately 

upon failure of an eigenvector to converge; in contrast, TINVIT sets the 
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vector to zero and continues. On balance, it thus appears that there is 

really no reason to choose TSTUIhM over BISECT-TINVIT, except that only 

one subroutine call has to be written instead of two. 

To use TSTURM to determine the eigenvalues W in an interval extend- 

ing from RLB to RUB, together with their corresponding eigenvectors Z, of 

any matrix of order N which can be reduced to a symmetric tridiagonal 

matrix, the section of coding of the form: 

CALL BISECT(N,EPSI,fvl,fv2,fv3,RLB,RUB,MM,M,W,ivl,IERR,fv4,fv5) 

IF (IERR oNE. 0) GO TO 99999 

CALL TINVIT (NM,N,fvl ,fv2 ,fv3,M,W,ivl ,Z,IERR,fv4 ,fv5,fv6 ,fvf ,fvS) 

IF (IERR .NE. 0) GO TO 99999 

in the recommended paths in EISPACK should be replaced by: 

CALL TSTURM(NM,N,EPSI,fv2 ,fv2,fv3,RLB,RUB,MM,M,W,Z,iERR, 

fv4,fvS ,fv6 ,fv7 ,fv8 ,fv9) 

IF (iERR .NE. 0) GO TO 99999 

Thus, for example, the recommended path of Section 2.1.13 for some 

eigenvalues and eigenvectors of a real symmetric matrix A of order N using 

TSTURMbecomes: 

CALL TREDI (NM,N,A,fvl ,fv2,fv3) 

EPSI = 0.0 

CALL TSTURM(NM,N ,EPSI ,fvl ,fv2 ,fv3,RLB ,RUB ,MM,M,W,Z ,IERR, 

fv4 ,fvS ,fv6 ,fv7 ,fvS ,fv9 ) 

IF (IERR ~NE. 0) GO TO 99999 

CALL TRBAKI (NM,N ,A,fv2 ,M,Z) 
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The control program EISPAC does not utilize TSTURM. 

The error parameter IERR from TSTURM combines the separate roles 

of the error parameters from BISECT and TINVIT. Note that one addi- 

tional working precision array fvg, dimensioned fvg(~), is required but 

that the integer array ivl is not required, thus increasing the minimum 

storage requirements by N working precision words while releasing M 

integer words. 

73 



2 .2 -18  

Section 2.2.6 

ELEMENTARY SIMILARITY TRANSFORMATIONS FOR COMPLEX GENERAL MATRICES 

EiSPACK contains two sets of subroutines which transform a complex 

general matrix to upper Hessenberg form, determine all its eigenvalues 

and eigenvectors or all eigenvalues only and, in the case where only 

selected eigenvectors of the Hessenberg matrix have been determined, 

backtransform these eigenvectors. One set consists of CORTH, COMQR, 

COMQR2, and CORTB, which employ unitary similarity transformations, 

and the other set consists of COMHES, COMLR, COMLR2, and COMBAK, which 

employ stabilized elementary similarity transformations. In particular, 

COMQR and COMQR2 implement the QR algorithm, while COMLR and COIo~R2 

implement the LR algorithm. 

Elementary transformations are faster than unitary transformations 

(see Section 4), but their use can increase the norm of the matrix 

which in turn increases the bounds on the rounding errors that can be 

made in the determination of the eigenvalues and eigenvectors. This 

increase of norm and rounding errors has been occasionally observed in 

the LR iterative step; the tendency in these instances has been for the 

more pronounced growth to occur away from the subdiagonal and diagonal 

of the (Hessenberg) matrix, causing little o~ no deterioration in the 

eigenvalues but sometimes substantial loss of accuracy in the eigen- 

vectors. (The IERR parameter gives no warning unless an eigenva!ue 

fails to converge.) 

Since loss of accuracy, when it occurs, is associated with increase 

of norm, subroutine CO}~R2 arranges to compute and return the norm of 

the final reduced (triangular) matrix for inspection by the user. If 

the norm has grown by several orders of magnitude, the user should be 

wary of possible significant loss of accuracy. 
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To use elementary instead of unitary similarities in these paths, 

replace the names CORTH, COMQR, COMQR2, and CORTB with COMHES, COMLR, 

COMLR2, and COMBAK, respectively, wherever they appear, substituting the 

array parameter iv2 for the pair fv2, fv3. To use the control program 

EISPAC with elementary similarities, the keyword parameter METHOD with 

alphanumeric subparameter 'ELEMENTARY' should be inserted into the calls 

to EISPAC given in these sections. 

For example (cf. Section 2.1.1), to determine all the eigenvalues 

(WR,WI) and their corresponding eigenvectors (ZR,ZI) of a complex general 

matrix (AR,AI) of order N using elementary transformations, the EISPACK 

path is: 

CALL CBAL(NM,N,AR,AI,isl,is2,fvl) 

CALL COMHES(N~.i,N,isT,is2,AR,AI,iv2) 

CALL COMLR2(NM,N,isl,is2,ivl,AR.AI,WR,WI,ZR,ZI,IERR) 

IF (IERR .NE. O) GO TO 99999 

CALL CBABK2(NM,N,is2,is2,fV2,N,ZR,ZI) 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('COMPLEX',AR,AI),VALUES(~,WI), 

VECTOR(ZR,ZI),METHOD('ELEMENTARY')) 

Suitable dimensions for the arrays are as given in Sections 2.1.1 - 

2.1.3 with iv1(nm) replacing fv2(~),fv3(~). The array storage require- 

ments are thus decreased by 2N working precision words and increased by 

N integer words. 
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Section 2.2.7 

IMTQLV-TINVIT PAIRING IN PATHS FOR PARTIAL EIGENSYSTEMS 

Each of the recommended paths of Section 2.1 that determine some 

eigenvalues and corresponding eigenvectors of a matrix that has been 

reduced to real symmetric tridiagonal form include a pairing of subrou- 

tines BISECT and TINVIT, BISECT to determine the eigenvalues and TINVIT 

to determine the corresponding eigenvectors. But with the awareness 

that the several subroutines in EISPACK based on the QL algorithm can 

compute all the eigenvalues in about the time required for BISECT to 

compute 25% of them, it would seem that users could improve efficiency 

in certain problem situations by computing all the eigenvalues with a 

faster subroutine and then specifying a subset of eigenvalues for which 

the corresponding eigenvectors would then be determined with TINVIT. 

This faster subroutine, however, must additionally be able to 

detect and communicate possible blocking of the tridiagonal form, as 

does BISECT, to enable TINVIT to determine independent and orthogonal 

eigenvectors corresponding to possibly multiple eigenvalues. 

It turns out that the implicit QL algorithm as implemented in sub- 

routine IMTQLI was readily extendible to detect the blocking, and thus 

was born subroutine IMTQLV for inclusion in paths that determine the 

partial eigensystem of a matrix that has been reduced to real symmetric 

tridiagonal form. 

For example (cf. Section 2.1.13), to determine the three smallest 

eigenvalues W, together with their corresponding eigenvectors Z, of a 

full real symmetric matrix A of order N, one possible EISPACK path is: 
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CALL TREDI (NM,N,A,fvl,fv2,fv3) 

CALL LMTQLV(N,fvl,fv2,fv3,W,ivl,IERR,fv4) 

IF (IERR .NE. 0) GO TO 99999 

CALL TINVIT(NM, N,fvl,fv2,fv3,3,W,ivl,Z,IERR,fv4,fv5,fv6,fvF,fv8) 

IF (IERR .NE. 0) GO TO 99999 

CALL TRBAKI(NM,N,A,fu2,3,Z) 

The control program EISPAC does not utilize IMTQLV. 

The parameter list to IMTQLV is a subset of the corresponding 

parameter list to BISECT and, similarly to BISECT and in contrast to 

IMTQLI, the input tridiagonal matrix is preserved. The array storage 

required to execute this variant path is the same as that for the path 

of Section 2.1.13. 
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Section 2.2.8 

SPECIFICATION OF BOUNDARY EIGENVALUE INDICES TO THE BISECTION PROCESS 

All of the recommended paths of Section 2.1 that determine a subset 

of the eigenvalues of a matrix require the specification of an interval 

(RLB,RUB) containing the eigenvalues of interest to subroutine BISECT. 

It may sometimes be preferred to specify the eigenvaiues by their 

indices in the ordered set; e.g., the three smallest eigenvalues or the 

second largest eigenvalue. Substitution of subroutine TRIDIB for BISECT 

enables this option~ In particular, TRIDiB includes the capability for 

which subroutine RATQR was designed (cf. Section 2.2.4); although slower, 

TRIDIB is numerically stable and is therefore recommended generally in 

preference to RATQR. 

