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Abstract. The differentiation between cancerous and benign processes
in the body often poses a difficult diagnostic problem in the clinical set-
ting while being of major importance for the treatment of patients. Mea-
suring the expression of a large number of genes with DNA microarrays
may serve this purpose. While the expression level of several thousands
of genes can be measured in a single experiment, only a few dozens of
experiments are normally carried out, leading to data sets of very high
dimensionality and low cardinality. In this situation, feature reduction
techniques capable of reducing the dimensionality of data are essential
for building predictive tools based on classification.

Methods and Data: We compare the popular feature selection and
classification method PAM (Tibshirani et al.) to several other methods.
Feature reduction and feature ranking methods, such as Random Projec-
tion, Random Feature Selection, Area under the ROC curve and PCA are
applied. We employ these together with the classification component of
PAM, Linear Discriminant Analysis (LDA), a Nearest Prototype (NP)
classifier and linear support vector machines (SVMs). We apply these
methods to three publicly available linearly separable gene expression
data sets of varying cardinality and dimensionality.

Results and Conclusions: In our experiments with the gene expression
data we could not discover a clearly superior algorithm, instead most
surprisingly we found that feature reduction using random projections
or selections performed often equally well.

1 Background

The differentiation between cancerous and benign (non-cancerous) processes in
the body often poses a difficult diagnostic problem in the clinical setting while be-
ing of major importance for the treatment of patients. Since cancer development
is thought to be caused by the accumulation of complex genetic alterations in
the affected cells and tissues, the differentiation of cancerous vs. non-cancerous
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clinical samples is an important application –together with feature reduction
methods– for the interpretation of DNA array data. Gene expression data have
two dimensions, genes on one side, and measurements on the other side. While
the expression level of several thousands of genes can be measured in a single
experiment, only a few dozens of experiments are normally carried out, leading
to data sets of very high dimensionality and low cardinality. In this situation,
feature reduction techniques capable of reducing the dimensionality of data are
essential for building predictive tools based on classification. It is thought that
only a small fraction of the features are needed for classification, while most of
the features are not only irrelevant, but may even disturb the classification. This
poses the problem of reducing the feature set. The feature reduction methods
can be divided into two classes: Transformation methods, which project the orig-
inal feature space into a lower-dimensional space, and feature selection methods,
which choose a subset of the original features. The former have the advantage
of not throwing away any features completely, whereas the latter provide results
that can be interpreted more easily. One popular feature selection method is
the use of shrunken centroids proposed by Tibshirani et al. [1, 2], which is also
known as Prediction Analysis for Microarrays (PAM).

We compare the popular feature selection and classification method PAM [1,2]
to several other methods. Feature reduction and feature ranking procedures, such
as Random Projection, Random Feature Selection, Area under the ROC curve
and PCA are applied [3, 4, 5]. We employ these together with the classification
component of PAM, Linear Discriminant Analysis (LDA), a Nearest Prototype
(NP) classifier and linear support vector machines (SVMs) [4, 6].

2 Methods

This section consists of a brief description of the used feature reduction and
classification methods (for details see the cited references and any standard text
such as Duda&Hart or Webb [4,5]), and the employed gene expression data sets
and testing procedures.

2.1 Feature Reduction Methods

Prediction Analysis for Microarrays (PAM) was described by Tibshirani
et al. in [1, 2]. The PAM algorithm performs both feature reduction and clas-
sification. PAM chooses class representatives (prototypes, centroids) for every
feature and moves (shrinks) them towards the overall centroid (not taking into
account any class information) of that particular feature using a fixed threshold
value. Whenever a class centroid has zero distance to the feature centroid, it
does not play a role in the classification any more and can be discarded. If all
class centroids in a feature have been discarded, the feature itself is removed.
PAM uses exactly one representative vector per class. The components of the
representatives are the centroids of the class samples in each feature.

