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Abstract. In this paper the nodes of the hexagonal grid are used as
points. Three types of neighbors are used on this grid, therefore neigh-
borhood sequences contain values 1, 2 and 3. The grid is coordinatized
by three coordinates in a symmetric way. Digital circles are classified
based on digital distances using neighborhood sequences. They can be
triangle, hexagon, enneagon and dodecagon. The corners of the convex
hulls of these polygons are computed.

1 Introduction

The classical digital geometry started by [1], where the authors defined the two
basic neighborhood relations on the square grid. The topic is well developed
due to people of image processing and computer graphics communities. We refer
to [2] as a recent textbook on the topic. In [3] the authors used the so-called
neighborhood sequences to vary the neighborhood criterion in a path. They
used only periodic neighborhood sequences in their analysis. Some properties
of distances based on neighborhood sequences are detailed in [4]. Nowadays,
in many applications it is worth to consider other grids than the square one.
The hexagonal grid has some nice properties and it is regular, therefore it is
not too hard to handle it. The geometry of the hexagonal grid with a symmetric
coordinate system is described in [5]. In [6] the neighborhood sequences were also
defined for the hexagonal grid. In this paper we will analyse some properties of
the distances based on neighborhood sequences on this grid.

The structure of the paper is as follows. In the second section we give our
notation, and provide some properties of the concepts introduced. In the other
sections we detail some former results of Das and Chatterji [4] on the hexagonal
grid. We use only initial parts of the neighborhood sequences in our analysis,
therefore we do not care about the periodic property of the whole neighborhood
sequences. In the third section we describe the smallest digital circles of the
hexagonal grid using only a step from the origin. In the fourth section changing
and developments of wave-fronts and digital circles are analysed. We compute
� This research was supported by grants from the Hungarian Foundation for Scientific

Research (OTKA F043090 and T049409).
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the coordinate values of the corners of these polygons. In the fifth section we
give a description of all the digital circles with neighborhood sequences in the
hexagonal grid. We show a characterization of them. We present some proper-
ties, in which the hexagonal grid differs from the square grid. In the last section
we summarize our results.

2 Basic Notation and Concepts

In this section we recall some definitions and notation from the literature men-
tioned earlier concerning neighborhood relations and sequences.

There are usually three types of neighbors defined, as Fig. 1 shows, among
the nodes of the hexagonal grid.

In Figure 1 a node and its 12 neighbors are shown. Only the 1-neighbors are
directly connected by an edge, the other 2- and 3-neighbors are at the positions
of shorter and longer diagonals, respectively. These relations are reflexive (i.e.,
a node is a 1-, 2-, and a 3-neighbor of itself by definition) and symmetric. In

Fig. 1. Types of neighbors in the hexagonal grid

Fig. 2. Coordinate values of nodes
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addition, all 1-neighbors of a point are its 2-neighbors and all 2-neighbors are
3-neighbors, as well (i.e., they have increasing and inclusion properties).

The coordinate values of the grid were introduced as it is shown in Fig. 2. The
coordinate axes meet at a grid-point called Origin having triplet (0,0,0). They are
the direction of grid-edges starting at the Origin. The coordinate values of each
point can be computed as the sum of steps on the grid-edges taken into direction
of the edges. A step by direction of axis x increases the first coordinate value by
1, while a step to inverse direction decreases the first coordinate. Similarly steps
on the edges parallel to axis y and z modify the second and third coordinate
values, respectively. Three coordinate values are used to address a point taking
advantage of the symmetry of the grid.

With the help of the assigned coordinate values we are able to describe the
grid in a mathematical way. By the presented coordinate system every node
has a unique triplet which exactly shows the place of the node. The hexagonal
grid contains exactly those triplets which have sum of coordinate values 0 or 1.
We call the points with 0-sum value even (their connections have shape Y in
the figure); the points with 1-sum are odd (opposite shape). We can write the
neighborhood relations in the following formal form.