The parameter list for TRID!B is the same as that for BISECT with 

the exception of RLB, RUB, MM, and M. RLB, RUB, and M are still present 

with reversed roles -- M now specifies the number of eigenvalues desired 

and RLB and RUB are output parameters which define an interval containing 

exactly the desired eigenvalues. MM is replaced by MII which specifies 

the index of the smallest desired eigenvalue. 

To request the control program EISPAC to employ TRIDIB in place of 

BISECT, change the subparameters to the VALUES keyword from (W,MM,M, RLB, 

RUB) to (W,MII,M). 

So, for example (cf. Section 2.1.14), to determine exactly M eigen- 

values W, starting from the Mll-th smallest one, of a full real symmetric 

matrix A of order N, the EISPACK path is: 
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CALL TREDI (NM, N,A,fv2,fv2,fv3) 

EPSI = 0.0 

CALL TRIDIB(N,EPSI,fv2,fv2,fv3,RLB,RUB,MII,M,W,ivI,IERR,fv4,fv5) 

IF (IERR .NE. 0) GO TO 99999 

or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('REAL',A,'SYMMETRIC'),VALUES(W,MII,M)) 

Array storage requirements for paths with TRIDIB are identical to 

those for the corresponding paths with BISECT; execution times are very 

little different (see Section 4). 
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Section 2.2~9 

PACKED REPRESENTATIONS OF REAL SYMMETRIC AND COMPLEX HERMITIAN MATRICES 

The algorithms implemented in EISPACK for real symmetric and complex 

Hermitian matrices access only the full lower triangles of the matrices; 

in order to best take advantage of the storage savings realizable since 

the upper triangles are not required, subroutines are included in EISPACK 

that proceed from packed representations of the input matrices. 

In the real symmetric case, the lower triangle of the matrix is 

packed row-wise into a one-dimensional array; subroutines TRED3 and TRBAK3 

replace TREDI and TRBAKI, respectively, in the corresponding explicit 

paths, driver subroutine RSP replaces RS where applicable, or 'PACKED' 

is specified to EISPAC. For example (cf. Section 2.1.13), to determine 

some eigenvalues W and corresponding eigenvectors Z of a real symmetric 

matrix A of order N in packed representation, the EISPACK path is: 

CALL TRED3 (N, NV,A,fvl ,fv2 ,fv3) 

EPSI = 0.0 

CALL BISECT(N,EPSI,fvl ,fv2,fu3,RLB,RUB,MM,M,W,iV2 ,IERR,fu4,fv5) 

IF (IERR oNE. 0) GO TO 99999 

CALL TINVIT(NM,N,fvl,fv2,fv3,M,W,ivl,Z,IERR,fv4,fv5,fv6,fv7,fvS) 

IF (IERR .NE. O) GO TO 99999 

CALL TRBAK3 (NM, N, NV,A,M, Z) 

or, using EISPAC: 

CALL EISPAC (NM,N,MATRiX(~ REAL ' ,A, 'SYMMETRIC', 'PACKED' ), 

VALUES (W,MM,M,RLB, RUB), VECTOR(Z) ) 

NV communicates the dimension of A and therefore must be at least 

N (N+I)/2. 
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The array storage required to execute this path is N2/2 + 17N/2 + 

M(N+I) working precision words and M integer words. Driver subroutine 

RSP can be used with real symmetric matrices in packed representation 

in the corresponding paths to where RS is used with matrices in standard 

representation. Its calling sequence is identical to that of RS except 

for the inclusion of NV in the position after N. But for the case where 

all eigenvalues and eigenvectors are determined, RS is preferred because 

it affords optimal consolidation of storage when the eigenvectors over- 

write the input matrix and, further, implements a more efficient algorithm 

than does RSP. 

In the complex Hermitian case, the lower triangle of the matrix is 

packed into a single two-dimensional array, the real parts of the elements 

in the full lower triangle and the imaginary parts of the elements in the 

transposed positions of the strict upper triangle. Subroutines HTRID3 

and HTRIB3 replace HTRIDI and HTRIBK, respectively, in the corresponding 

paths or 'PACKED' is specified to EISPAC. For example (cf. Section 2.1.4), 

to determine all eigenvalues and corresponding eigenvectors of a complex 

Hermitian matrix in packed representation, the EISPACK path is: 

CALL HTRID3 (NM,N,A,W, fv2 ,fvl ,fml ) 

DO i00 I = i, N 

DO 50 J = I, N 

ZR(I,J) = 0.0 

50 CONTINUE 

ZR(I,I) = 1.0 

I00 CONTINUE 

CALL TQL2(NM,N,W,fVI,ZR, IERR) 

IF (IERR .NE. 0) GO TO 99999 

CALL HTRIB3(NM,N,A,fml,N,ZR,ZI) 
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or, using EISPAC: 

CALL EISPAC(NM,N,MATRIX('COMPLEX',A,A,'HERMITIAN','PACKED~), 

VALUES(W)~VECTOR(ZR,ZI)) 

The array storage required to execute this path is 3N 2 + 4N working 

precision words. 

There is no driver subroutine in EISPACK for use with packed 

complex Hermitian matrices. Execution times for the packed real 

symmetric and complex Hermitian subroutines are not markedly different 

from those of their standard counterparts; see Section 4. 
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Section 2.3 

ADDITIONAL INFORMATION AND EXAMPLES 

This section contains additional information about and examples of 

the use of EISPACK and the control program which are either too detailed 

to be included in the discussion of a particular path, or which apply to 

more than one path. The specific topics covered include the setting of 

the LOGICAL vector SELECT used in the paths for computing selected 

eigenvectors of real and complex general matrices; the packing of the 

eigenvectors of real general matrices; considerations regarding the user- 

supplied error tolerance in the computation of the eigenvalues of matrices 

which can be reduced to real symmetric tridiagonal form; the relative 

efficiencies of computing partial and complete eigensystems; two special 

computations: a determination of the number of positive (or negative) 

eigenvalues of matrices which can be reduced to real symmetric tridiagonal 

form; and the orthogonal similarity reduction of a real matrix to quasi- 

triangular form; the examination of the IERR parameter and intermediate 

results when using the control program EiSPAC; and a summary of the possi- 

ble values of IERR and their meanings. The section concludes with two 

complete example driver programs illustrating the use of EISPACK and the 

control program EISPAC. 
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Section 2.3.1 

SELECTING THE EIGENVECTORS OF REAL AND COMPLEX GENERAL MATRICES 

The computation of selected eigenvectors of real and complex general 

matrices by the subroutines INVIT and CINVIT is controlled by the LOGICAL 

array parameter SELECT and to some extent by the parameter MM. The con- 

siderations involved in setting SELECT and determining ~ (MM = ~), the 

column dimension of the eigenvector arrays, are discussed separately for 

real and complex matrices. 

For complex matrices, the elements of SELECT are in one-to-one cor- 

respondence with the computed eigenvalues. They are examined in order 

and the eigenvectors corresponding to the eigenvalues tagged by .TRUE. 

elements in SELECT are computed. These complex eigenvectors are stored 

in successive columns of the eigenvector arrays ZR and ZI; hence the number 

of .TRUE. elements in SELECT must not exceed the column dimension rf~ of 

the arrays ZR and ZI. The parameter MM communicates this column dimension; 

should more than MM columns be required, the computation stops when the 

arrays are full and IERR is set non-zeros In any event, when the eigen- 

vector subroutine (CINVIT) returns to the calling program, M is set to the 

number of columns actually used to store the eigenvectors. 

For real matrices, setting SELECT and determining a suitable value for 

ff~a priori are complicated by the convention used to pack the eigenvectors 

into Z, discussed in detail in Section 2.3.2. It is assumed that conjugate 

pairs of complex eigenvalues are consecutive in WR and WI. Again, the ele- 

ments of SELECT are in one-to-one correspondence with the computed eigen- 

values but the number of columns used in the eigenvector matrix Z may be 

more than the number of .TRUE. elements of SELECT. 

84 



2.3-3 

The elements of SELECT are examined in order and the eigenvectors 

corresponding to the eigenvalues flagged by .TRUE. elements are computed, 

except as restricted below. If a flagged eigenvalue is real, the corres- 

ponding real eigenvector is stored in one column of Z. If the flagged 

eigenvalue is complex, and its flagged conjugate does not precede it, the 

real and imaginary parts of the corresponding eigenvector are stored in 

two consecutive columns of Z with the real part first. If the flagged 

eigenvalue is complex and its flagged conjugate precedes it, no eigenvector 

is computed and the corresponding element of SELECT is reset .FALSE. This 

convention guarantees that no more than N columns of Z are required to store 

the eigenvectors; it is not a serious restriction since the eigenvector 

corresponding to the conjugate value is the conjugate of the computed 

eigenvectoro 

Because of the complicated algorithm for selecting eigenvectors and 

packing them into Z, the a priori determination of the column dimension 

~rl of Z is difficult. If the number of .TRUE. elements in SELECT is 

known, then a safe choice for ~ is the smaller of twice this number and 

N. Again MM must be set to ~ and communicates the column dimension of 

Z; should more than MM columns be required, the computation in INVlT stops 

when no more eigenvectors can be stored and IERR is set non-zero. In any 

event, when INVIT returns to the calling program, M is set to the number 

of columns of Z actually used to store the eigenvectors. Note that when 

MM is too small, the returned value of M can be either MM-I or MM. 

