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Abstract. We introduce a method for computing similarity between
two square matrices based on the information given by their eigenvalues
and eigenvectors. The idea is to evaluate the effect of the conjugation of
the original matrices and the eigenvectors and eigenvalues of each other.
Then, we exemplify its utility for computing similarity between square
images from a classified bank of pictures. The performance of the method
is evaluated with diverse experiments.

1 Introduction

Comparing matrices is an interesting open problem in computer sciences. More-
over, since matrices are a very useful representation for many kinds of data, it
has a lot of applications in many different fields. On the conventional paradigm
[1], measuring similarity between entities implies the selection of those properties
considered as essential. These subjective elections are commonly erroneous and
always incomplete. In many cases, the best techniques are those that use all the
information available of the involved entities. For the specific problem of com-
paring matrices, we should prefer a method that works with all the information
contained in each element of the bi-dimensional array.

In Linear Algebra, eigenvalues and eigenvectors are often used to characterize
a transformation defined by a square matrix [6]. The determination of those
vectors and values is a very well studied problem, and there are a lot of numerical
processes which aim to solve it.

Definition 1. Given a linear transformation M (defined by a square matrix)
from Υ into Υ , a nonzero vector v in Υ is an eigenvector of M if

Mv = λv (1)

where v �=0̌ and ‖v‖2 = 1.

The scalar λ is called the eigenvalue of M corresponding to v [3]. Thus, we could
say that an eigenvector of a square matrix is a non-null vector whose direction
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is unchanged by the transformation and that the factor by which the magnitude
is scaled is called the eigenvalue of that vector.

A square matrix M of n × n has up to n distinct pairs formed by an eigen-
value and a normalized eigenvector: Mv(1) = λ1v

(1), Mv(2) = λ2v
(2), · · · ,

Mv(n) = λnv(n); where
∥
∥v(i)

∥
∥

2
= 0 for i = 1, 2, · · · , n. It is common to rep-

resent the eigenvalues of a square matrix into a diagonal matrix called Λ, and
the normalized eigenvectors are often represented as the columns of a square
matrix called V , where they occupy their position according to Λ as follows

Λ =

⎡

⎢
⎢
⎢
⎣

λ1 0 · · · 0
0 λ2 · · · 0
...

. . .
...

0 0 · · · λn

⎤

⎥
⎥
⎥
⎦

(2)

V =
[

v(1) v(2) · · · v(n)
]

(3)

It is useful to condense all the information given by the eigenvalues and eigen-
vectors into a single algebraic expression

MV = V Λ (4)

It is mathematically accepted to say that two (n × n) matrices A and B are
similar if there is an invertible matrix P for which B = P−1AP [3]. This is an
equivalence relation on �n×n. We also know that if A and B are mathematically
similar, they share the same eigenvalues. But this idea is inadequate for real
cases where this relation does not describe sufficiently the data. Together, the
eigenvectors and eigenvalues describe completely and univocally the intrinsic
information of a square matrix. Thus, it is not possible to find two distinct
matrices with the same eigenvalues and eigenvectors. We could take advantage
of this unique characterization in order to represent a matrix with neither loss
of information nor any kind of ambiguity.

2 Eigenconjugation of Two Square Matrices

Definition 2. Given two square matrices (n × n) A and B with the matrices
of eigenvalues ΛA, ΛB and the matrices of eigenvectors VA, VB respectively, we
know it is true that

VA = AVAΛ−1
A (5)

VB = BVBΛ−1
B (6)

where A, B, ΛA, ΛB, VA, VB ∈ C(n×n). Then, the matrices V ′
A and V ′

B know as
the eigenconjugation of A and B are defined as

V ′
A = BVAΛ−1

A (7)

V ′
B = AVBΛ−1

B (8)

where V ′
A, V ′

B ∈ C(n×n).
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Since VA and VB are matrices composed by column vectors, we considered V ′
A

and V ′
B to have the same structure. Therefore, the column vectors of V ′

A express
the effect of the conjugation of B with the eigenvalues and eigenvectors of A.
And the columns vectors of V ′

B express the effect of the conjugation of A with
the eigenvalues and eigenvectors of B.