With samples j = 1, . . . , n, classes 1, . . . , K and i = 1, . . . , p features/genes,
the initial ith component of the centroid of class k is xik =

∑
j∈Ck

xij

nk
, where
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Ck are the indices of the samples in class k. The ith component of the overall
centroid of feature i is xi =

∑n
j=1

xij

n .
The standardized distance between the class centroid and the overall centroid

in feature i is
dik =

xik − xi

mk · (si + s0)

where
s2

i =
1

n − K

∑

k

∑

j∈Ck

(xij − xik)2,

and s0 = median{si}.
In [1], mk was defined as mk =

√
1/nk + 1/n. However, the PAM implemen-

tation provided in the pamr package [7] defines it as mk =
√

1/nk − 1/n. The
second definition was used in the experiments.

The shrunken centroid is

x′
ik = x + mk(si + s0)d′ik

where
d′ik = sign(dik)(|dik | − Δ)+

(t+ = t if t > 0 and zero otherwise)
This means that all centroids whose distances to the overall centroid of the

feature are less than Δ will be the same as the overall centroid and can therefore
be eliminated. Tibshirani et al. [1, 2] propose using a sequence of numbers as
threshold values Δ and finding the best one by a 10-fold cross-validation on
the training data. We used this unmodified version of PAM in the nested cross-
validation tests, but employed a different method for the cross-validation runs
with fixed numbers of features:

In fact, choosing arbitrary sequential threshold values Δ is an inaccurate
method, as all possible thresholds can be calculated. The choice of the thresh-
old values should have an impact on the number of remaining centroids, and
consequently the set of reasonable thresholds consists of the diks. Instead of the
sequential threshold procedure, we used those pre-calculated threshold values.
In addition, it is necessary for our experiments to fix the number of remaining
features in order to be comparable to other feature reduction methods. There-
fore, we did not choose the best threshold using a cross-validation, but utilized
the threshold that leaves exactly p′ features:

1. Calculate maxk |dik| for each feature i
2. Sort these thresholds in descending order
3. Pick the (p′ + 1)th threshold

The PAM classification rule is described in Sect. 2.2.

Random Feature Selection (RF) simply chooses a specified number of fea-
tures at random. Let I be the set of feature indices {1, . . . , p}. Then I ′ ⊂ I is a
random sample of p′ indices drawn from I uniformly and without replacement,
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where p′ is the desired number of reduced features. If we let D be the p × s
matrix containing the data (with p being the original number of dimensions),
the feature reduction is performed by picking all rows of D with indices i ∈ I ′.
Random Feature Selection is very simple, but the usefulness of the selected fea-
tures is not evaluated and features are randomly discarded that may contain
important information. It serves as a baseline for comparing the algorithms.

A Random Projection (RP) is a transformation with a matrix R whose en-
tries r are chosen from a distribution that is symmetric about the origin. The
idea of Random Projections is based on a lemma due to Johnson and Linden-
strauss [8]. The lemma basically states that any set of n points in Rd can be
projected into Rk, k ≥ O(ε−2 log n) so that all distances are preserved up to a
factor of 1 ± ε. Vempala [3] further describes the distributions that can be used
for generating the matrix entries. For the experiment, p′ vectors Ri of length
p were chosen from the standard normal distribution N(0, 1), where p is the
original number of features and p′ is the desired number of reduced features. If
we let R be the p × p′ matrix whose columns are the vectors R1 . . . Rp′ and D
the p × s matrix containing the data (with s being the number of samples), the
projection is D′ = RT · D.

Principal Component Analysis (PCA) is a linear transformation that aligns
the first axis (the principal component) of the coordinate system along the great-
est variance. Formally, given a p × s data matrix D (where p is the number of
features and s is the number of samples), we use PCA for dimensionality reduc-
tion to p′ features, i.e. the eigenvectors of the covariance matrix are sorted in
decreasing order and we use the first p′ eigenvectors.

The Area Under the ROC Curve can be a measure of classification quality
of a feature in the two class scenario. A ROC curve has the 1-specificity on
the horizontal axis and the sensitivity on the vertical axis. It visualizes the
possibilities of separating the classes and allows to adjust the misclassification
rates for both classes separately. The area under the ROC curve (AUC) is a
measurement of discrimination. The closer it approaches 1, the better is the
feature suitable for classification. Feature reduction is done by using only first
p′ features after sorting them in decreasing order according to the AUC.

