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Definition l.l.1 

An operator domain is a set ~ with a mapping a : ~ + N; 

the elements of ~ are called operators, and if ~, then a(~) 

is called the arity of ~. If a(~) = n, we say that ~ is an 

n-ary operator. We write ~(n) = {~e~la(~) = n}. 

Definition 1.i.2 

Let A be a set and g an operator domain, then an 

~-algebra structure on A is a family of mappings ~(n) ÷ A An, 

Thus with each ~e~(n) we associate an n-ary operation on A 

: An÷A 

lIEN. 

Definition 1.1.3 

The set A with an ~-algebra structure on A is called an 

~-algebra and is denoted by (A,~) or A . 

A is called the carrier of A~. 

Definition 1.1.4 

For any ~-algebra A~ and any ~(n), the application of 

to an n tupple (al,a2,...,a n) from A gives an element of A. 

We write this clement in postfix Polish notation a I a 2 ... an~. 

If n=0, then this means that ~eA. These ~'s are called 

constant operators. 

*An extract from the author's thesis: 

"ON THE ALGEBRAIC FOUNDATIONS OF DEVELOPMENTAL SYSTEMS". 
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In what follows, we assume a fixed ~ structure 

throughout, and will omit sometimes the subscript ~. 

Definition 1.i.5 

Given ~-algebras A n and B~, a mapping f : A+B and 

~eQ(n), we say f is compatibl e with w, if for all al,...,a n cA 

f(al)f(a2)...f(an)~ = f(ala2...an~). 

If f is compatible with each ~c~, then f is said to be a 

homomorphis m from A to B. 

Definition i.i.6 

Given any two ~-algebras A~ and B~, we say that BQ is a 

sub-algebra of A~ if B<A i.e., if the carrier of B~ is a 

subset of the carrier of A~. 

Definition 1.1.7 

Given a family (Ais)i~I of ~-algebras, ~- Ai~ , the 
iai 

associated direct product is defined as follows. 

Let P be the Cartesian product of the A's with 
z 

projections K : P +A., then any element ps P is uniquely 
l 1 

determined by its components K. (p) and any choice of elements 
l 

(a aA ) defines uniquely an element ps P by K (p) = a 
i l iel l l 

for all ia!. Consequently if pl,P2 .... 'Pn a P and ~s~(n), we 

can define plP2...pn~ by the formuli 
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Ki(plP2...pn~) = Ki(Pl)Ki(p 2) ...Ki(Pn)~ for all i ~ I 

This procedure defines an ~ structure on P simply by doing 

all operations componentwise. Consequently we have 

Theorem 1.1.7 

Direct product of ~-algebras is an £-algebra. 

We note that the A. 's need not be distinct and that the 
1 

projections are homomorphisms. 

Definition 1.1.8 

Let ~ be an operator domain and let ~ be a shadow 

alphabet representing the operations of ~, let X be an 

auxiliary alphabet disjoint from ~. X is called the 

alphabet of free variables. We define the language of the 

~-words, W~(X), as the following subset of (XU ~)~ 

i. If w~(0) , allen ~W (X) . 

2. If xsX, then x £ W~(X) . 

3. If al,a2,...,an cW~(X) and ~s~(n), then ala2...an~£ W~(X). 

4. Nothing else belongs to W£(X) unless its being so follows 

from a finite nu~Lber of applications of the set of rules 

1,2 and 3. 
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Definition 1.1.9 

Let X and ~ be giyen as in Definition 1.1.8, then we 

define an n-algebra (n, (XU ~)*) as follows 

for any al,a 2 ..... a n ~ (XU~)* and any men(n) 

m(al,a 2 .... ,a n ) = ala2...an~. 

Theorem i.i.i0 

The a-words W~(X) for a given set X, form an a-algebra 

the subalgebra of (n,(XU ~)*) generated by X. 

Proof: 

By Definition 1.1.8, the language of ~-words is closed 

under the ~ operations and is generated by X. 

Consistent with this theorem, we have the following. 

Definition l.l.ll 

The a-algebra of the set of S-words W~(X) 

a-word algebra. 

