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The purpose of this paper is to demonstrate that recurrence 

systems provide a useful approach to the theory of developmental 

systems and languages. The demonstration is done by providing a sim- 

ple proof of the important theorem of Ehrenfeucht and Rozenberg on the 

equivalence of the family of E0L languages with the family of images 

under coding of 0L languages. 

i. Introduction. 

Recurrence systems have already been introduced elsewhere [42, 

alternatively see 45], and we are not going to repeat the detailed 

biological motivation behind the definition. Our purpose in this 

paper is to demonstrate the usefulness of recurrence systems as a 

tool for simplifying the proofs of mathematical theorems concerning 

developmental languages. By the way of demonstration we shall provide 

an alternative proof of an important theorem of Ehrenfeucht and 

Rozenberg [20]. We begin with a discussion of the Ehrenfeucht and 

Rozenberg theorem and its significance. 

E0L languages were introduced in [35], as those languages which 

are the intersections of 0L languages and 4*, for some alphabet 4. 

This corresponds to introducing the notion of a "terminal alphabet" 

into L system theory. E0L languages were found mathematically 

tractable and interesting and have been discussed in a number of 

other papers. In particular, it was shown in [39] that E0L languages 

are a natural extension of ALGOL-like languages. 
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Although such theorems are interesting from a mathematical 

point of view, their biological significance is not inherent in their 

statements, but are a consequence of the Ehrenfeucht and Rozenberg 

theorem. This is because, even though 0L languages are well moti- 

vated from a biological point of view and the creation of a language 
, 

from another language by intersection with ~ is a standard pro- 

cedure in formal language theory, the intersection of a 0L language 
, 

with ~ does not seem to make any biological sense. After all, why 

should we exclude certain developmental stages from the language of 

an organism just because of the appearance of certain cellular states? 

The answer is provided by the following discussion. 

Clearly, the experimental verification of our developmental 

systems should inlcude, among other features, the identification of 

the individual cellular states (corresponding to the symbols of the 

alphabet) which occur in the model. In some cases, no morphological 

or biochemical distinction can be made among the cells in the course 

of development, and thus only the temporal and spatial distribution 

of the cell divisions can be tested against observations. In other 

cases, there are irreversibly differentiated cells in the organism, 

and the spatio-temporal occurrences of such cells can be ascertained 

and compared with those given by the model. It should be the goal of 

developmental studies that eventually all cellular states, not only 

the irreversibly differentiated ones, postulated by the models should 

also be experimentally distinguishable. The goal is however very far 

from being realized, and in the meantime we must ask the question: 

what class of developmental systems (class of 0L systems, for instance) 

will satisfy a certain observed distribution of cell divisions and of 

differentiated cells? This problem can also be phrased in the follow- 

ing way. Our observations provide us with "images" of the actual 

developmental sequences. We are trying to find the class of develop- 
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mental systems which generates a sequence whose "image" is the 

observed developmental sequence. 

For example, in a description of the development of a compound 

branching pattern in [42] we denoted each cell by c, i.e., we made 

no distinction between cells in different states. Even though it is 

quite possibl~ that experimental observations do not provide us a 

method by which we can distinguish states, it is clearly reasonable 

to postulate the existence of different states when trying to explain 

the development. We have therefore proposed a 0L system with ten 

different possible cell states. This system is sufficient to explain 

the observed development, inasmuch that if we replace each digit in 

the sequence generated by the system by c,then we get exactly the 

observed sequence. We can formalize this as follows. 

Definition. A coding of an alphabet Z into an alphabet A 

is a homomorphism which maps a single letter of Z into a single 

letter of A. 

Our discussion above can now be restated as follows. Due to 

our lack of ability to distinguish always cells in different states, 

when presented with a language L describing an organism as observed, 

we should look not only for systems which generate L, but also for 

systems which generate a language K such that L is the image of K 

under a coding. In particular, the family of all languages which are 

images of 0L languages under coding is in some sense biologically 

more important than the family of 0L languages. 

A major justification for studying E0L languages is provided 

by the following result of Ehrenfeucht and Rozenberg [20]. 