2.2 Classifiers

The PAM Classifier described in [1] has the following discriminant function:

δPAM
k (x∗) =

p∑

i=1

(x∗
i − x′

ik)2

(si + s0)2
− 2 · log πk,

where πk is the prior probability of class k.
The classification rule is

CPAM(x∗) = l where δPAM
l (x∗) = min

k
{δPAM

k (x∗)}
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However, the pamr package [7] uses a different classifier. The pamr discrimi-
nant function for a sample x∗ is

δPAMR
k (x∗) =

p∑

i=1

d′ik · mk · (x∗
i − xi

s0 + si
− 1

2
· d′ik · mk) + log πk

and the classification rule is

CPAMR(x∗) = l where δPAMR
l (x∗) = max

k
{δPAMR

k (x∗)}

To distinguish between the classifier described in the paper and the classifier
employed in pamr, we call the former the PAM classifier and the latter the
PAMR classifier.

The Nearest Prototype (NP) Classifier (also called nearest mean classifier
[9]) assigns a sample to the class whose prototype (one prototype per class) has
the smallest Euclidian distance to the sample. The discriminant function for a
sample x∗ is: δNP

k (x∗) = ‖x∗ − xk‖2, where xk is the prototype of class k.
The classification rule is then: CNP(x∗) = l where δNP

l (x∗) = mink{δNP
k (x∗)}.

Linear Discriminant Analysis (LDA) calculates a hyperplane in feature
space. A quadratic discriminant function for a sample x∗ is

δQDA
k (x∗) = (x∗ − xk)T · S−1 · (x∗ − xk) − 2 · log πk,

where xk is a vector of centroids of class k in the features, S is the pooled
estimate of the within-class covariance matrix and πk is the prior probability of
class k. This generally hyperquadratic decision surface is reduced to a hyperplane
through our additional assumption of equal covariance matrices.

Support Vector Machines (SVMs) are learning machines that can be ap-
plied to classification problems. By solving a constrained quadratic optimization
problem they can find a hyperplane that linearly separates a data set [10, 6].
Here, we use only the linear kernel.

2.3 Data Sets

The Golub Data Set contains leukemia microarray data with originally 6817
genes, 72 samples (47 ALL and 25 AML) and 2 classes. It was first analyzed by
Golub et al. [11]. The preprocessing described by Dudoit et al. [12] was applied,
reducing the number of features to 3051.

The Khan Data Set of small round blue cell tumors was analyzed by Khan
et al. [13] and also by Tibshirani et al. in [1]. It consists of 63 samples (SRBCT
classes: 23 EWS, 20 RMS, 12 NB, 8 NHL cases) with 2308 features in 4 classes.

The Diagnostic Chip Data Set of pancreatic tumors contains 62 samples
(37 PaCa and 25 Pitis/Norm) with originally 558 features that were reduced to
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169 genes and 2 classes [14]. The genes of this data set are known to be indicative
for cancer diseases.

2.4 Testing Methods

Two different kinds of experiments were performed.

Predefined Feature Number. For comparing the feature reduction methods
by the number of remaining features, the number of remaining features was
fixed to values p′ = 5, 10, . . . , 100. This requires a special treatment of the PAM
thresholds (see Sect. 2.1).

We tested each classifier separately on all feature reduction methods. SVMs
were only applied on PCA feature reduction. With SVMs and ROC curves being
suitable only for 2-class-problems (in the present configuration, i.e. we did not
extend these methods to problem with more than two classes), we did not apply
them to the Khan data set. In addition, the SVM and the NP classifiers were
tested on the original (unreduced) feature sets.

The following testing methods were applied:

– Reclassification, that is, classification of the training data
– Leave-one-out, i. e. training the classifiers with all but one samples and

classifying the remaining sample. This was repeated for all samples and the
errors were added.