Definition 1.l.12 

is called an 

Given the set of a-words WQ(X), we define the following 

relation <~< over W~(X), called the ~-subword relation, 

i) For all nsN and all aie W (X)p 1 ! i ~ n, if ~s~(n), then 

a.! <~< b iff ala 2...an~ = b. 
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Furthermore, 2) for all a,b,c ¢ ~(X) 

a <~< a and 

3) if a <~< b and b <~< c, then a <~< c. 

i.e., <£< is the reflexive transitive closure of the relation 

defined by i). 

If a <£< b, then we say that a is an ~-subword of b. 

Definition 1.1.12.1 

We define a mapping h : W~(X) ÷ N as follows 

h(~) = 0 for each ~£(0) 

h(x) = 0 for each x s X 

h(ala2...an~) = l+max {h(ai) I l<i<n} 

where wEn(n) and a £W n(x) . 

We call h(a) the height of the R-word ao 

These definitions allow us to represent ~-words as 

ordered, labelled rooted trees, the free variables and nullary 

operators are the leaves of the tree, the other a-operators 

are the labels of the internal nodes. If ~ e ~(n), then n 

branches are eminating from the node labelled by w. The 

right-most operator labels the root of the tree, and the 

distinction between free variables and nullary operators is 

only nominal. The reader is encouraged to draw ~-words as 

trees in the examples. 
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Definition 1.1.12.2 

Let v be an ~-word of W~(X), then we define a 

correspondence £v from the ~-subwords of v into the 

non-negative integers as follows 

£v(V) = 0, and for any ~-subwords b and ai; b,a i <~< v, 

£v(ai) = l+£v(b) if ala2..ane = b, for all i° l~i<_n, and 

all mE~(n). 

We note that Zv is not necessarily functional, since 

different occurrences of the same S-subword may have 

different values. We say that a certain occurrence of 

an ~-subword u of v is on level n if ~v(U) = n. 

The following standard theorems are stated without 

proof. 

The reader is encouraged to consult any of the following 

excellent introductory reference texts: 

A.G. KUROSH, Lectures on General Algebra, Chelsea (1963, 1965). 

P.M. COHN, Universal Algebra, Harper-Row (1965). 

Our notational conventions are chosen in attempt to 

parallel Cohn's symbolism, whose work is remarkably impressive 

for clarity and consistency. 
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Theorem 1.1.13 

For any X and Y the corresponding £-algebras are 

isomorphic, W~(X) = W£(Y), iff the cardinalities of X and Y 

are the same. 

Theorem i.i.14 

The composition of homomorphisms ~-algebras 

f : A~ ÷ B e and g : B~ ÷ CR is a homomorphism fog : Ae ÷ C . 

Theory 1.1.15 

The image of a homomorphism f : A~ ÷ B~ is a D-subalgebra 

of B~. 

Definition 1.1.16 

An equivalence relation on an R-algebra A~ which is also 

a subalgebra of A£×A~ is called a congruence relation on A S • 

Theorem 1.1.17 

Let A be an ~-algebra and p a congruence relation on A , 

then there is a homomorphism natp : A~ ÷ (A/p,~). 

Definition 1.1.18 

The a-algebra (A/p,~) is called the quotient algebra of 

A n by p. 
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Theorem 1.1.19 

For any ~-algebras A,B and any generating set X of A, 

a homomorphism h of A into B is uniquely determined by its 

restriction hlX. 

Theorem 1.1.20 

e 

Let A~ be any n-algebra and X any set, then any mapping 

: X ÷ A may be uniquely extended to a homomorphism 

: W~(X) ÷ A m. 

Theorem 1.1.21 

Any ~-algebra A is a homomorphic image of an ~-word 

algebra W~(X) for some set X. 

Definition 1.1.22 

F, a symmetric set of designated pairs of ~-words in the 

n-word algebra W~(Y), is called a set of identical relations 

that hold in W~(X). 

£ ~W~(Y) × W~(Y), (Wl,W 2) E £ is written as Wl=W 2. 

Two L-words v and u in WD(X) are called equivalent with 

respect to F, v =F= u, iff there is a finite sequence of 

transformations v i ÷ vi+ 1 i=l,...,n-i : v=v I and u=v such that 

there are L-words Pi and qi' ~-subwords of v i and vi+ 1 

respectively, Pi <n< v i and qi <~< Vi+l' and vi+ 1 is obtained 

from v i by replacing Pi by qi' furthermore, Pi and qi are the 
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homomorphic images of w I and W 2 respectively under an 

arbitrary map h i : Y + W~(X) extended to a homorphism, 

where (Wl,W2) ~ £. 