The chief complication towards setting the elements of SELECT to 

compute the required eigenvectors is that the eigenvalues of a real or 

complex general matrix are not generally computed in a predictable order. 

Hence one cannQt decide a priori which elements of SELECT should be set. 
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Two possibilities exist: One is to execute the eigenvalues-only path, 

examine the computed eigenvalues, set SELECT as required and then (with 

a further run) execute the path for all eigenvalues and some eigenvectors. 

The other is to interrupt the all-eigenvalues-some-eigenvectors path after 

the computation of the eigenvalues, to set SELECT at that point using a 

program segment, and to resume execution of the path. 

As an example of this latter possibility, suppose that for a real 

general matrix you wish to compute the eigenvectors corresponding to those 

eigenvalues the sum of whose real and imaginary parts is non-negative and 

you know that there are no more than five such values. Then the path with 

interruption becomes: 

CALL BALANC(NM,N,A,isl,is2,fvl) 

CALL ELMHES(NM,N,isl,is2,A,ivl) 

DO 200 I = i, N 

DO I00 J = I, N 

ym1(I,J) = A(I,J) 

i00 CONTINUE 

200 CONTINUE 

CALL HQR(N~,N,isi,is2,f~2,WR,WI,IERR) 

IF (IERR .NEo 0) GO TO 99999 

DO 300 I = I, N 

SELECT(1) = (WR(1)+WI(I)) .GE. 0.0 

300 CONTINUE 

CALL INVIT(NM, N,A,WR,WI,SELECT,MM,M,Z,IERR,fml,fv2,fv3) 

IF (IERR .NE. 0) GO TO 99999 

CALL ELMBAK(NM, isl,is2,A,iv2,M,Z) 

CALL BALBAK(NM,N,isi,is2,fvI,M,Z) 
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An example illustrating the corresponding interruption of the path 

when using EISPAC is given in Section 2.3.7; the unpacking of the eigen- 

vectors in Z is discussed in Section 2.3.2. Note that in the above 

example no attempt is made to avoid flagging both eigenvalues of a complex 

conjugate pair; as discussed above, INVIT will automatically reset the 

flag corresponding to the second eigenvalue in the pair. Unless it is 

known that some of the five possible eigenvalues are real, Z should be 

dimensioned Z(~,I0) and MM set to i0. 
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Section 2.3.2 

UNPACKING THE EIGENVECTORS OF A REAL GENERAL MATRIX 

Since for a real general matrix the complex eigenvalues and their 

corresponding eigenvectors occur as conjugate pairs and therefore both 

members of such a pair are determined once the real and imaginary parts 

of one member are known, only N 2 real numbers are required to recover 

all the eigenVectors of such a matrix. The EISPACK routines which com- 

pute the eigenvectors of real general matrices take advantage of this 

fact (and so save storage) by packing both real and complex eigenvectors 

into one N by N matrix. 

In order to determine whether a given column of the matrix of eigen- 

vectors represents a real eigenvector, the real part of a complex eigen- 

vector, or the imaginary part of a complex eigenvector, the imaginary 

part of the corresponding eigenvalue must be examined. In addition, the 

flags in the SELECT array must also be taken into account if only some 

eigenvectors have been computed. Perhaps the clearest way to describe 

how this packing is done is to present program segments which unpack the 

matrix of eigenvectors into two separate matrices representing the real 

and imaginary parts of the eigenvectors. 

First, suppose that you have computed all the eigenvalues and eigen- 

vectors of a real general matrix according to Section 2.1.8. The following 

program segment unpacks the matrix Z of eigenvectors into matrices ZR and 

ZI, dimensioned ZR(~,nm) and ZI(r~,nm). Note that this program segment 

utilizes the property of the EISPACK programs that for real general 

matrices the eigenvalues of each complex conjugate pair are ordered so 

that the eigenvalue of positive imaginary part appears first in (WR,WI). 
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DO 150 K = i, N 

IF (WI(K) .NE. 0.0) GO TO ii0 

DO I00 J = i, N 

ZR(J,K) = Z(J,K) 

ZI(J,K) = 0.0 

i00 CONTINUE 

GO TO 150 

ii0 IF (WI(K) .LT. 0.0) GO TO 130 

DO 120 J = i, N 

ZR(J,K) = Z(J,K) 

ZI(J,K) = Z(J,K+I) 

120 CONTINUE 

GO TO 150 

130 DO 140 J = I, N 

ZR(J,K) = ZR(J,K-I) 

ZI(J,K) = -ZI(J,K-I) 

140 CONTINUE 

150 CONTINUE 

Note that this program segment has been designed so that Z and ZR can be 

the same matrix; if they are, then the fourth and tenth statements can 

be omitted. 

When only some of the eigenvectors have been computed, the packed 

form of storage is somewhat more complicated than when all the eigenvectors 

have been computed because of its interaction with the SELECT array (see 

Section 2.3.1). The following program segment illustrates one way to 

unpack the eigenvectors from the M columns of Z. It places each selected 

eigenvector into the columns of full square matrices ZR and ZI whose index 
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is that of the corresponding eigenvalue; the remaining columns are not 

set. 

I= i 

DO 130 K = I, N 

IF (.NOT. SELECT(K)) GO TO 130 

IF (WI(K) oNE. 0.0) GO TO II0 

DO i00 J = !, N 

ZR(J,K) = Z(J,I) 

ZI(J,K) = 0.0 

i00 CONTINUE 

I=I+l 

GO TO 130 

ii0 DO 120 J = I, N 

ZR(J,K) = Z(J,I) 

ZI(J,K) = Z(J,I+i) 

120 CONTINUE 

I=I+2 

130 CONTINUE 

Note that if both members of a pair of complex eigenvalues were flagged 

by .TRUE. elements in SELECT, subroutine INVIT resets the flag corres- 

ponding to the second member of the pair to .FALSE. (see Section 2.3.1); 

thus additional program must be supplied to store the eigenvector corres 

ponding to the second member. 
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Section 2.3.3 

THE EPSI PARAMETER 

As discussed in Section i, the various versions of the subroutines 

in EISPACK are designed to provide the best accuracy possible given the 

working precisions of the particular machines for which they are avail- 

able. For most of the subroutines, accuracy is controlled by an internal 

variable, MACHEP ("machine epsilon"), whose value reflects the precision 

of the machine arithmetic and should not be altered. However, user con- 

trol of accuracy is possible with four of the subroutines in EISPACK 

which are used in those paths that compute some eigenvalues (with or 

without eigenvectors) of matrices which can be reduced to real symmetric 

tridiagonal form. This accuracy control is provided by the parameter 

EPSI, which principally affects the precision of the eigenvalues, and thus 

the eigenvectors as well, but which also has some effect on computation 

time. Some of the considerations helpful in choosing EPSI are discussed 

briefly below; further information can be found in the respective documents 

for the subroutines and in the Handbook ([i], pp. 249-256). Note in the 

discussion below that any property described for subroutine BISECT also 

applies to subroutine TRIDIB. 

In subroutine BISECT, the computation of an eigenvalue is considered 

to have converged when the refined interval [XU,X0] known to contain the 

eigenvalue satisfies the condition: 

xo - x~ ! 2 × ~mCHEe × (ix01 + Ix~I) + EPSl 

This condition has the character of a relative accuracy test for eigen- 

values whose magnitudes are large with respect to EPSI/>~CHEP, and that of 
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an absolute accuracy test for eigenvalues of small magnitude. EPSI is 

thus an absolute error tolerance. 

When the input value of EPSI is zero (or negative) as in the 

recommended paths, BISECT automatically resets it to an appropriate de- 

fault value for each submatrix; this default value is MACHEP times the 

larger (in magnitude) Gerschgorin bound for the eigenvalues of that sub- 

matrix. This value prevents the above termination criterion from 

requiring ~'unreasonably" high accuracy in the eigenvalues which are near 

zero. (In the implementation of BISECT, EPSI is actually set negative 

when the default value is requested. This serves as a flag to cause the 

recomputation of the default value for each submatrix; the returned value 

of EPSI is this negative default value for the final submatrix.) 

A positive input value for EPSI will not be reset in BISECT. When 

the positive input value of EPSI exceeds the default value, the convergence 

test is less stringent for eigenvalues of smaller magnitude, and computa- 

tion time tends to be reduced. If EPSI is smaller than its default value, 

the convergence test becomes more stringent and computation time tends to 

increase. Care should be taken, however, not to specify a smaller value 

for EPSI unless the small eigenvalues are known to be insensitive to 

perturbations in the input matrix; otherwise the additional precision 

will be meaningless. Although computation time tends to increase with 

decreasing EPSI, the exact relationship is highly dependent on the particu- 

lar matrix. 