3 Evaluation of the Eigenconjugation as a Similarity
Measure for Square Matrices

In this section we introduce a new method which aims to measure an approxi-
mated distance between two square matrices based on the algebraic conjugation
of the original matrices and the eigenvalues and eigenvectors of each other.

It is possible to represent the distances of each of the column vectors from
VA to V ′

A into a sequence of n elements, and the distances from VB to V ′
B into

another sequence. An interesting assumption is that if the original matrices A
and B are similar, then the behaviours of both sequences are also similar. Now,
we define a new matrix operator for determinining the distances between those
vectors.

Definition 3. Given two matrices (n×m) U and V , both composed by column
vectors such as

U =
[

u(1) u(2) · · · u(m)
]

(9)

V =
[

v(1) v(2) · · · v(m)
]

(10)

the operator ∗ is defined as

U ∗ V =
[

e(u(1), v(1)) e(u(2), v(2)) · · · e(u(m), v(m))
]

(11)

where e(u, v) calculates the Euclidean distance between vectors u and v

e(u, v) =

(
n∑

i=1

(ui − vi)2
) 1

2

. (12)

The result is a sequence that contains the distances between the consecutive pairs
of columns vectors from both matrices. Now, we define two useful sequences

d1 = VA ∗ V ′
A (13)

d2 = VB ∗ V ′
B (14)

Therefore d1 express the Euclidian distances between each of the vectors of
VA and V ′

A, and d2 express the Euclidian distances between each of the vectors
of VB and V ′

B . Both sequences characterize the effect of the eigenconjugation of
A and B. The characteristic sequences of an Eigenconjugation have always an
uptrend.

The hypothesis is that the original matrices A and B are as similar as se-
quences d1 and d2 are:
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A ≈ B → d1 ≈ d2 (15)

Since the expression (15) is an one-way logical implication, we must assume
that A and B are matrices that belong to the same class.

There are many techniques for comparing sequences as time series. For this
work we chose Dynamic Time Warping (DTW) for minimize the base dis-
tances between these sequences. For more information we suggest to see [4].

Definition 4. Given two sequences Q = 〈q1, q2, · · · , qn〉 and C = 〈c1, c2,
· · · , cm〉, the dynamic time warping distance DTW is defined recursively as
follows [2]:

DTW (〈〉, 〈〉) = 0 (16)

DTW (Q, 〈〉) = DTW (〈〉, C) = ∞ (17)

DTW (Q, C) = dbase(f(Q), f(C)) + min

⎧

⎨

⎩

DTW (Q, r(C))
DTW (r(Q), C)

DTW (r(Q), r(C))
(18)

where
dbase(qi, cj) = |qi − cj | (19)

and f(〈p1, p2, · · · , pk〉) = p1, r(〈p1, p2, · · · , pk〉) = 〈p2, p3, · · · , pk〉.

It is assumed that Q and C are the same if DTW (Q, C) = 0, they are similar
when DTW (Q, C) → 0, and they are different when DTW (Q, C) → ∞.

For the experimental results we noticed that the numeric value given by the
computation of DTW could be affected by the scale of the magnitudes of the
original matrices. So there were many near false positives cases when we compare
one image to a bank of hundreds. Therefore we modified (19) in order to employ
a kind of normalization similar to the one occupied in Normalized Root Mean
Square Error (NRMS) measure. Thus, dbase is redefined as follows:

dbase(qi, cj) = |qi − cj

q − qi
| (20)

where q is the mean value of the fist sequence. Therefore DTW (Q, C) �=
DTW (C, Q) in general. For the implementation we used an optimized version
of DTW know as Fast Dynamic Time Warping (FDTW ), which is a non-
recursive approximation of computational complexity less than a polynomial of
degree 2.