Theorem. A language is an E0L language if, and only if, it is 

the image of a 0L language under some coding. 
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This is the theorem we are going to prove using recurrence 

systems. 

2. Definition of basic recurrence systems. 

For our proof we do not need the full generality of recurrence 

systems. We therefore define a more restricted concept which we call 

a basic recurrence system. 

where 

Definition. A basic recurrence system (BR system) is a 5-tuple 

S = <Z, ~, A, F, ~>, 

(i) Z is a finite non-empty set of symbols (the alphabet), 

(2) ~ is a finite non-empty set (the index set), 

(3) A is a function, associating with each x e ~ a finite 

set A(x) (of axioms) such that A(x) C Z +, 

(4) F is a function, associating with each x c ~ a finite 

non-empty set F(x) (of recurrence formulas) such that F(x)c ~+, 

(5) ~ e ~ (the distinguished index). 

L x,y 

For any 

(S) as follows. 

x e ~ and for any positive integer y, we define 

Lx,I(S) = A(x). 

If y > i, 

L (S) = ~_J 
x,y kl'''k f c F(x) 

Lk l,y-I (S) - - -Lkf,y_l (S). 

Then 

L(S) = 0 L y=l ~,y(S) 

is said to be the language generated by S. A language which is gen- 

erated by a BR system, is said to be a BR language. 
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(In the terminology of [42], a BR system is a A-free depth 1 

recurrence system in which the recurrence formulas do not contain 

constants. ) 

Example. Let S = <{a, b}, {i, 2, 3, 4, 5}, A, F, i>, where 

A(1) = A(2) = A(3) = @, A(4) = {a}, A(5) = {b}, 

F(1) = {35, 45}, 

F(2) = {2}, 

F(3) = {22, 33, 44}, 

F(4) = {2}, 

F(5) = {i}. 

The following are the top four lines of a semi-infinite table 

which gives the values of L (S). 
x,y 

1 2 3 4 5 

1 ~ ~ ~ a b 

2 ab ~ aa ~ 

3 ~ ~ aaaa ~ ab 

4 aaaaab aaaaaaaa 

where 

It is easy to prove by induction that L(S) = {af(n)b I n > i}, 

f(n) = (22n - 1)/3. 

Definition. A BR system S = <Z, ~, A, F, ~> is said to be 

~-free if and only if, for all x e ~, A(x) # ~. In such a case 

L(S) is said to be a ~-free BR language. 

The example given above is not a ~-free BR system. However 

the language can be generated by a ~-free BR system as will be shown 

in the next section. The more complicated BR system S will be used 

below to demonstrate our results. 



194 

3. Some results on basic recurrence systems. 

Lemma i. If F is a finite set of non-empty strings over an 

alphabet Z0' d is a non negative integer, and, for 1 ~ i ~ d, 

S i = <Zi,d~i , A i, F i, ~i > is a ~-free BR system, such that 

L = F U ~L(Si) ~ @, then L is a ~-free BR language. 
i=l 

Proof. If L is not empty we can assume without loss of 

generality that F is not empty. We may also assume that the ~i's 

are pairwise disjoint, for 1 < i < d. We are now going to construct 

a #-free BR system S = <Z, ~, A, F, w> such that L = L(S). 

~= i~=dOZi . 

¢ 
= ~J a i U {~}, where w ~ a i- 

i=l i=l 

A(~) = F, A(x) = Ai(x) if x e ~i" 

F(~) = {~, e I ..... ~d }, F(x) = Fi(x) if x e ~i" 

It is easy to see that S is a ~-free BR system. 

shown by induction that 

L , I ( S )  = F, 

and, for all y > l, 

Y0 1 d 
L ,y(S) = F Q ~ L (S i) 

z=li=l ~i 'z 

It can be 

Therefore, 

L(S) = y~--l= L ,y 

d 
(S) = F L] ~J L(S i) = L. 

i=l 

Note that the proof of Lemma 1 is constructive. 

Lemma 2. Every BR language is a ~-free BR language. 

Proof. If L is a BR language, then there exists a BR system 

S = <Z, ~, A, F, ~> such that L = L(S). 
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For y > i, we define 

E(y) = {x I LX,y(S) = @}. 