Theorem 1.1.23 

For any ~-word algebra W~(X) and any set of identical 

relations F ~ W~(X) × W~(X), the relation =£= is a congruence 

relation on W~(X). 

Proof : 

Obviously =~F= is an equivalence relation, but since the 

rel~tion <S< is transitive and since subwords may be replaced 

by equivalent subwords, it is also a congruence relation. 

In fact, let a i =F= b i for all i, l<_i<_n, then to show that for 

any e~(n), al...an~ =F= bl...bn ~, we are required to show 

that there is a finite sequence of transformations from 

a l...ane to b l...bn~. Suppose the length of the sequence of 

transformation from a i to b i is mi, then the length of the 
n 

required sequence of transformations is at most [ m.. 
i=l 

Definftion i.I. 24 

W(~,X,F) which denotes the factor algebra (W~(X)/=F:,Z) 

(or any algebra isomorphic to it), is called the free 

~-algebra of the variet Y F generated by X. 

Note the generahors of this algebra are the sets of =F= 

equivalent words, equivalent to the elements of X. 
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In practice; when £ is understood, =£= is written simply 

as =. 

Example 1.1.25 

Consider the following free ~-algebra GdI, GdI=W(~,X,£), 

where 

e(i) = % for all i+2 

( 2 )  = { o }  

X = {a} and F=~ 

Gd I is called the free groupoid generated by a singleton. 

The following are the first few elements of Gd ! ordered 

lexicographically, within length and height. 

a 

aao 

aaoao 

aaaoo 

aaoaaoo 

aaoaoao 

aaaoaoo 

aaaaooo 

Example 1.I.26 

Consider the f o l l o w i n g  f r e e  a - a l g e b r a  Sg 1. 
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Sg I = W(e,x,r), 

where 

~(i) = % for all i~2 

(2) = {o} 

X = {a} and £ = {xyozo = xyzoo} 

Sg I is called the free semigroup generated by a singleton. 

The following are the first few elements of Sg I in normal 

form ordered by length. By normal form we mean here the 

highest form in the lexicographical order among equivalent 

e-words representing an element of Sg I. 

a 

aao 

aaaoo 

aaaaooo 

We may note that aaaoo = aaoao are equivalent forms 

and so are 

aaaaooo = aaaoaoo = aaoaoao = aaoaaoo. 

To show the equivalence of the first and last elements in 

the chain, we use the map h. h(x) = a,h(y) = ~h(z) = aao. 

Example 1.1.27 

G 
P2 

Consider the following free ~q-algebra G 
P 
2 

: w(e,x,r) , where 
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n (0) = {l} 

(i) = {-1} 

~(2) = {o} 

(i) = # i>2 

X = {a,b} 

F = {xyozo = xyzoo, xx-lo = 1, 

x-lxo = I, x!o = x, ixo = xt 

x-ly-lo = yxo ~I, x -I-I = x} 

Gp is the free group generated by two elements. F is not 

2 

minimal, but a convenient set of identical relations for 

a free group. 

The following are the first few elements of G in 
P2 

normal form ordered lexicographically within length. 

l,a,b,a-l,b -I, 

aao,abo,bao,bbo, 

ab-lo, a-lbo ,ba- Io, b- lao, 

a- la-!o, a-lb- io ,b-la-lo,b- lb- lo, 

aaaoo, aaboo, .... 

By normal form we mean here the highest form in the 

lexicographical order among equivalent ~-words of minimal 

length. 
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Definition 1.2.1 

Given a set A, we consider the set of all finitary 

operations on A, denoted by a(A), 

A n 
(A) : U A = U a n(A) 

n~N n~N 

where the set of n-ary operations on A is denoted by 

~n(A) ' ~n(A) = A An. 

We define the composition of ~l,m2,...,mm with ~ as an 

n-ary operation, 8, for each el,m2,...,mm ~ an(A) and 

g am(A) as follows 

6 : An +A 

~(x) = (Xml) (xm2)''" (x~m)m for each x~A n. 

