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I. Introduction. 

The Kalman filtering theory starts from the following internal 

description of the signal y(.) to be filtered : 

~(k + i) : Px(k) + v(k), (I) 

y(k)  = m ( k )  + w(k) .  (2) 

Here, x(k) E Rn, y(k) E R m, (v', w 'y') (I) is a white noise of appropriate 

dimension, characterized by (vl CI 
= (v' (k)w' (1)) = , 6kl. \w(k) 

F, H, Q, S and R are constant matrices, F is asymptotically stable, 

Q = LL' with (3, L) completely contro~able, and R is assumed 

positive definite (regular case). 

On the other hand, Wiener filtering theory starts from the 

following external description of the process : 

! 

A k = ~[y(k + 1)y (i)] (3) 

The A k can be directly measured from a realization of y(.) provided 

the signal process is ergodic. 

The aim of Gauss Markov identification is to fill the gap between 

the two approaches. More precisely, the object is to be able to construct 

the Kalmanfilter of a process knowing only its external description. One 

approach whould be to use classical Wiener filtering techniques, and then 

find an internal description of the filter obtained. The obstacle there 

is the spectral factorization which turns out to be difficult to perform 

for a matrix spectrum. 

The alter~ate approach is to find an internal representation of 

the process, and then compute the Kalman filter via classical means. The 

drawback of this method was that two algebraic matrix Riccati equations 

(I) a prime on a vector or matrix means "transposed". 
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had to be solved : one to find the internal description, one to compute 

the filter gain. FAURRE [4] has shown that this number can be reduced 

to one by finding precisely the filter as one particular internal 

representation of y. As a matter of fact, it was pointed out by NEHRA 

[7] that the filter can be written as 

~ ( k  + ~) = ~ ( k )  + mq(k) (4) 

y(k)  = I~ (k )  + q(k)  ,(5) 

and it is known that the innovation process q(k) is white. What is 

often sought is the Wiener estimate ~ = H~. 

In this paper, we give a new way of finding the filter from the 
! 

A k s, or more precisely from the spectrum of y : 

AkZ-k r(~) = ~. .~ (6) 

We carry out all the analysis in discrete time as it is the 

formulation which is computationally usefull, but it carries over to the 

continuous case (it is only simpler). Let us point out also that by 

duality it applies to the linear quadratic stable regulator problem. 

See [ I ] ,  [ 8 ] .  

2. Spectrum of y(.). 

It is well known that the link between (I) (2) on one hand and 

(3) on the other, is given, using 

(7) 

which is computed through (9), and 

= ~ [ x ( k  + t )y '  (k) ] ,  
which i s  u s u a l l y  de f ined  by (10) ,  by the equat ions  : 

p - PPF = Q, 

G - PPH = S, 

! 

A ° - HPH = R, 

A k - HFk-IG = 0 , k ~ I 

(8) 

(9) 

(1o) 

(11) 

(12) 
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A k depends only on H, F and G. Therefore, for fixed Ao, H, F, G, 

placing various non negativ e definite P's in (9), (10), (]]), we obtain 

various triples (Q, S, R) that all give the same external description. 

All these models will be termed "equivalent". 

Such a model has a meaning only if P is smch that the resulting noise 

covariance matrix built with (Q, S, R) is non negative definite. However, 

one can show that the filter can be computed from any of these models 

(meaningfull or not), and that all have the same filter. (i.e. the same 

gain T in (¢)). 

From (12), it is clear that th~ spectrum F(z) of y can be 

written 

= G'(~I F' r(z) A ° + i(zl - F)-I~ + - )-IH' (13) 

DEFINITION. A triple (H, F, G) satisfying (13) is called an addilive 

re~lizai~on of F. It is said minimal if the dimension of F is mini- 

mal among all such realizations. 

F being, by hypothesis, asymptotically stable, the additive decompo- 

sition of r is unique, with the flrst term constant, the second realiza- 

ble aud the third autirealiZable. Then, it follows from classical reali- 

zation theory [ 6 ] that all minimal realizations are identical up to 

a change of basis in the state space. 

The result on which the new algorithm is based is the following : 

THEOREm. There exists a minimal additive realization 
' - 1  r (z) with 

i = ~  

(~, ~, ~) of 

COROLLARY. The matrix F ~ TH is asymptot±cally stable iff the inverse 

of the spectrum has no pole on the unit circle. 

For a proof of the theorem, see [2] which gives a more complate account 

of the present theory and [I]. The corollary follows immediately. 

. Algorithms 

! 

A l l  a l g o r i t t k r a s  f i r s t  i n v o l v e  e v a l u a t i o n  o f  t h e  A k s .  An e f f i c i e n t  
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way of doing so is via the spectrum F(e its) for discrete values of ~ . 
! 

(And using fast POURIER transforms : FFT's). Then, from the A k s , 

a standard realization algorithm yields H, F and G (see [5], [3]. 

The algorithm we propose is to invert F(e iTs) for all values 

of ~ . Then, do a ~FT , obtain a sequence Vk, and a realization 

algorithm as previously. Obtain matrices H and ~ . If a filter for 

x were sought this would suffice : 

--! 

~(k + I) : ~'x(k) + H y(k) 

However, x has no meaning of its own, and is defined up to a change 

of basis. Thus we want ~ = H~ . BU% if we have realized both the 

sequence A k and V k , the matrices obtained are usually not in the 

same basis. We must therefore match these bases. Having obtained the 

two realizations, there exists a non singular matrix M such that 

--! 

F = ~/I(!~ - TH)~6 "I  (14) 

--$, 

H = M T  (.~) 

Hence knowing H, F, H and ~, we can compute M : 

M - ~ = - H H (16) 

This is a linear equation for M Then T can be obtained from (15). 

Germain, of IRIA, pointed out to us that when y is scalar, we can 
! ! 

dispense with this equation by realizing both the V k s and the A k s 

in companion form (which Rissanen's algorithm does). Then, the coefficient 

of T is just the difference of those in F and ~ (It might be 

possible to do the same thing for the multivariable case, using an appro- 

priate canonical form). 

4. Conclusion. 

The main contribution of this paper, as we see it, is to show 

that the algebraic Riccati equation, or a substitute, is by no means 

a necessary tool apart from standard spectral facterizaticn. 

Now, it is interesting to discuss the relative merits of this 

algorithm as compared to FAUP~RE's [4], which is discussed in parallel 

i~  [2 ] .  
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! 

Its drawbacks are the need for three FPT s instead of two, and 

two realization algorithms instead of one. However these are extremely 

performing algorithms, and it is not a very serious problem. Another 

drawback is the necessity to match the bases. We have seen that this 

could be improved upon. 

The good point is replacing the Riccati equation by a sequence of 

matrix i~versions. Notice that the Riccati equation involves a matrix 

inversion of the same dimension at each step. But this is nothing as 

compared to the real numerical difficulties associated with this equation, 

as is well ~own in the literature. And it is of dimension n, larger 

that the dimension m of F 

Therefore, one should expect that the new algorithm is more effi- 

cient every time the dimension of the state vector is large as compared 

to that of the signal. 
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