– 10×5-fold cross-validation: The samples were divided into 5 random groups.
Each of the groups was left out once in training and used for classification.
The errors were added. The procedure was repeated 10 times and the average
error of the 10 runs was calculated.

– 10 × 10-fold cross-validation with 10 random groups.

Nested Cross-Vaildation for Feature Number Determination. For com-
paring the feature reduction methods by their optimal number of features, we
applied a nested 10-fold cross-validation. This means a 10 × 5-fold cross-
validation and a 10 × 10-fold cross-validation were performed, and the optimal
number of features was chosen in each fold of this outer cross-validation by a
nested 1× 10-fold cross-validation on the training data of the current fold. This
is the method proposed by Tibshirani et al. [1] for the PAM threshold selection.
As this method cannot be applied reasonably on random methods, it was only
performed on PAM, PCA and ROC feature reduction.

– For PAM, 30 sequential threshold values (the default thresholds chosen by
the pamr package) were cross-validated and the threshold value that lead to
the minimum number of errors at the first level and the minimum number
of remaining features at the second level was used.

– For the other feature reduction methods, reductions to p′ = 5, 10, . . . , 100
features were cross-validated and the transformation that yielded the mini-
mum number of errors at the minimum number of features was chosen.
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3 Results

3.1 Experiments with Fixed Numbers of Features

The testing methods vary in their estimation of generalization error. While re-
classification is usually an overly optimistic estimation of generalization error,
different types of cross-validation give different hints regarding the match of
classifier to data. We performed three types of cross-validation, namely leave-
one-out, 10-fold and 5-fold cross-validation. For lack of space we show only the
5-fold cross-validation results in this section, they exhibit the highest error rates.
Complete simulation results are given in the supplementary information avail-
able at http://www.informatik.uni-ulm.de/ni/mitarbeiter/HKestler/featred/.

Golub Data Set
On the Golub data set all classifiers perform reasonably good with average error
rates below 10/72 in a 5-fold cross-validation (see Figure 1). With the PAM and
PAMR classifiers, the ROC feature reduction and PAM bring the best results in
the cross-validations. In the 5-fold cross-validation, both PAM and PAMR start
with 5.3 errors for 5 features and finally produce 3.0 errors with 80 features.
None of the classifiers achieves an error of zero.

With the NP classifier, PCA is substantially better than other feature reduc-
tion methods for up to 55 features, yielding an average error of 1.8 cases or less
in the 5-fold cross-validation. PCA error rates rise when the number of features
increases. Starting with 70 features, Random Projection achieves comparable
results to PAM with NP, leading to error rates mostly below 4.0/72. RP+NP
even outperforms PAM+PAMR and PAM+PAM sometimes on feature numbers
above 70. This result is surprising, but shows that Random Projection preserves
distances quite well and works well with distance-based classifiers. With the LDA
classifier, PCA feature reduction also brings good results, with error rates below
2.5/72 in the 5-fold cross-validation, while all other feature reduction methods
produce even more errors with an increasing number of features. PCA and LDA
also return constant zero error rates in reclassification, with 15 features and
more. The SVM classifier yields the overall minimum error of 1.6/72 at 35 fea-
tures with the PCA feature reduction in the 5-fold cross-validation, but error
rates raise quickly with more features. Random Projection is always slightly
better than Random Feature Selection and approaches or sometimes even beats
PAM as the number of features rises.

Khan Data Set
Compared to the Golub data, the Khan data set is harder to classify and needs
more features for correct classification. With a low number of features, PCA
always performs best on Khan (see Figure 2). Here again, it shows that LDA
and PCA go together well, leading to an average of 1 error in the 5-fold cross-
validation with only 15 features. With more than 40 features, the PAM feature
reduction performs better than PCA, which gets worse. Yet, PAM achieves less