The points P (p(1), p(2), p(3)) and Q(q(1), q(2), q(3)) of the hexagonal grid are
m-neighbors (m = 1, 2, 3), if the following two conditions hold:

1. |p(i) − q(i)| ≤ 1, for i = 1, 2, 3,
2. |p(1) − q(1)| + |p(2) − q(2)| + |p(3) − q(3)| ≤ m.

It is easy to check that the formal definition above with the presented coor-
dinate values (Fig. 2) gives the neighborhood relations shown in Fig. 1.

Now, we are recalling some concepts about the theory of neighborhood se-
quences. In this paper, we are dealing only with neighborhood sequences in this
grid. The sequence B = (b(i))∞i=1, where 1 ≤ b(i) ≤ 3 for all i ∈ N, is called a
neighborhood sequence (on the hexagonal grid). When we need only the initial
part up to the l-th element, then we briefly write Bl = (b(1), b(2), . . . , b(l)).

A movement is called a b(i)-step when we move from a point P to a point Q
and they are b(i)-neighbors. Let P, Q be two points and B be a neighborhood
sequence. The point-sequence P = P0, P1, . . . , Pk = Q, in which we move from
Pi−1 to Pi by a b(i)-step (1 ≤ i ≤ k), is called a B-path from P to Q of length k.
The B-distance d(P, Q; B) from P to Q is defined as the length of the shortest
B-path(s). In a B-path an initial sequence of B is used.

The sequence of 1-neighbor points, for which a coordinate value remains con-
stant, forms a so-called lane. In Fig. 3 there are some examples; the black line
shows the lane for which the third coordinate is 0 and the gray lane represents
the lane for which the second value is 0.

Every lane is ‘orthogonal’ to one of the coordinate axes, especially that one
of {x, y, z}, for which the coordinate value is fixed.

If a point is on an axis, then two of its coordinate-values coincide. For instance
on axis x they are the second and third ones (meaning that the point is on the
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Fig. 3. Examples for lanes

Fig. 4. Lanes and coordinate axes

lanes for which the same value is fixed on axes y and z). See Fig. 4, where the
lanes x = 1 and y = 1 are shown with black and dark-gray, respectively. They
are orthogonal to the axes x and y, respectively. The two points where they meet
are on the axis z. It is a nice property of the assignment of coordinates to the
grid, that a point and its symmetric pair mirroring it to an axis have the same
coordinate values, but – if they are not on the symmetry axis, – in a different
order. So a point and its mirror images are identical up to a permutation of their
coordinates.

To use the line between the lanes x = 0 and x = 1 as a symmetry axis such that
these two lanes are mirror images of each others we have the following formula.
The mirror image of the point P (x, y, z) is given as P ′(−(x − 1),−z,−y).

In this paper we investigate the way of a neighborhood sequence spreads in
the digital space starting from a point of the hexagonal grid. This spreading is
translation-invariant among the points of the same parity and it is symmetric
concerning points with different parities. So, for simplicity we may choose the
Origin O(0, 0, 0) as the starting point.
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Let
CBk

= {P : d(O, P ; B) ≤ k}.
It is the region (digital circle) occupied by B after the first k steps.

In [4] Das and Chatterji showed that for every initial part of a neighborhood
sequence in the square grid (using Cartesian coordinates and two types of neigh-
bors), the obtained digital circle is always an octagon. These octagons can be
degenerated, so the digital circles are squares in the following cases: Using only
1-steps in the initial part of the neighborhood sequence we get only four edges
(the corners will be (0, k), (k, 0), (0,−k), (−k, 0)), while using only 2-steps we get
a square with corners (k, k), (k,−k), (−k,−k), (−k, k). In the case when we use
both 1-step(s) and 2-step(s) our result is a non-degenerated octagon.

The following observations hold in the square grid, and they are true in the
hexagonal case as well:

Remark 1. The convex hull of every CBk
is digitally convex in the usual sense

(see e.g. p. 171, Definition 4.3.4. in [7])

On figures we will use the convex hull as the occupied polygon of the digital
circle. These polygons has sides and corners in the usual sense. Since they are
convex, the sets of the coordinate triplets of corners describe them. (We use the
term corner only for angles less than π.)