Any ordered set of operations, whose arities obey the 

requirement for composition is said to be conforming. We 

define for all n > ~ n n-ary operations in an(A), namely 

Knl,Kn2,...,Knn, where for any given i, l~i<n 

A n 
Kni : ÷ A 

Kni (a l,a 2 .... ,a i,---a n ) = a i 
for all aj E A, l<j<n. 

selects the i-th element in an n-tuple of elements of A. 
[ni 
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Kni is called the i-th component projection of an n-tuple. 

{Kni I l<i<n} is called the set of n-ary projection operators. 

A set 6 of operations on A is called a closed set of 

operations on A, or a clone on A in short, if and only if 

contains the projection operators and the conforming 

ordered subsets of ~ are closed under composition. 

Example 1.2.2 

~(A) is a clone, an(A) is a clone. 

Definition 1.2.3 

Let A be an Z-algebra, then the clone generated by the 

~-operators on A is called the clone of action of 9 on A. 

Theorem 1.2.4 

Let A be an m-algebra and 8 the clone of action of Z 

on A, let xs A n and 6 the set of n-ary operators in ~, then 
n 

({x~l~ ~ Bn}, ~n ) is the Z-subalgebra generated by the 

entries of x. 

Proof: 

The n-ary projection operators will provide the generators 

and the operations in 8 will provide the ~-algebra structure, 

the composition of the n-ary projection operators with elements 

of ~ are the set of all n-ary operators in ~. 



272 

We may see this in a different form in the following. 

Theorem 1.2.5 

Let ~ be an operator domain, let n ~ N +, let W~(X) be 

an ~-word algebra generated by X = {Xl,X2,...,Xn}, let 8 

be the clone of action of ~ on X, let E n be the vector of 

n-ary projection operators on X, namely 

~n = (~nl,Kn2,-'-,Hnn) " 8(Kn) then 

denotes the set of n-ary operations that can be obtained from 

Kn by repeated compositions of the projections and the 

operations in ~, furthermore, there is an isomorphism between 

the elements of W~(X) and 8(~n). 

Proof: 

Let us define a mapping ¢ from the elements of W~(X) to 

the operations in 8(~n), and show that this mapping is an 

isomorphism. 

i) ~(xi) = ~ni = Eni(~n ) 

Since the arity requirement for composition of operators in 

are the same as the arity requirement for forming ~-words, we 

may proceed inductively on the height of S-words as follows: 
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Suppose ¢ is defined for Yk" the [~-words of height 

less than k, so that ~(y) s 6(~ n) for each y s Yk" Consider 

an a-word x of height equal to k such as x = ylY2...ym~, 

where ~ £ 9(m). The Yi'S are of height less than k, 

therefore, by hypothesis, each %(yi ) e 6(~ n) and 

¢(yl ) , %(y2) ..... %(ym ) with ~ form a conforming ordered 

subset of operations, therefore we may define in K 
n 

2) ~(x) = e(%(yl ) , %(y2 ) ..... ¢(ym )) 

Since i) defines ~ for a-words of height O, the induction is 

complete. 

From i) and 2) it is clear that ¢ is a homomorphism. 

Clearly every 9 operation can uniquely be so simulated and 

the composition of functions with a projection operator will 

not produce an additional function therefore ¢ is an isomorphism. 

The following example is included simply to show an 

instance of the isomorphism and to make the notation more 

familiar.. 
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Example 1.2.5 

Let an e-word algebra WR(X) be given as follows: 

X = {a,b} 

(0) = ¢ 

~(i) = {.,-i} 

(2) = {o} 

~(i) = # for i>2 

Let H21(a,b) = a and H22(a,b) = b. 

Consider the ~-word 

x = abo-la.o. 

¢(x) = ¢(abo-la.o) = o(¢(abo-l), ~(a.)) = 

= o(-l(¢(abo)), .(¢(a))) = 

= o(-l(o(#(a), ¢(b)), .(n21(a,b))) = 

= o(-l(o(H21(a,b) , H22(a,b)) , *(H21(a,b))) 
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A few remarks at this point are in order. First of 

all, in Theorem 1.2.5 the concept of an isomorphism is 

used in the relaxed sense that the parsing tree of the 

~-word x is graph theoretically isomorphic to the composition 

tree of the operators in ~(x), as labeled ordered rooted 

trees. 