The eigenvalue calculation in subroutine TSTURM is essentially the 

same as in BISECT~ and EPSI has the same role. However, choice of an 

input value of EPSI larger than the default value may jeopardize the eigen- 

vector calculation~ as discussed below. 
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The role of EPSI in subroutine RATQR is different than in BISECT and 

TSTURM. Here the convergence condition is simply 

DELTA < EPSI 

where DELTA is a byproduct of each iterative step in the computation of 

the k th eigenvalue and kxEPSI is an estimate for the absolute error in 

the current estimate of the eigenvalue. (The factor k in this bound 

accounts for the accumulation of error in successive eigenvalues alluded 

to in Section 2.2.4; see also [I], pp. 257-265.) 

RATQR also chooses a default value of EPSI. It varies from iteration 

to iteration and is MACHEP times the estimate of the smallest eigenvalue 

of the current shifted matrix. If a positive value of EPSI is provided 

as input, it will be used as long as it is larger than the default value 

which represents the maximum relative accuracy reasonably attainable. An 

EPSI larger than the default value may result in fewer iterations and 

reduced computation time; you should choose it small enough so that you 

are willing to tolerate an error of kxEPSI in the k th eigenvalue. (The 

value of EPSI actually used for the final eigenvalue computed can be 

found in EPSI upon return from RATQR.) 

When eigenvectors are computed by the method of inverse iteration, 

the success of the computation depends critically on the accuracy of the 

computed eigenvalues. Thus, when this method is used in conjunction with 

one of the above eigenva!ue finders, as in TSTURM or when TINVIT follows 

BISECT or RATQR, use of an EPSI larger than the default value may result 

in failure of the eigenvector calculation to converge. Such failure 

occasionally occurs even with the default value (especially in RATQR, 

when a large number of eigenvalues is requested); for BISECT and TSTURM 
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only, this may be avoided by choosing an input value of EPSI smaller than 

its default value. 

The role of EPSI may be summarized as follows. All four of the 

subroutines discussed employ a convergence criterion which combines a 

relative error test using MACHEP and an absolute error test using the 

specified EPSI (or a default). In BISECT, TRIDIB, and TSTURM, this combi- 

nation is the sum of the two tolerances, while in RATQR it is the maximum. 

To use a value of EPSI other than the default, the statement 

EPSI = 0.0 

in the paths should be replaced by a statement setting EPSI to the desired 

value. When using the control program EISPAC, EPSI can be supplied for 

the recommended paths only by adding EPSI as the last subparameter to the 

VALUES parameter° Thus the VALUES parameter becomes: 

~..VALUES(W,MM,M,RLB,RUB,EPSI)~... 

With EISPAC, the input value of EPSI is not altered, even though the default 

value may be used in the computation. 
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Section 2.3.4 

RELATIVE EFFICIENCIES OF COMPUTING PARTIAL AND COMPLETE EIGENSYSTEMS 

In this section, we compare the paths which compute complete eigen- 

systems with those which compute partial eigensystems. Considering timing, 

array storage, and accuracy requirements, the central issue is when it is 

preferable to compute the complete eigensystem even when not required. 

There are three cases: Eigenvalue-only paths for matrices that can be 

reduced to real symmetric tridiagonal form, eigenvalue-eigenvector paths 

for such matrices, and eigenvalue-eigenvector paths for general real or 

complexmatrices. 

For eigenvalues of matrices reduced to symmetric tridiagonal form, 

the principal comparison is between subroutines BISECT and TQLRAT (or 

TQLI). When the default value of EPSI is used in BISECT, TQLRAT is 

faster to the point of computing all the values as fast as BISECT can 

compute 25% of them. If less stringent accuracy requirements allow EPSI 

to be specified larger (see Section 2.3.3), then the execution time for 

BISECT decreases; at half accuracy, BISECT would be faster than TQLRAT 

unless 50% or more of the eigenvalues were desired. Also, BISECT requires 

the larger amount of working array storage (cf. Sections 2.1.16 and 

2.1.18). Note, however, that the timing and storage d~fferences in these 

individual subroutines may be small compared with the total requirements 

of the path. 

When eigenvectors of such matrices are also desired, then the prin- 

cipal comparison is between the subroutine pair BISECT-TINVIT and TQL2. 

(See Section 2.2.7 for the comparison between BISECT-TINVIT and variant 

IMTQLV-TINVIT.) Here a factor in the timing is the identity of the 

machine; the parallelism of the IBM 370/195 appears much better suited to 
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the algorithm of TQL2 than to BISECT-TINVIT. Consultation of the path 

times in Section 4 is recommended towards choosing the faster path; 

generally, paths with TQL2 are relatively more efficient at lower orders 

than paths with BISECT-TINVIT and less efficient at higher orders. Array 

storage for a partial set of eigenvectors is clearly less with TINVIT 

than for the complete set of vectors with TQL2. However, it must also 

be remembered that working array requirements for BISECT-TiNVIT exceed 

those for TQL2 (of. Sections 2.1.15 and 2.1.17), and further, that if TQL2 

follows TRED2 for a real symmetric matrix, the eigenvectors may overwrite 

the input matrix (see Section 2.1.11). 

The comparisons of the preceding paragraphs involving TQLRAT (or TQLI) 

and TQL2 extend to IMTQLI and IMTQL2 as well, since their performances 

and storage requirements are so closely similar. The execution times of 

Section 4 also suggest RATQR as a viable replacement for BISECT in the 

BISECT-TINVIT path. However, this is misleading in that the cited TINVIT 

times are in paths with BISECT, and the corresponding timings with RATQR 

could be significantly longer. This owes to the generally poorer accuracy 

of the eigenvalues from RATQR, forcing extra, often futile iterations in 

TINVIT. 

Finally for general real and complex (Hessenberg) matrices, the prin- 

cipal comparisons are between HQR-INVIT and HQR2, and between COMQR-CINVIT 

and COMQR2. Here considerations are similar to the symmetric case; 

inverse iteration is relatively more efficient with increasing order in 

comparison to accumulation of transformations, and array storage compari- 

sons depend vitally on the number of selected eigenvectors. Working array 

requirements for the partial eigensystem paths are especially severe (cf. 

Sections 2.1.1 and 2.1.3; also 2.1.8 and 2.1.10). 
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With regard to considerations of accuracy and reliability, the partial 

eigensystem paths fall short of the complete eigensystem paths, but the 

differences in performance are generally marginal. The weakest such path 

is the variant RATQR-TINVIT for real symmetric matrices generally due to 

the inaccuracies of the eigenvalues (see Section 2.2.4). Eigenvectors 

from TINVITmay fail in their last few digits of being as precisely ortho- 

gonal as from TQL2. Extreme sensitivity to the accuracy of the eigenvalues 

ia a shortcoming of these paths, but on the other hand affords an a 

posteriori check on the accuracy of the eigenvalues. 

Thus, a recommendation with regard to the best path when only a 

partial eigensystem is required involves a number of considerations. 

Generally, we recorm~end the simpler-structured complete eigensystem paths 

unless the penalty in time or storage is severe. 
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Section 2.3.5 

DETERMINATION OF THE SIGNS OF THE EIGENVALUES 

In the stability analysis of dynamic systems, one is frequently in- 

terested in knowing the number of positive (or negative) eigenvalues rather 

than the eigenvalues themselves. For real general and complex general 

matrices the regular EISPACK paths must be used and the eigenvalues 

actually computed; however, for nmtrices that can be reduced to real 

symmetric tridiagonal form, time can be saved in realizing this objective 

hy judicious choice of the EPSI accuracy-control parameter discussed in 

Section 2.3.3. 

This computation is available from the recommended paths for comput- 

ing some eigenvalues of matrices which can be reduced to real symmetric 

tridiagonal form as given in Sections 2.1.7, 2.1.14, 2.1.18, and 2.1.22, 

when P~B~ RUB, and EPSI are set appropriately. It makes use of two prop- 

erties of subroutine BISECT: (I) The first action in BISECT is to deter- 

mine the number of eigenvalues in the interval from RLB to RUB and to set 

M to that number, and (2) as soon as BISECT has determined intervals 

containing eigenvalues which jointly satisfy the convergence criterion 

discussed in Section 2.3.3, it terminates. Since EPSI appears as a term 

in the right hand side of this criterion, termination will occur at least 

as soon as the lengths of the intervals become less than EPSI. One need 

only choose an initial value of EPSI which is as large as the length of 

the interval from RLB to RUB, and BISECT will return almost immediately 

with M set to the number of eigenvalues in the interval. 

For examp!e~ suppose you wish to compute the number of eigenvalues 

of a real symmetric matrix A of order N which lie on the non-negative real 

axis and that you know that all the eigenvalues of A are less than 
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1.0 x 1035 . Then you might use the following path based on that of 

Section 2.1.14. 