http://www.informatik.uni-ulm.de/ni/mitarbeiter/HKestler/featred/
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Fig. 1. Golub data set: Error rates of the five-fold cross-validation. Random Projec-
tion performs surprisingly well with higher numbers of features. Shown are the error
rates for the combinations: ROC+PAM, RF+NP, RP+PAM, RP+NP, PAM+PAM,
PCA+SVM, PCA+LDA.
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Fig. 2. Khan data set: Error rates of the five-fold cross-validation. PCA and LDA
perform well with a small number of features, NP outperforms the PAM classifiers
with less than 30 features. Shown are the error rates for the combinations: RF+NP,
RP+NP, PAM+NP, PAM+PAM, PAM+PAMR, PCA+LDA.
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Fig. 3. Diagnostic Chip data: Error rates of the five-fold cross-validation. No feature
reduction and classifier combination produces acceptable results. Shown are the error
rates for the combinations: ROC+PAM, RF+NP, RP+PAM, RP+NP, PAM+PAM,
PCA+SVM, PCA+LDA.
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than 1 error at 65 features with the PAMR classifier and at 50 features with
the PAM classifier. The PAMR and PAM classifiers show similar behaviours,
with PAM being slightly better than PAMR in most cases. NP shows analogue
characteristics, but yields error rates below those of PAMR and PAM with less
than 30 features. With more than 30 features, PAMR and PAM perform slightly
better. As with the Golub data set, Random Projection always performs better
than Random Feature Selection. However, it does not reach the PAM classifier
with the Khan data set.

Diagnostic Chip Data Set
All classifiers achieve the highest error rates on the Diagnostic Chip data set.
None of the classifiers achieves an error below 10 (SVM: error rate 10.9/62 on
the complete data, no feature reduction, 10×5-fold cv). The best result with
feature reduction is achieved by PCA and LDA classification with a minimum
average error of 13.5 cases with 30 features (10×5-fold cv) and PCA and SVM
with a minimum average error of 14 cases with 30 features (10×5-fold cv), see
Figure 3. With the PAM and PAMR classifiers, PAM feature reduction leads to
bad results, sometimes even worse than Random Feature Selection. Both clas-
sifiers produce exactly the same error rates in the 5-fold cross-validation. PCA,
Random Projection and ROC are better. With increasing numbers of features,
PCA performs best with an error rate of 16.5 in the 5-fold cross-validation start-
ing with 50 features.

The Nearest Prototype classifier returns almost constant error rates of around
17 errors (min 15) for all numbers of features when being applied on feature sets
produced by PCA, Random Projection and PAM. The error rates of the other
feature reduction methods with the NP classifier are unstable. Without feature
reduction, the average error is 22.6 cases. In contrast to the other data sets,
the error rates of Random Projection in the different runs are quite stable, i.
e. have a low variance. Those facts indicate that it is hard to find a subset of
features that suits significantly better for distance-based classification than the
original feature set and that none of the feature reduction methods succeeds in
finding one. Consequently, the PAM and the PAMR classifiers, which include dis-
tance measurements as well, also mostly return error rates that do not change
very much with different numbers of features. Only the PAM feature reduc-
tion and ROC show slightly increasing error rates with an increasing number of
features.

3.2 Experiments with Nested Cross-Validations

Golub Data Set
PAM seems not to be able to find a stable number of features on Golub. In
the 5-fold cross-validation, it determines an average of 1243.9 features for the
minimum error of 3.1/72, with a very high standard deviation of 322.3 features.
10-fold cross-validation produces a similar deviation, but a mean value of 1601.0



An Empirical Comparison of Feature Reduction Methods 271

features and an error of 3.4/72. In fact, PAM achieved even better results at a
much lower number of features in the experiments with fixed numbers of features,
i. e., 3.0/72 errors at 85 features in the 5-fold cross-validation and 3.0/72 errors
at 90 features in the 10-fold cross-validation. This may be due to the fact that
the 30 pre-defined thresholds used by the original PAM cover the whole feature
set, while our 20 thresholds in the above experiments lead to 5-100 features
and thus have a smaller raster in this area. With PCA, the results are mostly
comparable to our previous experiments. LDA achieves a mean error of 3.1/72
at an average of 10.9 features in the 5-fold cross-validation. The best result is
achieved by the linear SVM at 16.2 features with an error of 2.7/72. ROC feature
reduction only produces average errors of 4.9/72 (linear SVM) and more in the
5-fold cross-validation.