Definition 5. Given two square matrices A and B of the same class, the simi-
larity measure sim(A, B) is defined as

sim(A, B) =
√

DTW 2(d1, d2) + DTW 2(d2, d1) (21)

where d1 and d2 are the characteristic sequences of the eigenconjugation of A
and B.
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In the following figures we show four examples of comparisons between pairs of
same-class images. In Figure 1 it is possible to appreciate by simple glance, the
relation of similarity supposed by (15). In the first case both sequences have a
similar behaviour and the original images are also alike. In the second case it is
observable the opposite situation.

Fig. 1. Image A is compared to B and their characteristic sequences -d1 & d2- are
showed in (c). Image A is also compared to C, their sequences -d1 & d2- are showed in
(f). All images are of size 100 × 100 pixels. Only the first 80% of the elements of the
sequences are plotted. Codes in brackets are the references of the images.

In Figure 2 two more experiments are showed, where it is important to notice
that the numeric values given by sim are validated by the similarity relation of
the original images.

4 Comparing Square Images Using Eigenconjugation

Although humans are capable of a complex and efficient performance while com-
paring images, this task is quite difficult for automated systems. Eigenconju-
gation validates the similarity relation between data matrices using numerical
processes that can be easily implemented into a computer.

Although there are many techniques for pre-processing images such as filtering
or thresholding, we rather work with the original information without any other
stage or process. This is necessary because in this paper we introduce a method
for comparing any kind of square matrices, not only for the specific case of square
images.
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Fig. 2. Image A is compared to B and their characteristic sequences -d1 & d2- are
showed in (c). Image A is also compared to C, their sequences -d1 & d2- are showed in
(f). All images are of size 100 × 100 pixels. Only the first 80% of the elements of the
sequences are plotted. Codes in brackets are the references of the images.

Using eigenconjugation, a comparison of two square matrices (n × n) has a
computational complexity of somewhat less than 4n3 + 12n2 + 8n field oper-
ations; where the following stages are considered: algebraic eigenconjugation,
construction of the characteristic sequences and the evaluation with FDTW .

Given a set of matrix representations of same-class images (Π) the procedure
for sorting the elements by its similarity with a query is as follows (it is supposed
that all images are square normalized and have the same size):

1. Select the query matrix A|A ∈ Π .
2. Calculate the eigenvectors and eigenvalues of A.
3. For each matrix B on the set (B|B ∈ Π):

(a) Calculate the eigenvectors and eigenvalues of B.
(b) Obtain the eigenconjugation sequences of A and B: d1 and d2.
(c) Calculate the similarity measure sim(A, B); and save the result into a

list.
4. Sort the list and show the results.

At first we worked with simple matrices obtained for the grayscale represen-
tation of the images. Obviously the information given by grayscale matrices is
not enough for differencing efficiently each image from others. During these first
experiments the results were not very satisfactory. It was necessary to include
the information given by the colour components. Since the original images were
available in RGB format, we decided to make a triple comparison using the ma-
trices of the red, green and blue components. So there were three distances for
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each comparison. These three values were the components of a vector of distance
whose absolute magnitude was defined as the total distance between the coloured
matrices. Thus the results were sensibly improved in almost all the cases. But
there were still some inconsistencies.

The best results were obtained when we used a unique jointly-coloured matrix
representation of each image. This coloured matrix is constructed by an alterna-
tive permutation of the bits of the three colour components of each pixel. Thus,
one single numeric value is obtained for each pixel. In the former representations
the interval for pixel values was small (0− 255), with the use of coloured matri-
ces the interval or variability is incremented (up to 2563). Therefore the amount
of available information is extended, and the process of similarity measuring is
improved.