RLB = 0.0 

RUB = 1.0E35 

EPSI = 1.0E35 

CALL TRED 1 (NM,N ,A ,fvl ,fv2 ,fv3) 

CALL BISECT (N, EPS i ,fvl ,fv2 ,fv3 ,RLB ,RUB ,MM,M,W,ivl, IERR,fv4 ,fv5) 

Upon completion of the path, the value of M is the number of non-negative 

eigenvalues. Note that this number is accurately determined despite the 

high "error" tolerance EPSI, since it is obtained from a Sturm sequence 

count which does not itself involve any convergence test. 
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Section 2.3.6 

ORTHOGONAL SIMILARITY REDUCTION OF A REAL MATRIX TO QUASI-TRIANGULAR FORM 

Schur~s Lemma asserts the existence of a unitary similarity trans- 

formation which reduces any matrix to triangular form. For real matrices, 

it may be of interest to compute the part of this transformation which can 

be carried out without resort to complex arithmetic, that is, to compute 

the matrix of the orthogonal transformation which reduces a real matrix 

to quasi-triangular form. Quasi-triangular form falls short of triangular 

form because it retains 2 × 2 blocks on the main diagonal which correspond 

to complex conjugate pairs of eigenvalues. 

The orthogonal quasi-triangularization of a real matrix can frequently 

-I 
be used in place of the usual decomposition PJP (where J is a Jordan 

canonical matrix) and is faster. As an example of its application, con- 

sider the following problem in control theory. Suppose an m × n matrix X 

is sought which satisfies the equation 

AX+XB = C 

where A, B and C are real m x m, n × n and m × n matrices respectively. 

If the orthogonal (upper) quasi-triangularizations of A T = uLTu T and 

B = VRV T are computed, and substituted into the equation, then the simpler 

equation for Y 

LY + YR = E 

results where L and R are respectively lower and upper quasi-triangular 

matrices and 

X = UYV T and E = uTcv. 
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The columns of Y can now be determined successively by a process of for- 

ward substitution, which is only sli~ntly complicated by the presence of 

the 2 x 2 blocks on the diagonals of L and R. 

The quasi-triangularization is carried out on the unbalanced matrix 

A using the routines for orthogonal similarity reduction discussed in 

Section 2.2.2 and a modified version of subroutine HQR2. It begins with 

the use of ORTHES to reduce the matrix to upper-Hessenberg form followed 

by ORTRAN to accumulate the transformations. The modified version of 

HQR2, say HQRORT, completes the orthogonal reduction to quasi-triangular 

form and accumulates the remaining transformations. It can be obtained 

by changing tile statement labeled 60 in HQR2 (see Section 7) to: 

60 IF (EN .LT. LOW) GO TO i001 

(The statements beginning with that labeled 340 and ending with that im- 

mediately preceding the statement labeled i000 may be deleted, if desired.) 

The "path" for this computation is then: 

isl = 1 

is2 = N 

CALL ORTHES (NM,N,isl ,is2,A,fvl) 

CALL ORTRAN(NM,N,isl ,is2,A,fvl ,Z) 

CALL HQRORT(NM,N,isl ,is2,A,WR,WI,Z,IERR) 

Upon completion of this path, the eigenvalues are in (WR,WI) and the ortho- 

gonal matrix which reduces A to quasi-triangular form is in Z. 
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Section 2.3.7 

ADDITIONAL FACILITIES OF THE EISPAC CONTROL PROGRAM 

The EISPAC control program has two facilities which increase its 

flexibility and range of application. The first provides the opportunity 

to examine the iERR parameter values returned by the EISPACK subroutines; 

the second provides the opportunity to examine intermediate results as 

the computation proceeds, much as can be done when the EISPACK subroutines 

are called explicitly. 

The facility to examine the value of IERR is invoked by setting an 

integer variable, say IERROR, to zero and supplying it as the subparameter 

of the keyword parameter ERROR in the call to EISPAC. For example, the 

path of Section 2.1.9 becomes 

IERROR = 0 

CALL EISPAC(NM,N,MATRIX('REAL',A),VALUES(WR,WI),ERROR(IERROR)) 

To understand the effect of supplying the ERROR keyword, consider the be- 

havior of EiSPAC when it is not supplied. When one of the subroutines 

returns a non-zero value of IERR, EISPAC prints a message describing the 

error and terminates execution of your program. When ERROR(IEPdlOR) is 

supplied, EiSPAC behaves instead as follows: If no execution errors occur, 

EISPAC returns to your program after execution of the path, and IERROR is 

still equal to zero° If one of the routines returns a positive value of 

IERR (a "fatal '~ error), EISPAC terminates the path, prints the error 

message (unless suppressed by initializing IERROR to a machine dependent 

value as described in Section 7.2), and then returns to your program with 

IERROR equal to IERR~ Finally, if one of the routines returns a negative 

value of IERR (a ~'non-fatal" error), EISPAC completes execution of the path 
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in order to produce some useful results, prints the error message, and 

returns to your program with IERROR equal to IERR. Thus the principal 

use of the IERR examination facility is to enable you to retrieve useful 

partial results when a non-fatal error occurs; which results are useful 

is described in the discussion of the particular path in Section 2.1 or 

2.2 and is summarized in Table 3 of Section 2.3.8. 

The EISPAC facility to examine intermediate results is provided by 

a mode of operation in which EISPAC calls a user-supplied subroutine just 

before execution of the path begins, and again after execution of each 

subroutine and auxiliary action in it. One important application of 

this facility occurs in those paths which compute selected eigenvectors 

of real or complex general matrices, where the facility can be used to 

examine the computed eigenvalues and to set the elements of the SELECT 

array controlling which eigenvectors are computed. 

To use this facility you must first create a subroutine to examine 

the intermediate results. You are free to choose the name of the subrou- 

tine, say USUB, but the parameter list and declaration statements must 

correspond to: 

SUBROUTINE USUB(ISUBNO,NrM, N,AR,AI,WR,WI,ZR,ZI,MM,M,RLB,RUB,EPSI, 

X SELECT,IDEF,TYPE,IERR,LOW, IGH,BND,D,E,E2,IN~,INT,ORT,SCALE,TAU) 

REAL*8 AR(NM,NM) ,AI(NM,NM) ,WR(NM) ,WI(NM) ,ZR(NM,NM) ,ZI (NM,NM) ,RLB,RUB, 

X EPS i, BND(N) ,D(N) ,E(N) ,E2 (N), ORT (N) ,SCALE(N) ,TAU (2,N) 

INTEGER ISUBNO,NM,N,MM,M, IDEF,IERR,LOW, iGH,IND(N),INT(N) 

LOGICAL SELECT(NM),TYPE 

In order to avoid Fortran errors it is important that the array parameters 

be dimensioned as indicated (except that MMmay be used for the last 
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dimension of WR and of ZR and ZI, where appropriate), even though some 

arrays might not appear relevant to a particular path. 

You inform EISPAC that you wish to use the intermediate result 

examination facility by inserting the keyword parameter SUBR with sub- 

parameter USUB in the EISPAC call. Note that the statement EXTERNAL USUB 

must also appear in your calling program. 

When USUB is called by EISPAC, the value of the integer parameter 

ISUBNO is set to indicate which EISPACK subroutine call or auxiliary ac- 

tion has just been completed. It is zero when USUB is called just before 

execution of the path begins. ISUBNO values in the range 100-299 signify 

that the preceding action allocated or freed temporary storage, those in 

the range 300-499 indicate auxiliary actions (initializing or copying 

arrays, for example), and those beyond 500 correspond to calls to the 

EISPACK subroutines as indicated in Table 2. Thus the value of ISUBNO 

indicates where in the execution of a path USUB has been called, and can 

be used to determine what action USUB is to take in examining the inter- 

mediate results. Table 2 also indicates which of the parameters passed 

to USUB appeared in the just-completed call to the EISPACK subroutine. 