Remark 2. For any neighborhood sequence B, the sequence of regions (CBk
)∞k=1

is a strictly monotone increasing sequence. That is, k > l implies CBk
� CBl

.

In the following sections we will underline some properties which are different
for the digital circles in square grid and in hexagonal grid. Now, we are moving
to describe all digital circles of the hexagonal grid in details.

3 Description of Small Circles

Table 1 shows the three possible circles obtained by a step.
The three circles have four kinds of corners. Corner-type α signs corners with

angle π
3 . Corner-types β and γ refer for angles 2π

3 (where the sides connected
at a corner type γ are parallel to some edges and so to coordinate axes of the
hexagonal grid, and the sides at a corner type β are orthogonal to some edges
and so to coordinate axes of the grid.) At corners type δ the angles are 5π

6 . Note
that the circle obtained by a 2-step from O is the same as the circle obtained by
two 1-steps. This property (a circle can have more radii, depending on the used
neighborhood sequences) is not present in the square grid.

Proposition 1. Contrary to the square grid in the hexagonal grid it is possible
for two neighborhood sequences B′, B′′ that CB′

k
= CB′′

l
with k �= l.

Let B′ be given such a way that B′
2 = (1, 1) and let it hold for B′′ that B′′

1 = (2)
then C(1,1) = C(2).
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Table 1. Digital circles with radius 1 by various steps

4 Development of Corners

In [3] the authors analysed the wavefront sets of neighborhood sequences in
the square grid. In this part we are detailing how the wave-fronts are occupying
the hexagonal grid. Because of symmetry it is sufficient to deal with a sixth of
the plane. For our convenience we will use the region between the axes z and
y, especially between the positive part of z and the negative part of y (we refer
here to Fig. 2). One can check that the points P (x, y, z) with z ≥ x ≥ y are
exactly those ones which are in this sixth of the plane. We will call this region
as the analysed section.

It is sufficient to deal with this analysed section since we have the following
statements. For any point P the points obtained by permutating the coordinate-
values of P are exactly the same points as the mirror images of P obtained by
mirroring it to some of the coordinate axes. Every point has the same parity as
its symmetric pairs. Let P be given as (p(1), p(2), p(3)). It is easy to check that,
for instance, the mirror image of P with axis x is P ′(p(1), p(3), p(2)). Similar
facts hold for the other mirror points. A point with its mirror images represent



Geometry of Neighborhood Sequences in Hexagonal Grid 59

at most six points. In this case there are not equal coordinate values, i.e. the
point is not on an axis. Every point has a mirror image in the analysed section of
the grid (using only axial mirroring to the coordinate axes). It can be obtained
by permutation of coordinate-values.

Let us check which corners of the small circles are in the analysed section.
C(1) has only one corner in this section, namely α(0, 0, 1). C(2) has also only one
corner in this area of the grid, namely β(0,−1, 1), while C(3) has two corners
in the analysed section; they are γ(1,−1, 1) on axis y and δ(0,−1, 1) with an
orthogonal edge to axis z.

Now we analyze how the possible vertices change in the growing steps. Table 2
lists all kinds of corners occur in different digital circles. (We detail only the
changing way of the coordinate values of those corners which are in the analysed
sixth of the hexagonal plane.) The table shows all possibilities of the evolution
of the corners by a step in the analysed section of the grid. It is due to the facts
that all corners of Table 1 (which are in the analysed section) are also in Table 2,
and all possible evolving corners are in Table 2, as well.

Based on Table 2 we summarize the evolution of corners via the growing
procedure.

Proposition 2

– (a) The new corner(s) are b-neighbors of the previous one when we obtain
them by a b-step.