Secondly, the operation #(x) is an n-ary operation from 

(XU R),n ÷ (XUn)*, where X = {Xl,X 2 ..... Xn}, 

Thirdly, Theorem 1.2.5 is simply the formal notion of 

the operation of substitution for the free variables in a 

given ~-word. 

On the basis of these remarks, we adopt the following: 

Definition 1.2.6 

Let x be an ~-word in the ~-word algebra W~(X), where 

X = {Xl,X2,...,Xn}. We denote the value of the n-ary 

operation ~(x), ~(x) : (X~)*n ÷ (xU n)*, given in the 

proof of Theorem 1.2.5 as 

X(Zl,Y2,...,Zn) for any n-tuple (Zl,...,y n) of strings in 

(XO ~)* and any x £ W~(X). This convention identifies the 

word x with the operation it represents as a substitution 

formula. 
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Example 1.2.6 

Following Example 1.2.5, we obtain 

x = abo-la*o 

x(a,b) = abo-la*o 

x(a,a -I) = aa-lo-la*o 

x(a-l,abo) = a-laboo-la-l*o 

x(b,oa) = boao-lb~o 

abo-la*o(b,a) = bao-lb*o 

We now introduce operations that are homomorphic images 

of compositions of operations in an a-word algebra. 

To define operations of arbitrary arity, we will need 

a potentially infinite alphabet for the free substitutional 

variables. To specialize an operation, we use the scheme of 

explicit transformations, i.e., we permute or identify 

variables, put constants for variables and add new variables, 

all this may be accomplished by composition with the 

projection operators and substitution. Formally the develop- 

ment is given as follows: 
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Definition 1.2.7 

Given an infinite set X = {Xl,X2,X3,...} , consider 

the sequence of ordered subsets of S. 

X 1 = (x l) , X 2 = (Xl,X2),...,X n = (Xl,X2, .... Xn), ... 

let ~ be a operator domain, let the corresponding ~-word 

algebras be the sequence 

w~(x l) , w~(x 2) ..... wn(x n) .... 

let x be a given 9-word in W~(X n) with the correspondingly 

denoted operation X(Xl,X 2 .... ,x n) = x, which is a homomorphism 

n 
x : W~(Xn) ÷ W~(X) 

let ~' be an operator domain and let d be a given arity 

preserving mapping, i.e. 

d : ~ ÷ £' 

such that 

d[m] = m' implies a(~) = a(e') , 

let A~, be an s'-algebra, and for any 

al,a2,...,a n e Ag, , 

let h be the homomorphic extension of the map h(x i) = ai, 

'b 

then we-define the operation x as follows 

~:An÷A 
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x(al,a 2 ..... a n ) = d[x] (h(Xl),h(x 2) .... ,h(Xn)) 

(In practice d is bijective and ~ and ~' may be identified). 

The definition of ~ may be exhibited by the following 

commuting diagram of homomorphisms. 

W~ (X n) n h ~_ A n 

x I I 
w~ (x n) ~ A 

h 

x is called a principal derived n-ary operation on A ,, and 

is denoted by the expression ~(Xl,X 2 ..... Xn). 

For any integer k<n and any set of elements 

bl,b2,...,b k ~ A, the operation X(Xl,X2,...,Xm,bl,b2,...,bk), 

where m=n-k, is called a derived n-ary operation on A~,. 

In this definition we chose to specialize the last k 

arguments for notational convenience only. 

Example 1.2.7 

A 

Consider the ~l-algebra given by 

= ({l,a,b} , {o,l,-l}), where a(o) = 2, a(1) = 0, a(-I) = 1 
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1 

a 

b 

1 a b 

1 a b 

a b 1 

b 1 a 

,,1 

It is easy to see that AR1 is the cyclic group on 

{l,a,b}. Consider the subgroup closure operator 

<(x,y) = x-lyo(x,y) = o(-l(Kx(X,y)) ,Kx(X,y)) , 

where 

K (x,y) = x and ~y(x,y) = y. 
X 

The operator ~ is a principal derived binary operator on 

A~I" 

Examp!e 1.2.8 

On the other hand, consider the ~2-algebra, given by 

A~2 = ({l,a,b}, {K}), where a(K) = 2 and the multiplication 

table for K is given as derived in the previous example, then 

consider the operations o, I, and -i, where 

l(x,y) = <(H (x,y) Kx(X,y)) 
-- X ; 