It is easy to see from the definition of L that if 
x,y 

E(y l) = E(y 2), then E(y I + i) = E(y 2 + i). Also, since E(y) C ~, 

there must be a Yl and Y2 such that E(y I) = E(y 2) , and Yl M Y2" 

Let p and q be the smallest positive integers such that 

p < q and E(p) = E(q). Let d = q- p. 
~i d-i 

L(S) = L ,y(S) tJ ~ ( 0 L~,p+i+zd(S))- 
y=1 £=0 z=0 

In view of Lemma i, it is sufficient to show that for 

0 _< i < d - i, L i = t L~,p+i+zd(S) is either @ or is a @-free 
z=0 

BR language. We shall do this by constructing a @-free BR system 

S i such that if L i ~ @, then L i = L(S i)- 

S i = <Z, ~ - E(p + i), Ai, Fi, ~>, where, for x c ~ - E(p + i), 

A i (x) = Lx,p+ i (S) , and F i (x) is defined as follows. 

Since F is a finite substitution of elements of ~ by non- 

empty finite sets of strings over ~, for any positive integer k, 

F k is well defined and is a finite substitution of the same kind. 

Thus, in particular, Fd(x) C ~+ for any x in ~+. We define, 

for 0 < i < d - i, x e ~ - E(p + i), Fi(x) = Fd(x)/3 (~ - E(p + i)) +. 

In order to show that S i is a #-free BR system all we need 

to show is that for all x ~ ~ - E(p + i), A i (x) is not empty and 

F i (x) is not empty. The former is obvious from the definition of 

E(p + i). To see the latter, all we have to show is that for all 

x £ ~ - E(p + i), Fd(x) contains at least one string over 

- E(p + i). But if this was not the case we would have 

Lx,q+i(S) = kl...kf~ F ~  d(x) LkI'P+i(S) "'" Lkf 'p+i(S) = ~' contradic- 

ting the fact that x ~ E(p + i) = E(q + i). 
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EaCh of the S i is therefore a f-free BR system. It is now 

easy to show by induction that for all z > 0 we have that, for all 

x ~ ~ - E(p + i), 

Lx,p+i+zd(S) = Lx,z+I(Si). 

In particular, 

° © 
Li = z--~0= L~'p+i+zd(S) = z=0 Lx'z+I(Si) = L(Si)" 

This completes the proof of our lemma. We note that the proof 

is constructive, given a BR system S, we can effectively produce a 

finite set F, a positive integer d and f-free BR systems 

S~u, ..., Sd_ 1 such that 

U L(S) = F t) L(Si). 
i=0 

From these we can use the construction of Lemma 1 to produce a f-free 

BR system S' such that L(S) = L(S'). 

We demonstrate this on the example of the last section. 

E(1) = {i, 2, 3}, E(2) = (2, 4, 5}, E(3) = {1, 2, 4}, E(4) = {2, 4, ~5}. 

Thus, p = 2, q = 4 and d = 2. F = L ,I(S) = @. 

L 0 = 0 L~,2+zd(S) = L(S 0) , where S O will be defined below. 
z=0 

L 1 = ~ L ,3+zd = @. Hence L(S) = L(S0). where S 0 = <{a, b}, 
z=0 

{i, 3}, A 0, F 0, I>, where A0(1) = {ab}, A0(3) = {aa}, F0(1) = {331} 

and F0(3) = {3333}. The semi-infinite table associated with S O 

begins with 
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1 ab aa 

2 aaaaab aaaaaaaa 

3 a21b a 32 

4 a85b a 128 

In the case of! this example we did not have to make use of the con- 

struction of Lemma i. 

Those familiar with the definition of recurrence systems [42, 

or 45], will appreciate the following consequence of Lemma 2. 

corol!ax ~. Every recurrence language is a ~-free recurrence 

language. 

Lemma 3. Every #-free BR language is the image of a 0L 

language under some coding. 

Proof. If L is a ~-free BR language, then there exists a 

~-free BR system S = <Z, ~, A, F, ~> such that L = L(S). We 

define a 0L system G = <4, P, a> as follows. 