– (b) A corner type α occurs only at digital circle C(1).
– (c) A corner type γ occurs only when two coordinate values have the same

value, i.e. the corner is on an axis.
– (d) In some steps a corner type β or a corner type γ is divided to two corners

type δ.
– (e) If a corner type γ remains the same type after a step then it stays on the

same axis as before (by changing the parity).
– (f) The corners type δ never change their type, moreover their position is

fixed, i.e. when a side of the corner was orthogonal to an axis then this is
also the case after any kind of step.

– (g) The corners type δ coming from a corner type γ have a side orthogonal
to that axis on which the corner γ was.

– (h) In some cases the resulted digital object by a 3-step is the same as the
one obtained by a 2-step.

Proof. Most of the statements above are easy to check. We analyse only the
statements (e) and (f). Let us start with (e).

If a corner γ(x, y, z) on the axis y, then x = z. If it is even then with a 3-step
we get γ(x+1, y− 1, z +1) which is also on the axis y. Similarly if γ is odd then
with a 1-step the first and the third coordinate values do not change, therefore
the new corner is on the axis y as well. The same analysis works when γ is on
the axis z. It is evident that the parity of the corner is changing by these steps.

To prove (f) assume that δ(x, y, z) has an edge which is orthogonal to the
axis y. Then the mirror images of δ are also corners. Let δ′(z, y, x) be its
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Table 2. Development table of corners by taking a step

original corner: type
and coordinates

corner after a
1-step

corner after a 2-
step

corner after a 3-step

α(0, 0, 1) β(0,−1, 1) β(0,−1, 2) γ(−1,−1, 2) on axis z,
δ(0,−1, 2) with edge or-
thogonal to axis y

β(x, y, z) even β(x, y, z + 1) β(x, y − 1, z + 1) δ(x, y − 1, z + 1) with edge
orthogonal to axis z,
δ(x + 1, y − 1, z + 1) with
edge orthogonal to axis z

β(x, y, z) odd β(x, y − 1, z) β(x, y − 1, z + 1) δ(x, y − 1, z + 1) with edge
orthogonal to axis y,
δ(x − 1, y − 1, z + 1) with
edge orthogonal to axis z

γ(x, y, z) even on
axis y

δ(x, y, z + 1),
δ(x + 1, y, z)

δ(x, y − 1, z + 1),
δ(x + 1, y − 1, z)

γ(x + 1, y − 1, z + 1)

γ(x, y, z) odd on
axis y

γ(x, y − 1, z) δ(x, y − 1, z + 1),
δ(x + 1, y − 1, z)

δ(x, y − 1, z + 1),
δ(x + 1, y − 1, z)

γ(x, y, z) even on
axis z

γ(x, y, z + 1) δ(x − 1, y, z + 1),
δ(x, y − 1, z + 1)

δ(x − 1, y, z + 1),
δ(x, y − 1, z + 1)

γ(x, y, z) odd on
axis z

δ(x − 1, y, z),
δ(x, y − 1, z)

δ(x − 1, y, z + 1),
δ(x, y − 1, z + 1)

γ(x − 1, y − 1, z + 1)

δ(x, y, z) even with
edge orthogonal to
axis y

δ(x, y, z + 1) δ(x, y − 1, z + 1) δ(x + 1, y − 1, z + 1)

δ(x, y, z) odd with
edge orthogonal to
axis y

δ(x, y − 1, z) δ(x, y − 1, z + 1) δ(x, y − 1, z + 1)

δ(x, y, z) even with
edge orthogonal to
axis z

δ(x, y, z + 1) δ(x, y − 1, z + 1) δ(x, y − 1, z + 1)

δ(x, y, z) odd with
edge orthogonal to
axis z

δ(x, y − 1, z) δ(x, y − 1, z + 1) δ(x − 1, y − 1, z + 1)

symmetric pair to axis y. Then the side of the polygon connecting δ and δ′

is orthogonal to the axis y. After any kind of step the new corners obtained
from δ and δ′ have the same property. The proof is similar if one of the edges
connected at corner δ is orthogonal to axis z. ��
As we can see the corner-types are in a closed set, i.e. we cannot step out from
the above used set by the growing steps.