-I(x,Y) = K(H (x,y) l(x,y)) and 
x 

_ (-i 
o(x,y) = < (x,y) , Hy(X,y)) 
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The operations ~(x,y) , __-I(x,Y) and o(x,y) are principal 

derived binary operations on A~2 

llll a b 

a 1 1 1 

1 1 

-I 

li 

1 a b 

1 1 1 

b b b 

a & a 

oill b i ! a b 

i ..... 

a b 1 

:b i a 
i lll 

and clearly they are respectively equivalent to the operations 

i, -i and o in A n in the previous example, in fact, they 

are given as the following derived operations: 

i = <(i,i) , -l(x) = K(x,l) and o(x,y) = o(x,y) . 

Definition 1.2.9 

For an ~-a!gebra A , the derived unary operations are 

called derived translations on A~. If a derived unary 

operation ~ is principal, then f is called a principal 

derived translation on A n. A subset S of A such that 

S = {a,f(a) , f(f(a)) , f(f(f(a))) .... } is called a splinte r 

in A~ or an S-algebraic splinter in A for any derived 

translation f and any element a in A. Splinters play an 

important role in the fundations of mathematics, and were 

studied by Ul!ian, Myhill, Young and Rogers; they consider 

f to be any recursive function. Splinters also turn up in 

disguise in the study of autonomous automata, in the study 

of cyclic submonoids of the monoid of endomorphisms of 
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e-algebras and in the study of fixed point theorems in 

general. 

Definition 1.2.10 

Let A~ be an ~-algebra, we define theY'-algebra 

~(A) e, as follows. For any m ¢ ~(n), we define m' as follows 

~' (XI,X 2 .... ,X n) = {~(Xl,X 2 ..... x n) I xi%X i 

We identify ~ and ~'. 

(A) s is called the ~-set al~ebra on h. In ~ (A)~ the 

presence of the binary operator U is tacitly assumed. As 

an immediate consequence of the definition, we have the 

following : 

Theorem 1.2.11 

For any e-set algebra ~(A) n and any ~ a ~(n) 

a(XI,X 2 ..... X i ..... Xn) U e(XI,X 2 ..... X~ ..... X n) = 

m(Xl,X2,...,Xi ~ X' ...,X n) where the X i and X' are 
i' i 

subset~ of A. 

Proof : 

The left-hand side and the right-hand side are same 

as sets. 

for all i, l<i<n} . 
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~2 
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Consider the freemonoid generated by a doubleton 

= W(~,Y,F), where ~ = {~,o} , Y = {a,b} 

a(l) = 0 and a(o) = 2, F = {xyozo = xyzoo, lxo = xlo}. 

The first few normalized elements of W 2 in lexicographical 

order within length are 

X,a,b,aao,abo,bao,bbo,aaaoo,aaboo,abaoo,abboo,... 

Here the binary operation o is called the string catenation 

and the following is an instance of that 

o(aao,b) = aaobo = aaboo. 

The operation symbol may be omitted in the forms. Consider 

the a-set algebra~(~2) ~ corresponding to~, namely the 

algebra of languages over the binary alphabet with operation 

set-catenation or set-product. The following is an instance 

of this operation: 

o({a,aa}, {b,ab,aab}) = {ab,aab,aaab,aaaab}. 

Because of the previous theorem, we have the following 

identity for any set A,B,C,D in ~(~2 ) 

o(A~B, CUD) = o(A,C) ~o(B,C) ~o(A,D)~o(B,D). 
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A set valued set mapping f is called monotonic if it 

preserves the inclusion relation, i.e. X~Y implies 

f(X) ~f(Y). Using this terminology, we can state Theorem 

1.2.11 equivalently as follows: 

Corollary 1.2.11 

For any ~-set algebra ~(A)~ any derived translation 

is monotonic. 

Proof: Let X~Y~A and without loss of generality assume 

that the derived translation f is given as follows 

f(V) = m(V,AI,A2,...,An_ I) for all V~A, where A~ ~o<i<n. 

and ~ is in the clone of action of ~ such that a(~) = n>o, 

then XCY implies that Y = X~ Z, where Z ~ furthermore by 

Theorem 1.2.11 

f(Y) = f(X~ Z) = ~(X~ Z,AI,A 2 ..... An_ 1 ) = 

~(X,AI,A 2 ..... An_l) ~ ~(Z,AI,A2,...,An_I) = f(X)~ f(Z), 

therefore 

f(X)~ f(Y) . 