= ~ x Z ~ ~--~ ~{S I, S 2 .... , Sk}, where k is a positive 

integer such that there is a word of L of length k. (By our 

definition of a ~-free BR language, there is at least one such 

integer.) 

= SIS 2 ... S k- 

P consists of the following productions. 

S 1 ÷ <~, al><~, a2> ... <~, at>, for all a I, a 2, ..., a t 

in Z such that ala 2 ... a t e A(~). 
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S i ÷ A, for 2 <_ i _< k. 

<x, a> + y, for all x e ~, a e 7. and y e f(F(x)), 

where f is a finite substitution which associates 

with every z e ~ the set of all strings 

<z, al><Z, a2> ... <z, at>, where al, a2, ..., a t 

are in T and a I a 2 ... a t e A(z). 

<x, a> ÷ A, for all x e ~ and a c 7. 

Let a I a 2 ... a k be a word of length k in L. Let h be 

the coding defined by 

h(S i) = ai, for 1 <_ i <_ k, 

h(<x, a>) = h(<x, a>) = a, for all x E ~ and a e 7.. 

We claim that L(S) = h(L(G)). This claim has a reasonably 

standard inductive proof and is therefore omitted. (See for example 

the proofs of Lemmas 2 and 3 in [39].) Instead, we demonstrate our 

claim on the BR system S O , which is described following Lemma 2. 

In this case A = {<i, a>, <3, a>, <i, b>, <3, b>, <l, a>, 

<3, a>, <-I~, ~, b>, S l, S 2} and a = SIS 2. P has the following 

productions : 

S 1 ÷ <l-T~--_-_-_-_-_-_~g<l, b> 

S2÷ A 

<i, a> + <3, a><3, a><3, a><3, a><l-i~-~<l, b> 

<l, b> ÷ <3, a><3, a><3, a><3, a><l, a><l, b> 

<3, a> ÷ <3, a><3, a><3, a><3, a><3, a><3, a><3, a><3, a> 

÷ ~ < 3 ,  a><3, a><3, a><3, a><3, a><-3, a><3, a> 

<x, u> ÷ A for x ~ {1, 3} and u e {a, b}. 

A derivation in G = <&, P, ~> looks as follows: 

sis 2 

<l, a><l, b> 

<3, a><3, a><3, a><3, a>< ,~<I, b> 

(<3, a><3, a>)4(<3, a><3, a>)4(< ,~<3, a>) 2 <l-~--~<l, b> 



If the coding h 

(h(S I) = a, h(S 2) = b) 
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is now applied to this derivation 

we get the following strings 

ab 

ab 

aaaaab 

a21b 

4. Proof of the Ehrenfeucht-Rozenber~ Theorem. 

It has been proved in [42, Corollary 7], that the image of a 

0L language under any homomorphism (and hence under any coding) is 

an E0L language. We are now going to prove the converse. 

Using the results of [42] (especially Theorem 7 and Corollary 3) 

it is easy to show that for every E0L language L there exists a 

BR system S, such that L(S) = L - {A}. By Lemma 2, L - {A} is 

a ~-free BR language and hence, by Lemma 3, it is the image of a 

0L language under some coding. Hence L, which is either L - {A}, 

or (L - {A}) ~ {A} is also the image of a 0L language under some 

coding. 

This completes the proof of the theorem. We note that it can 

easily be made constructive. 

It should also be pointed out that even though we have shown 

that for every E0L language L there is a 0L system G such that 

L = h(L(G)) for some coding h, the G we have produced during the 

proof (see proof of Lemma 3) is biologically somewhat undesirable. 

It has the property that in every step a cell either dies or divides 

into (usually) many cells, most of which (usually) die in the next 

step. The same criticism applies to the original Ehrenfeucht and 

Rozenberg proof of their theorem (see [20]). It would be interesting 

to see whether or not a similar theorem would still be valid regarding 

a biologically reasonable restriction of 0L systems. 
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5. Conclusion. 

Recurrence systems provide us with a powerful tool for proving 

theorems about developmental systems and languages. 
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