Now, we present a method which calculates the corners of any digital circle.
We are using Table 1 and the transition table given in Table 2.

Let us calculate the corner of the digital circle with origin (x0, y0, z0) using
the initial part Bk of a neighborhood sequence B. First we compute the corners
of CBk

using O as origin, and after this we will translate the circle.
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Algorithm

1. Initially start with corners of the circle C(b(1)) from Table 1 which are in the
analysed section of the grid, where b(1) is the first element of B. Let i = 1.

2. While i < k let i := i + 1 and the analysed corners of the new polygon are
from Table 2 by a b(i)-step. (Keep only those ones which are in the analysed
part of the grid.)

3. Get every point which coordinate values form a permutation of a computed
point. Those are the corners of CBk

.
4. If (x0, y0, z0) is even then add the vector (x0, y0, z0) to each corner of CBk

in order to get the result.
5. If (x0, y0, z0) is odd then then, first, let the new values of coordinates of the

corners be given by the formula (x, y, z) → (−(x−1),−z,−y) (they represent
the digital circle with origin (1, 0, 0) generated by B with radius k);
secondly, add the vector (x0 − 1, y0, z0) to each corner to obtain the final
result.

Now we present an example. Let us determine the corners of the digital circle
starting from point (−5, 3, 3) with B4 = (1, 3, 1, 2).

1. b(1) = 1, therefore we start with C(1), so we have α(0, 0, 1) and i = 1.
2. i < 4 therefore i := 2, b(i) = b(2) = 3, the result: γ(−1,−1, 2) and δ(0,−1, 2).

i < 4 therefore i := 3, b(i) = b(3) = 1, γ(−1,−1, 2) is even and it is on axis
z (the first two coordinates have the same value): γ(−1,−1, 3) and
δ(0,−1, 2) is odd and it has edge orthogonal to the axis y so the new corner:
δ(0,−2, 2).
i < 4 therefore i := 4, b(i) = b(4) = 2, γ(−1,−1, 3) is odd and it is on axis
z, so we get δ(−2,−1, 4) and δ(−1,−2, 4), but the first one is outside of the
analysed section of the plane
δ(0,−2, 2) is even and it has edge orthogonal to the axis y so the new corner:
δ(0,−3, 3).
i = 4, the loop of Step 2 is finished.

3. The corners with permutations: all of them are type-δ: (−1,−2, 4),
(−2,−1, 4), (−1, 4,−2), (−2, 4,−1), (4,−1,−2), (4,−2,−1) and (0,−3, 3),
(0, 3,−3), (−3, 0, 3), (−3, 3, 0), (3, 0,−3), (3,−3, 0).

4. The given origin is odd, so
5. first we get: (2,−4, 2), (3,−4, 1), (2, 2,−4), (3, 1,−4), (−3, 2, 1), (−3, 1, 2),

(1,−3, 3), (1, 3,−3), (4,−3, 0), (4, 0,−3), (−2, 3, 0), (−2, 0, 3).
Secondly, adding (−6, 3, 3) the final result: (−4,−1, 5), (−3,−1, 4),
(−4, 5,−1), (−3, 4,−1), (−9, 5, 4), (−9, 4, 5), (−5, 0, 6), (−5, 6, 0), (−2, 0, 3),
(−2, 3, 0), (−8, 6, 3), (−8, 3, 6) and all of them are type-δ.

Using the three digital circles with radius 1 and our growing table we get all
possible digital circles of the hexagonal grid. In the next section we will list their
types.
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5 The Shapes of the Digital Circles

In this section - continuing our previous results - we characterize the digital
circles by neighborhood sequences in the hexagonal grid.

Theorem 1. The shape of the digital circle generated by the neighborhood se-
quence B in k steps is a triangle if and only if it is C(1). The shape is a hexagon
if and only if there is no element 3 in the initial part of B up to the k-th element.
(Except the previous case, in which C(1) is especially a triangle.) The shape is
an enneagon if and only if there is not any element 2 and nor any consecutive
1,1 or 3,3 occur in the initial part Bk. (Except C(1).) In every other case the
digital circle is a dodecagon.