Corollary 1.2.12 

For any ~-set algebra ~(A) 

following inclusion holds: 

and any w s ~(n), the 
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~ (XI,X 2 ..... X i .... ,Xn) ~ ~ (XI,X 2 ..... X i ..... Xn)~ 

~(XI,X 2 ..... X i ~ Xl ..... X n) , 

where the X i's and X~ are subset5 of A. 

Proof : 

The right-hand side is included in each term of the 

intersection on the left, by the previous theorem, 

consequently it is included in their intersection. We note 

that the inclusion is proper in general and that 

~(x I ..... ¢ ..... x n) = ¢. 

Furthermore, if XcY, then the splinter 

(Y,f(Y) ,f(f(Y)) ,... ) dominates the splinter 

(X,f(X) ,f(f(X)) ,... ) as a set sequence. 

Definition 1.2.13 

Let f be a derived translation on A , let a be an element 

of A, then the mapping S[f,a,A~] is called an f-splinter 

sequence on A~ generated by a. 

S[f,a,A~] : N ÷ A~ 

S[f,a,A~] (o) = a 

S[f,a,A~] (n) = f(S[f,a,A~] (n-l)) 
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In what follows, we generalize the concept of the 

splinter to direct powers of ~-algebras. By direct power 

we mean a direct product in which all factors are identical. 

Thus 
1 2 n 

A~n = A ×A~ ×...× A 

Definition 1.2.14 

~, an n-tuple Of derived n-ary operations on an 

n If ~-algebra A~ is called a derived transfo~lation on A n- 

all the derived n-ary operations are principal, then it is 

n 
called a principal derived transformation on A~. 

n 
Let T = (tl,t2,...,t n) and t i : A 

A n A n . Y : -> 

A, l<i<n, then 

Definition 1.2.15 

m m 
Let • be a derived transformation on Ae and a ~ A~, then 

we define an m-ary s~!inter as the following set of elements 

of A m 

{a,T(a), ~(TCa)), T(T(Y(a))) .... } 

S[Am,-~,a] will denote the following mapping: 
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m 
S [A n , T ,a] 

m 
S[AR,T,a] (o) = 

S[A- m~,T,a] (n) = 

m 
:N÷A~ 

a 

(S [A~, T, a] (n-l)) for n>0. 

Let T be a derived transformation on A~, then the 

following set of transformations is called a splinter of 

m transformations on A a .  

n . 
{~m,T,T2,...}, where T is defined as follows: 

n Am ÷ A m 

n 
T n ( a )  = . S [ A  n t ~ , a ]  (n)  

Because of the associativity of composition and the identity 

action of the projection operations, we obtain the following: 

Theorem11.2.16 

Given an ~-algebra A n and let S = {Km,~,~2,...} be a 

splinter of transformation on A~, then S with the operation 

composition forms a cyclic monoid generated by T. 

Proof: 

Clearly, from what we said T a+b = Tao~ b and 

a ao~ = Ta 
~m °T = ~ m 

For consistency we have the following: 
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Definition 1.2.17 

For any splinter transformation ~ on A~ 

Hm = ~0 

Definition 1.2.18 

Let Ws(X) be an ~-word algebra, where X = {Xl,...,x n} 

and let y = (yl,Y2,...,yn) be an n-tuple of S-words in 

W(X), let 

= (~(yl) , ~(y2),...,#(yn )) be the corresponding n-tuple of 

n-ary operations, where for each i, l~i<_n, ~(yi ) is given 

~(yi ) : (XU~) *n ÷ (X~)*, 

as defined by 

Definition 1.2.6, then 

T is called an n-ary S-word transformation, and the set 

{T0,Tl,T2,...} is called an n-ary ~-word transformation 

splinter. 