Every RGB image could be decomposed into three component matrices

R = (rij) G = (gij) B = (bij) (22)

where each element (r, g and b) of the matrices has a binary representation as

r = (r7r6r5r4r3r2r1r0)2 (23)

r =
7∑

k=0

2k · rk (24)

where rk ∈ {0, 1} for 0 ≤ k ≤ 7.

Definition 6. Given a square RGB image (n×n), its jointly-coloured represen-
tation M is defined as follows:

M = C(R, G, B) (25)

where M = (mij); and each element m of M has the following binary composi-
tion

m = (r7g7b7r6g6b6 · · · r0g0b0)2 (26)

r =
7∑

k=0

23k+2 · rk + 23k+1 · gk + 23k · bk (27)

where rk, gk, bk ∈ {0, 1} for 0 ≤ k ≤ 7.

This representation prevents us for giving and excessive importance to a spe-
cific colour component. Nevertheless there is still an undesirable minimized
favouritism. The defined order (r-g-b) in the combination is arbitrary, and it
could be changed for optimizing the results in specific cases.

We tried experimentally to use normalization in different steps of the pro-
cedure, but the results did not improve except for some specific cases. General
applications should not use normalization.
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5 Experimental Results

In the following figures we illustrate some experiments where a query image was
given, and the five nearest coloured images are showed (among more than 100
elements in each class). In all cases the jointly-coloured matrix representation
was used. These results are very interesting and precise although they have to be
validated by human inspection. Thus, there is no way to make a rigid objective
evaluation of the effectiveness of the method.

In Figure 3, the two more similar images were placed next to the target. The
other results could be irrelevant or appear to be erroneous. But the experiment
is good because it brought the most similar elements at first.

Fig. 3. Searching over the Elephant class. Image Q “query” was compared to all the
elements from the class. Images A to E are the nearest found specimens given by the
sim measure. Codes in brackets are the corresponding references of the images.

Two experiments among the Horse class are showed in Figure 4 and Figure 5.
These results are very appropriate for exemplify the correct performance of the
method. They are good because the Horse class is correctly classified and the
set is homogeneous. Therefore the method could determine with high precision
the similarity over an homogeneous set.

Every class of images has a degree of homogeneity which is merely a subjective
estimation of resemblance among its elements. In Figure 6 the results are very
acceptable; in fact they are almost exactly. It is important to observe that the
method is not infallible, that its efficiency depends strongly on the degree of
homogeneity between the elements of the class.

6 Conclusions and Future Work

Eigenconjugation is a method for computing similarity between same-class im-
ages. And this might be a difficult task because these images are already similar.
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Fig. 4. Searching over the Horse class. Images A to E are the nearest specimens of Q
given by the sim measure. Codes in brackets are the references of the images.

Fig. 5. Searching once again over the Horse class. Images A to E are the nearest
specimens of Q given by sim. Codes in brackets are the references of the images.

Fig. 6. Searching over the Flower class. Images A to E are the nearest specimens of Q
given by the sim measure. Codes in brackets are the references of the images.
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The proposed method could determine with high precision the similarity over an
homogeneous set. Its efficiency depends strongly on the degree of homogeneity
between the elements of the class. We have evaluated the method using matrix
representations of colour images having better results while working with ho-
mogeneous sets. Nevertheless, this method could be applied for every kind of
square data matrices. The method evaluates the similarity based on the whole
structure of the matrices. In this paper we have discussed about its limitations
and characteristics in different cases of use.

Eigenconjugation is a new different approach for computing image similarity.
Some other methods [8] need to first process all the elements of the class, but
Eigencojugation could evaluate the distance only between two matrices without
any information from the other elements. A profound comparison with other
techniques is a complicated task which is out of the reach of this paper.

Some future work suggestions are:

1. Using other similarity techniques and measures for time series.
2. Using eigenconjugation for computing similarity with other kinds of data

matrices.
3. Complementing eigenconjugation with a classification method for working

with non same-class images.
4. Comparing eigenconjugation with other techniques for image similarity.
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