As an example of the use of this facility, suppose you wish to 

interrupt the path of Section 2.1.10 and use a subroutine SETSEL to examine 

the eigenvalues computed for a real general matrix and to set the SELECT 

array to compute the eigenvectors corresponding to those eigenvalues with 

sum of real and imaginary parts greater than or equal to zero. (This 

example corresponds to that in Section 2.3.1.) Your driver program must 

contain the statements 
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EXTERNAL SETSEL 

CALL EISPAC(NM,N,MATRIX('REAL',A),VALUES(WR,WI),VECTOR(Z,MM,M, SELECT), 

SUBR(SETSEL)) 

To determine how to write SETSEL, consult the definition of the path in 

Section 2.1.10 in conjunction with Table 2. The eigenvalues are available 

for examination after HQR and the logical array SELECT must be initialized 

before INVIT (see Section 2.3.1), so the interruption must be made imme- 

diately after the call to HQR. Table 2 indicates that this call in this 

path has an associated ISUBNO of 517, and comparison of the HQR and INVIT 

calls with those in Section 2.1.10 shows that the eigenvalues are in 

(WR,WI) and the logical array is parameter SELECT. Hence the subroutine 

might be written as follows: 

SUBROUTINE SETSEL(ISUBNO,NM,N,AR,AI,WR,WI,ZR,ZI,MM,M,RLB,RUB,EPSI, 

X SELECT,IDEF,TYPE,IERR,LOW, IGH,BND,D,E,E2,1ND,INT,ORT,SCALE~TAU) 

REAL*8 AR (NM,NM) ,AI (NM,NM) ,WR(NM) ,WI (h~M), ZR(NM,MM), ZI (NM,MM) ,RLB ,RUB, 

X EPS I,BND (N) ,D(N) ,E(N) ,E2 (N) ,ORT(N) ,SCALE(N) ,TAN (2,N) 

INTEGER ISUBNO,NM,N,MM,M, IDEF,IERR,LOW,IGH,IND(N)~INT(N) 

LOGICAL SELECT(NM),TYPE 

IF (ISUBNO .NE. 517) RETURN 

DO i0 1 = I, N 

SELECT(l) = (WR(1)+WI(1)) .GE. 0.0DO 

i0 CONTINUE 

RETUPd~ 

END 
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SETSEL immediately returns after every call from EISPAC except when 

ISUBNO is 517 (after HQR); then it examines the computed eigenvalues to 

set SELECT. (Considerations regarding the setting of SELECT and choice 

of MM are discussed in detail in Section 2.3.1.) 
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ISUBNO Value 

532 

509 

515 

539 

526 

504 

501 

507 

508 

502 

505 

506 

503 

565 

566 

564 

567 

563 

2.3-25 

TABLE 2 

ISUBNO VALUES AND PARAMETER NAMES FOR 
SUBROUTINE CALLS FROM EISPAC 

Subroutine Call* 

BAKVEC (NM,N,AR,E,M, ZR,IERR) 

BALANC (NM, N,AR,LOW,IGH, SCALE) 

BALBAK (NM, N,LOW, IGH,SCALE,M,ZR) 

BISECT (N,EPSI,AR(I,2),AR(I,I),E2,RLB,RUB,~I,M,WR, IND, 

IERR,-,BND) in real symmetric tridiagonal paths 

(2.1.17, 2.1.18) 

BISECT (N,EPSI,D,E,E2,RLB,RUB,MM,M,WR, IND,IERR,-,BND) 

in other paths 

CBABK2 (IfM,N,LOW,IGH, SCALE,M,ZR,ZI) 

CBAL (NM,N~AR,AI,LOW,IGH,SCALE) 

CINVIT (NM,N,AR,AI,WR,WI,SELECT,MM,M,ZR,ZI,IERR,-,-,-,-) 

COMBAK (NM, LOW, IGH,AR,AI,INT,M,ZR,ZI) 

COMHES (NM,N,LOW,IGH,AR,AI,INT) 

COMLR (NM,N,LOW,IGH,AR,AI,WR,WI,IERR) 

in path for all values, no vectors (2.1.2), modified 

COMLR (N,N,LOW,IGH,-,-,WR,WI,IERR) 

in path for all values, selected vectors (2.1.3), 

modified 

COMLR2(NM,N,LOW,IGH,INT,AR,AI,WR,WI,ZR,ZI,IERR) 

COMQR (NM,N,LOW,IGII,AR,AI,WR,WI,IERR) 

in path for all values, no vectors (2.1.2) 

COMQR (N,N,LOW,IGH,-,-,WR,WI,IERR) 

in path for all values, selected vectors (2.1.3) 

COMQR2 (NM,N,LOW,IGH,ORTR,ORTI,AR,AI,WR,WI~ZR,ZI,IERR) 

CORTB (NM,LOW, IGH~AR,AI,ORTR,ORTI,M,ZR,ZI) 

CORTH'(NM,N,LOW~IGH,AR,AI,ORTR,ORTI) 
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519 

510 

512 

530 

531 

529 

516 

517 

514 

523 

553 

521 

525 

560 

552 

554 

2.3-26 

TABLE 2 (Contd.) 

ISUBNO VALUES AND PARAMETER NAMES FOR 
SUBROUTINE CALLS FROM EISPAC 

Subroutine Call* 

ELMBAK (NM,LOW, IGH,AR, INT,M,ZR) 

ELMHES (NM,N,LOW,!GH,AR, INT) 

ELTRAN (NM,N,LOW,IGH,AR,INT,ZR) 

FIGI (NM,N,AR,WR,E,E,IERR) 

in path for all values, no vectors (2.1.20) 

F!GI (NM,N,AR,D,E,E2~IERR) 

in paths for some values (2.1.21, 2.1.22) 

FIGI2 (NM,N,AR,WR,E,ZR, IERR) 

HQR (NM,N,LOW,IGH,AR,WR,WI,IERR) 

in path for all values, no vectors (2.1.9) 

HQR (N,N~LOW,IGH,-,WR,WI,IERR) 

in path for all values, selected vectors (2.1.10) 

HQR2 (NM,N,LOW,IGH,AR,WR,WI,ZR,IERR) 

HTRIBK (NM~N,AR,AI,TAU,M,ZR,ZI) 

HTRIB3 (NM,N,AR,TAU,M, ZR,ZI) 

HTRIDI (NM,N,AR,AI,WR,E,E,TAU) 

in path for all values and vectors (2.1.4) 

HTRIDI (h~M,N,AR,AI,D,E,E2,TAU) 

in paths for some values (2.1.6, 2.1.7) 

HTRIDI (NM~N,AR,AI,WR,E,E2,TAU) 

in path for all values, no vectors (2.1.5) 

HTRID3 (NM, N,AR,WR,E,E,TAU) 

in path for all values and vectors (2.1.4), modified 

HTRID3 (NM,N,AR,D,E,E2,TAU) 

in paths for some values (2.1.6, 2.1.7), modified 
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561 

(not used) 

524 

538 

522 

537 

518 

520 

511 

513 

540 

527 

541 

528 

543 

(not used) 

2.3-27 

TABLE 2 (Contd.) 

ISUBNO VALUES AND PARAMETER NAMES FOR 
SUBROUTINE CALLS FROM EISPAC 

Subroutine Call* 

HTRID3 (NM, N,AR jWR,E ~ E2,TAU) 

in path for all values, no vectors (2.1.5), modified 

IMTQLV 

IMTQL 1 (N,WR,E, IERR) 

in certain real tridiagonal path (2.1.20) 

IMTQLI (N,WR,AR(I, I) ,IERR) 

in real symmetric tridiagonal path (2. I. 16) 

IMTQL2 (NM, N, WR, E, ZR, IERR) 

in certain real tridiagonal path (2.1.19) 

l~ffQL2 (NM,N,WR,AR(I, I),ZR,IERR) 

in real symmetric tridiagonal path (2. I. 15) 

INVIT (NM~N,AR~WR~WI, SELECT ~MM,M 9 ZR~ IERR~ -,-,-) 

ORTBAK (NM, LOW, IGH, AR, ORTR, M, ZR) 

ORTHES (NM,N,LOW, IGH~AR,ORTR) 

ORTRAN (NM, N, LOW, IGH,AR, ORTR, ZR) 

RATQR (N,EPSI,AR(I, 2) ,AR(I, I) ,E2,M,WR, IND,BND,TYPE,IDEF,IERR) 

in real symmetric tridiagonal paths (2. i. 17, 2. I. 18), 

modified 

RATQR (N, EPS I, D, E, E2,M,WR, IND, BND, TYPE, IDEF, IERR) 

in other paths 

TINVlT (NM,N,AR(I,2),AR(I,I),E2,M, WR,IND,ZR, IERR, , , , ,BND) 

in real symmetric tridiagonal path (2.1.17) 

TINVIT (NM,N~D~E~E2,MjWR~IND~ZR~IERR, , , , ~BND) 

in other paths 

TQLRAT (N,WR, E2, IERR) 

TQLI 
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542 

536 

557 

534 

535 

533 

555 

556 

562 

559 

558 

(not used) 

2.3-28 

TABLE 2 (Contd.) 