Definition 1.2.19 

Let WD(X) be an D-word algebra with the finite ordered 

set of generators X = (Xl,...,Xn) , let T be an n-ary D-word 

transformation~ let x be an ~-word, then the triple 

H :(WD(X] ,T,X) is called an OL ~-word system. 
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L[H~], the language of the ~-OL word system, is 

defined as the following set: 

L[Hn] = {x(~m(x)),[ m>_O} 

WS [H~], the R-word sequence defined by H is the following 

mapping : 

WS[H~] : N ÷ W~(X') 

WS[H~] (m) = x(Tm(x)) 

Theorem 1.2.20 

Given an OL ~-word system H~ = (W~(X),T,x), where X is 

any (non-empty) finite ordered alphabet, then for any 

non-negative integers such that i+j = m, the following 

equality holds : 

WS[H~] (m) = x(Ti(x) (TJ (X))) 

Proof : 

Let n be the cardinality of X, then for any n-tuple 

a e (xU ~)*n and for any n-ary transformation X, 

x(X) (a) = x(a) , therefore 

yi(x) (~J(x)) : ~i($J(x)) = ~i+j(x) = sin(X) 

hence 

x(~i(x) (TJ(x))) = x(Tm(x)) = S[H~] (m) 
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Corollary 1.2.20 

WS[H~] (ra) = x(ym-l(x) (~(X)) 

m-i 
WS[H~] (m) = X(T(X) (T (X)) if m>O. 

Corollary 1.2.21 

Let X = (Xl,X2,...,Xn) , and let 

Hke = (W~(X),~,x k) for all k, l<k<_n, let 

V i = (WIS[HI~] (j) , WS[H2~](J) ..... WS[Hn~] (j)) 

then 

i 
WS[Hg] (m) = x(T (Vj)) for each i,j and m 

such that i+j=n. 

In particular, 

WS[He] (m) = x(T(Vm_I)) = x(T m-l(V I)) 

if m>O. 

Proof : 

Vj = TJ(x). 
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Example 1.2.22 

Let X = (a,b) 

~(~,~) = (~b(~,~) 

where 

, ~ = {0} , a(o) = 2, 

, O(Hb(a,8) , Ka(~,6))) 

e 
~a(~,~) = e and ~b(~,6) = ~ for all ~,6 in (XU ~) 

Let H = (W~(X) ,T,x), where x -- abo. 

From this we obtain the following: 

.r2 (c~ ,6 )  = 

-c3 ( ~ ,  6) = 

(x) = 

T 2 (x) = 

T3 (x) = 

~2 (T (x)) = 

-c (-c 2 Cx))  = 

(O(K bCa,S) ,Ha(a,S)) ,o(o(~ b(a,6) ,Ha(a,~)) ,K b (~,6))) 

(0(0 (Eb+(0~,~),IIa(C~,6)) ,~b (a,(~)) , 

O(O(O(~ b(~,~) ,Ha(~,~)),~ b(~,6) ,o(~ b(~,6) ,Ra(~,6)))) 

(b,o(b,a)) = (b,bao) 

(o(b,a) ,o(o(b,a) ,b)) = (bao,o(bao,b)) = (bao,baobo) 

(o(o(b,a) ,b) ,o(o(o(b,a) ,b) ,o(b,a))) = 

(o(bao,b) ,o(o(bao,b) ,bao) ) = 

(baobo,o (baobo,bao)) = (baobo,baobobaoo) 

~2(b,bao) = (baobo,baobobaoo) 

(bao,baobo) = (baobo,baobobaoo) 
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WS [H] (3) == x(baobo,baobobaoo) = baobobaobobaooo 

x(~(X) (~2(X))) = abo((b,bao) ((bao,baobo))) = 

= abo (b (bao,baobo) ,bao (bao,baobo)) 

= abo (baobo,baobobaoo) = 

= baobobaObobaooo 

x(~ 2(X) (~(X))) = abo((bao,baobo) ((b,bao))) = 

= abo((bao(b,bao) ,baobo(b,bao) ) ) = 

= abo(baobo,baobobaoo) = 

= baobobaobobaooo. 

The image of an OL ~-word system under a homomorphism h, is 

called R-0L system. It is clear that a statement similar to 

Theorem 1.2,20 may be phrased about the image, since we may 

commute h and T. One way we may interpret Corollary 1.2.20 

is as follows: 

In a developmental system without interaction, the global 

pattern on the highest level is identical with the pattern of 

the first stage of the development, or in cosmic terms: 

The macro-cosmos reflects the microcosmos. 