Proof. In the first case the triangle has three α corners. According to point (b)
of Proposition 2 only other types of corners can occur at the other digital circles.
With other types of corners it is impossible to get a triangle.

Now let us consider the other digital circles. It is easy to check in Table 1 that
starting with an element 2 we get a hexagon with six β corners. Moreover by
Table 2 we know that using 1-step and/or 2-step from corners type α and from
corners type β the new corners will be type β as well. With only corners type
β there must be six of them to make a polygon. Therefore without a 3-step the
result is a hexagon with corners type β.

It is shown in Table 1 that C(3) is an enneagon with three γ and six δ corners.
The corner γ(1,−1, 1) is odd and it is on the axis y. Therefore with a 1-step
it grows to a γ2 which is even and is on the same axis. (With a 2-step or a
3-step the corner would be divided to two δ vertices.) From γ2 with a 3-step
γ3 is resulted; it is odd on axis y. (From γ2 with a 1-step or a 2-step we would
obtain two δ corners.) Since γ3 is in the same ’class’ (i.e. in the same row of
Table 2) as γ(1,−1, 1) the computing cycle is starting again, and it is going on
while the steps are 1-step and 3-step turn by turn. Observe in Table 2 that type
γ corner can be obtained from α, but cannot from β. Therefore there is no way
to get γ vertices from C(2) and so from any hexagons. From C(1) one can obtain
an enneagon in one way, namely to get C(1,3). The obtained corner γ(−1,−1, 2)
is even and it is on the axis z. One can check that there is a similar computing
cycle for this γ to keep it with only 1-steps and 3-steps by turns. (Leaving this
computing cycle two corners type δ are obtained instead of the type γ.)

Finally, in all other cases the polygons only have δ vertices. When twelve
corners type δ are in a digital circle, then it never happens that they change
to another type (see Table 2) and twelve of them are needed for a polygon.
Therefore the last statement is proved. ��
Analysing the digital circles on the square and on the hexagonal grid we have
found the following important difference.

In the square grid the region occupied by k steps of a neighborhood sequence
A is independent of the ordering of the first k element of A. (see [4])
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(a) Digital circle by (1,3) (b) Digital circle by (3,1)

Fig. 5. The elements of the neighborhood sequence on the hexagonal grid are not
permutable, in general

Proposition 3. Contrary to the case of the square grid, it is possible for a
neighborhood sequence B and for a k ∈ N, that the region CBk

depends on the
order of the first k elements of B.

Assume that B′
2 = (1, 3) and B′′

2 = (3, 1) then our regions CB′
2

and CB′′
2

differ
as Fig. 5 shows.

6 Conclusions

In this paper we presented some results about neighborhood sequences on the
hexagonal grid. We made a classification of the digital circles. We gave the
possible types of corners of these digital polygons and studied their development
in the growing procedure. Moreover an algorithm is presented to compute the
coordinate-values of the corners of any digital circle (arbitrary origin, arbitrary
neighborhood sequence and arbitrary radius) on the hexagonal grid. We listed
the types of the digital circles occupied by neighborhood sequences, as well.
Since the convex hulls of the digital circles are convex polygons, the lists of their
corners determine them.

Our results can be used in digital image processing and in the field of networks
as well. It is useful in region growing procedures. In grid-structured networks the
non-common properties are useful. Some digital circles have several radii or the
non permutability of the elements of the neighborhood sequence are exotic prop-
erties. In practice, it would also be interesting to analyse the development of the
wave-front sets in the case of “barrels”, or starting not from a point, but from
other digital object, for instance from a lane. Another possible direction of future
research is the further analysis of meeting waves, etc. It would be interesting if one
mixed our method of region growing with the methods used in practice ( [8,9,2]).
Extensions to non-regular grids can be topics of further research, as well.
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