!SUBNO VALUES AND PARAMETER NAMES FOR 
SUBROUTINE CALLS FROM EISPAC 

Subroutine Call* 

TQL2 (NM,N,WR,E,ZR, IERR) 

TRBAKI (NM,N,AR,E,M, ZR) 

TRBAK3 (NM,N,NV,AR,M, ZR) 

TREDI (NM, N,AR,WR,E,E2) 

in path for all values, no vectors (2.1.12) 

TREDI (NM,N,AR, D,E,E2) 

in paths for some values (2.1.13, 2.1.14) 

TRED2 (NM,N,AR,WR,E,ZR) 

TRED3 (N,NV,AR,WR,E,E) 

in path for all values and vectors (2.1.11), modified 

TRED3 (N,NV,AR,D,E,E2) 

in paths for some values (2.1.13, 2.1.14), modified 

TRED3 (N,NV,AR,WR,E,E2) 

in path for all values, no vectors (2.1.12), modified 

TRIDIB (N,EPSI,AR(I,2),AR(I,I),E2,RLB,RUB,MII,M,WR, IND,IERR,BND,-) 

in real symmetric tridiagonal paths (2.1.17, 2.1.18), modified 

TRIDIB (N,EPSI,D,E,E2,RLB,RUB,MII,M,WR, IND,IERR, BND,-) 

in other paths 

TSTURM 

* A dash at some position in a parameter list indicates a temporary 
storage array which is not passed to the user subroutine by EISPAC. 
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Section 2.3.8 

NON-ZERO VALUES OF IERR 

This section summarizes the non-zero values of the error parameter 

IERR that can be returned by the EISPACK subroutines, either directly or 

via the control program (see Section 2.3.7), when an execution error is 

detected. Such execution errors are classified into two categories: 

first, path-terminating errors, indicated by positive values of IERR and 

signifying that although some possibly useful results have been obtained~ 

continued execution of the path is meaningless; second, non-terminating 

errors, indicated by negative values of IERR and signifying that although 

errors have already occurred, some further meaningful results may be ob- 

tained if the remaining part of the path is executed. Each distinct error 

that can occur in EISPACK corresponds to one of a unique set of values for 

IERR, that one being a function of the order of the matrix. 

The non-zero values of IERR are summarized in Table 3 at the end of 

this section. To determine the significance of a particular value of 

IERR, scan the column headed IERR for the expression with the value of 

your particular error. The name of the subroutine that set the error 

parameter is included in the list to the right; also given is the EISPAC 

error message number and a brief description of the significance of the 

error. More detailed information may be obtained from the documentation 

for the particular subroutine in Section 7. 
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TABLE 3 

SUM21~RY OF VALUES OF IERR 

IERR 

i, INi~N 

N+i, 2AiSN 

2N+i, 2~iAN 

3N+I 

SUBROUTINES 

CG,CH,COMLR~ 
COMLR2,COMQR, 
COMQR2,HQR, 
HQR2,1MTQLV, 
IMTQLI,IMTQL2, 
RG,RS,RSP,RST, 
RT,TQLRAT, 
TQLI,TQL2 

FIGI,FIGI2 

BAKVEC, 
FIGI2 

BISECT, 
TRIDIB, 
TSTURM 

EISPAC 
MESSAGE 

00 

Ol 

02 

03 

SIGNIFICANCE OF THE ERROR 

th 
The calculation of the i 
eigenvalue failed to converge. 
If CG, COMLR, COMLR2, COMQR, 
COMQR2, HQR, HQR2, or RG was 
being used, the eigenvalues 
i+l,i+2,...,N should be 
correct; otherwise, the eigen- 
values 1,2,...,i-i should be 
correct. In neither case are 
any eigenvectors correct. 

For a real non-symmetric tri- 
diagonal matrix (aij), the 

product of ai,i_ 1 and ai_l, i 

is negative, violating the re- 
striction for special tri- 
diagonal matrices discussed in 
Sections 2.1.19-2.1.22. No 
useful results are produced. 

For a real non-symmetric tri- 
diagonal matrix (aij) , one but 

not both of ai,i_ 1 and ai_l, i 

are zero. If FIGI2 was being 
used, no useful results are 
produced. If BAKVEC was being 
used, the eigenvalues computed 
earlier are correct, but the 
eigenvectors are not correct. 

If BISECT or TSTURMwas being 
used, the parameter MM specified 
insufficient storage to hold all 
the eigenvalues in the interval 
(RLB,RUB). The only useful re- 
sult is M, which is set to the 
number of eigenvalues in this 
interval. If TRIDIB was being 
used, it is not possible to 
compute exactly M eigenvalues 
(starting from the Mll-th) be- 
cause of exact multiplicity at 
index MII. No useful results 
are produced. 
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IERR 

3N+2 

4N+i, l~i~N 

5N+i, l~i_<M 

6N+I 

-i, l~i~N 

-N-i, l~i-<N 

TABLE 3 (Contd.) 

SUMMARY OF VALUES OF IERR 

SUBROUTINES 

TRIDIB 

EISPAC 
MESSAGE SIGNIFICANCE OF THE ERROR 

TSTURM 

RATQR 

RATQR 

CINVIT, 
INVIT, 
TINVIT 

C INV IT, 
INVIT 

04 

05 

06 

50 

50,52 

It is not possible to compute 
exactly M eigenvalues (starting 
from the Mll-th) because of 
exact multiplicity at index 
MII+M-I. No useful results are 
produced. 

The calculation of the i th eigen- 
vector failed to converge. The 
eigenvalues 1,2,...,i-i and 
corresponding eigenvectors 
should be correct. 

The calculation of one or more 
of the eigenvalues including the i th 
value failed to converge. All 
eigenvalues probably have some 
accuracy, but no stronger state- 
ment can be made. 

The input matrix was specified 
as positive or negative definite 
(IDEF=±I) but the subroutine does 
not find it so; the subroutine 
should be re-entered specifying 
IDEF=0. No useful results are 
produced. 

The calculation of one or more of 
the eigenvectors including the i th 
vector failed to converge; these 
vectors are set to zero. These 
failures may be caused by insuffi- 
cient accuracy of the corresponding 
eigenvalues. All non-zero eigen- 
vectors and their corresponding 
eigenvalues should be correct. 

Both the error above (non- 
convergence) and the error below 
(insufficient storage) occurred 
with their respective results. 
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IERR SUBROUTINES 

-2N-I CINVIT, 
INVIT 

-3N-i, 2~i~N FIGI 

TABLE 3 (Contd.) 

SUMMARY OF VALUES OF IERR 

EISPAC 
MESSAGE SIGNIFICANCE OF THE ERROR 

52 The parameter MM specified in- 
sufficient columns to hold the 
selected eigenvectors. All eigen- 
values and the first M columns of 
(ZR, ZI) or of Z should be correct. 

For a real non-symmetric tridiagonal 
matrix (aij), one but not both of 

ai,i_ 1 and ai_l, i are zero. This 

does not jeopardize the calculation 
of the eigenva!ues but invalidates 
any eigenvectors computed in this 
path. The error~ therefore~ acts 
here as a warning but becomes a 
path-terminating error in BAKVEC if 
it is subsequently called. (No error 
message is triggered here from EISPAC, 
but error message no. 02 will finally 
result if the VECTOR parameter has 
been supplied.) 
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Section 2.3.9 

EXAMPLES ILLUSTRATING THE USE OF THE EISPACK SUBROUTINES AND THE CONTROL PROGRAM 

We illustrate the use of Section 2 in preparing two programs to solve 

the same eigenproblems, one program calling the EISPACK subroutines directly 

and the other using the control program EISPAC. The problems are to find the 

eigenvalues in the interval (0,3) and the corresponding eigenvectors of two 

real symmetric matrices of orders 3 and 4, chosen to exhibit, respectively, 

normal and abnormal path termination. The purpose of choosing these problems 

is to illustrate the use of this publication in following a somewhat compli- 

cated path; in practice, for such low order matrices, it is probably easier to 

use the paths that compute the complete eigensystem. 

The two sample programs are complete in that they contain input and out- 

put statements; the data for each case and the computed results accompany the 

program listing. For both programs, it is assumed that the EISPACK subroutines 

are available in compiled form and that appropriate control cards are provided. 

Note that the EISPAC sample program also assumes that the compiled form of 

EISPAC is available, and may require additional control statements that point 

to EISPAC and the EISPACK subroutines. 

The EISPACK sample program is written in standard single precision 

Fortran IV, while the EISPAC sample program is written in IBM's long precision 

Fortran IV. Both programs use Fortran logical unit 5 for input and Fortran 

logical unit 6 for output. 

For these sample programs, we assume more generally that the order of 

the input matrix will not exceed 20 and that the number of eigenvalues in the 

interval (0,3) will not exceed 3. Thus the integer constants ~ and ~ dis- 

cussed in Section 2.1 have the values 20 and 3 respectively. 

115 



2.3-34 

Given the above eigenproblems, we are directed by Table 1 to Section 

2.1.13. There, the appropriate calls to the EISPACK subroutines and to 

EISPAC are displayed. Dimensions for the array variables in the sample pro- 

grams depend upon ~ and mm and hence from the above discussion, the 

declaration statements must be 

workir~precision A(20,20),W(3),Z(20,3) 

working precision FVI(20),FV2(20),FV3(20),FV4(20),FV5(20),FV6(20), 

FV7(20),FVS(20) 

INTEGER IV1(3) 

To communicate these dimensions to the EISPACK subroutines and to EISPAC, the 

parameters NM and MM are set to 20 and 3 respectively. Finally, variables 

RLB and RUB are set to 0.0 and 3.0 respectively, specifying the interval to 

be searched for the eigenvalues° 

The matrices are read row-wise from unit 5 and printed row-wise on unit 

6. The first sample matrix has one eigenvalue in the interval (0,3), which 

with its corresponding eigenvector are printed on unit 6. The second sample 

matrix has more than three eigenvalues in (0,3) and the path is terminated 

after BISECT with IERR set to 13 = 3N+I. For this matrix, the EISPACK sample 

program distinguishes this error at statement 99999 from other possible 

errors~ prints the appropriate message on unit 6 and continues execution 

(until a matrix of order zero is specified on unit 5). The EISPAC sample 

program also distinguishes this error value from other possible error values, 

prints a message numbered 03 on unit 6 and terminates execution. (See 

Section 2.3.7 for use of the ERROR keyword parameter to continue execution.) 
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LISTING OF THE EISPACK SAMPLE PROGRAM 

C 
C 
C 

C 

C 

SAMPLE PROGRAM ILLUSTRATING THE USE OF THE EISPACK SUBROUTINES. 

THIS PROGRAM READS A REAL SYN~METRIC MATRIX A FROM FORTRAN 
LOGICAL UNIT 5 AND COMPUTES EIGENVALUES W IN THE 
INTERVAL (0,3) AND THE ASSOCIATED ORTHONORMAL EIGENVECTORS 
SEE SECTION 2.1.13. 

Z. 

REAL SYMMETRIC MATRIX Aj NO LARGER THAN ORDER 20. 
REAL EIGENVALUES W, AT MOST 3 OF THEM. 
ORTHONORMAL EIGENVECTORS Z, AT MOST 3 OF THEM. 

REAL A(20,20),W(3),Z(20,3) 
REAL RLB, RUB, EPS1 

TEMPORARY STORAGE ARRAYS. 

REAL FVI(20),FV2(20),FV3(20),FV4(20),FV5(20),FV6(20), 
+ FV7(20),FV8(20) 
INTEGER IV1(3) 

ROW AND COLUMN DIMENSION PARAMETERS ASSIGNED. 

NM = 20 
MM= 3 

READ IN THE REAL SYMMETRIC MATRIX OF ORDER N ROW-WISE. 

10 READ(5,20) N 
20 FORMAT(I4) 

IF (N .LE. 0) STOP 

DO 40 I = i, N 
READ(5, 30) (A(I,J),J=I,N) 

30 FORMAT(4Ei6.8) 
40 CONTINUE 

WRITE(6,50) N 
50 FORMAT(///23H ORDER OF THE MATRIX IS, 14//16H MATRIX ELEMENTS) 

DO 70 I = I, N 
WRITE(6,60) (A(I,J),J=I,N) 

60 FORMAT(1X, 1P4E16.8) 
70 CONTINUE 

INITIALIZE THE INTERVAL (RLB, RUB). 

RLB = 0.0 
RUB = 3.0 
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LISTING OF THE EISPACK SAMPLE PROGRAM (Contd.) 

90 

THE FOLLOWING PATH IS COPIED FROM SECTION 2.1.13. 

CALL TREDI(NM, N,A, FV1, FV2, FV3) 
EPSI : 0.0 
CALL BISECT(N, EPSIp FVI, FV2, FV3, RLB, RUB, MM, M, W, IVl, IERR, FV4, FV5) 
IF (IERR .NE. 0) GO TO 99999 
CALL TINVIT(NM, N~ FV1, FV2, FV3,M, W, IV1, Z, IERR, FV4, FV5, FV6, FV7, FVS) 
IF (IERR .ME. 0) GO TO 99999 
CALL TRBAK I(NM, N, A, FV2, M, Z) 

PRINT THE M EIGENVALUES AND CORRESPONDING EIGENVECTORS. 

IF (M .EQ. 0) GO TO 88888 
WRITE(6,90) M 
FORMAT(/47H NUMBER OF EIGENVALUES IN THE INTERVAL (0,3) IS,14) 

DO ii0 I = i, M 
WRITE(6,100) W(I ) , (Z(J , I ) ,J=I ,N)  

100 FORNAT(/11H EIGENVALUE/1X, 1PE16.8//14H CORRESPONDING, 
+ 12H EIGENVECTOR/(1X, 3E16.8)) 

110 CONTINUE 

C 
C 
C 
88888 
88100 

C 
C 
C 
99999 

GO TO 10 

THERE ARE NO EIGENVALUES IN (0,3). 

WRITE(6,88100) 
FORMAT(43HONO EIGENVALUES OF A IN THE INTERVAL (0,3).) 
GO TO i0 

HANDLING OF IERR PARAMETER 

IF (IERR .GT. 0) GO TO 99200 
IERR = -IERR 
WRITE(6,99100) IERR 

99100 FORMAT(52HOAT LEAST ONE EIGENVECTOR FAILED TO CONVERGE, NAMELY, 15) 
GO TO 10 

C 
99200 WRITE(6,99300) M 
99300 FORMAT(/35H NOT ENOUGH SPACE ALLOCATED FOR THE, 14, 

+ 35H EIGENVALUES IN THE INTERVAL (0,3).) 
GO TO 10 
END 
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LISTING OF THE EISPAC SAMPLE PROGRAM 

SAMPLE PROGRAM ILLUSTRATING THE USE OF THE CONTROL PROGRAM EISPAC. 

THIS PROGRAM READS A REAL SYMMETRIC MATRIX A FROM FORTRAN 
LOGICAL UNIT 5 AND COMPUTES EIGENVALUES W IN THE 
INTERVAL (0,3) AND THE ASSOCIATED ORTHONORMAL EIGENVECTORS 
SEE SECTION 2.1.13. 

Z. 

REAL SYMMETRIC MATRIX A, NO LARGER THAN ORDER 20. 
REAL EIGENVALUES W, AT MOST 3 OF THEM. 
ORTHONORMAL EIGENVECTORS Z, AT MOST 3 OF THEM. 

REAL*8 A(20,20),W(3),Z(20,3) 
REAL*8 RLB, RUB~EPS1 

ROW AND COLUMN DIMENSION PARAMETERS ASSIGNED. 

NM=20 
MM=3 

READ IN THE REAL SYMMETRIC MATRIX OF ORDER N ROW-WISE. 

10 REJ~D(5,20) N 
20 FORMAT(I4) 

IF (N .LE. 0) STOP 

DO 40 I = 1, N 
READ(5,30) (A(I,J),J=I,N) 

30 FORMAT(4D16.8) 
40 CONTINUE 

WRITE(6,50) N 
50 FORMAT(///23H ORDER OF THE MATRIX IS,14//16H MATRIX ELEMENTS) 

DO 70 1 = 1, N 
WRITE(6,60) (A(I,J),J=I,N) 

60 FORMAT(1X, 1P4D16.8) 
70 CONTINUE 

INITIALIZE THE INTERVAL (RLB,RUB). 

RLB = 0.0D0 
RUB = 3.0D0 

THE FOLLOWING CALL IS COPIED FROM SECTION 2.1.13. 

CALL E I SPAC(NM, N, MATRI X( ' REAL ' ,A, ' SYMMETRIC ' ), 
+ VALUES(W,MM, M, RLB, RUB),VECTOR(Z)) 
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LISTING OF THE EISPAC SAMPLE PROGRAM (Contd.) 

C 
C PRINT THE M EIGENVALUES AND CORRESPONDING EIGENVECTORS. 
C 
C ARE THERE ANY EIGENVALUES IN (0,3)? 
C 

IF (M oNE. 0) GO TO 90 
C 
C NO. 
C 

WRITE(6,80) 
80 FORMAT(43HONO EIGENVALUES OF A IN THE INTERVAL (0,3).) 

GO TO 10 
C 
C YES. 
C 

90 WRITE(6pI00) M 
100 FORMAT(/47H NUMBER OF EIGENVALUES IN THE INTERVAL (0,3) IS,14) 

C 
DO 120 I=1, M 

WRITE(6,110) W(1) , (Z (J , I ) , J= I ,N)  
110 FORMAT(/11H EIGENVALUE/1X, 1PD16.8//14H CORRESPONDING, 

+ 12H EIGENVECTOR/(1X,3D16.8)) 
120 CONTINUE 

C 
GO TO i0 
END 
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DATA FOR THE SAMPLE PROGRAMS READ FROM UNIT 5 

3 
-i.0 1.0 -i.0 
1.0 1.0 -i.0 

-I.0 -i.0 1.0 
4 

1.875 -0.5 0.375 
-0.5 2.25 -0.25 
0.375 -0.25 2.125 

-0.25 -0.375 -0.125 
0 

-0.25 
-0. 375 
-0.125 
2. 125 
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