Khan Data Set

On Khan, PAM produces more stable results, yielding a mean error of 1.4/63
at an average of 52.7 features in the 5-fold cross-validation. Anyway, in the
fixed-feature experiments, the error rate grew smaller continuously towards 100
features, so this is still not an optimal value. The standard deviation of the
number of features is 7.8, while the PCA standard deviation is less than 2.8,
depending on the classifier. PCA again performs well with LDA, producing an
error of 1.5/63 at only 14.8 features. The results of the fixed-feature experiments
were slightly better. The NP classifier achieves an error of 3.6 at 16.1 features in
the 5-fold cross-validation, which is also comparable to the previous experiments.

Diagnostic Chip Data Set

As already seen in the fixed-feature experiments, the error rates on this data
set are high. PAM achieves 17/62 errors at 5.7 features (5-fold cross-validation),
which is slightly worse than the previous results (16.4 errors at 5 features). The
number of features is comparatively stable with a deviation of 1.4. With PCA,
NP achieves similar results with 16.9/62 errors at an average of 5.4 features with
a very small standard deviation of 0.84. This time, LDA only yields 18.5/62 errors
at 22 features with a standard deviation of 5.1. The error rate is comparable
with the error rate of the fixed-feature experiments, but the number of features
chosen is not the one that produced a minimum error there. With ROC feature
reduction, LDA yields a similar error (18.8/62), but needs only 13 features with
a smaller deviation of 1.5. The SVM produces a minimum error of 16.4 with 26.1
features. NP performs worse with an error of 19.9/62 at 26 features with a high
standard deviation of 7.9 features.

4 Discussion

The experimental results show that especially when classifying with small num-
bers of features, PAM is not the best choice. In particular, PCA feature reduction
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in combination with the LDA and SVM classifiers performs excellently with very
low-dimensional target feature spaces.

In addition, the optimal number of features returned by PCA in the nested
cross-validations was quite stable, indicating that the feature selection remains
reliable when changing a few elements in the training set.

However, the factors returned by PCA cannot be interpreted easily in order to
determine which features in the original feature space are important for classifi-
cation. Obviously, both the LDA classifier and the SVM classifier (linear kernel)
lead to high classification errors when over-fitted, hence they seem not suitable
for a larger number of features. Also the different types of microarrays, e.g.
whole genome array vs selected genes, seem to play a major role in the classifier
performance (together with the type of tissue). For the Golub and Khan data
sets genes (n= 6817) were not specifically selected for discrimination, whereas
the genes (n= 558) for the pancreas vs pancreatitis diagnostic chip data were
selected according to their known or believed involvement in cancer.

Generally speaking, PAM does not stand out compared to other feature re-
duction methods. The only data set showing major distances between the error
rates of PAM and the baseline algorithms Random Feature Selection and Ran-
dom Projection is the Khan data set, where there are differences of 10 to 15 in the
cross-validations. In the other data sets, the random methods are mostly slightly
worse, but sometimes even outperform PAM. The nested cross-validation exper-
iments mostly did not find the number of features that lead to the minimum
error in the previous fixed-feature experiments which in itself is not surprising.
This may be due to the choice of the feasible threshold values in PAM leading
sometimes to zero remaining features or including all features in the decision
process which is not desirable (linear separability). In contrast, using all possi-
ble thresholds that lead to different feature numbers (in a certain range) might
avoid this.

Random Projection was observed to perform better than Random Feature Se-
lection. The good results of Random Projection in combination with the Nearest
Prototype classifier underline its capability to preserve distances and show that
Random Projection is used most effectively with distance-based classifiers. A
possible explanation for this phenomenon is the fact that Random Feature Selec-
tion completely discards features by random, while Random Projection projects
all features to the lower-dimensional space. Thus, Random Projection may not
lose as much information as Random Feature Selection. This may shed a new
light on an often used premise which is used in normalization procedures, that
only a small fraction of genes is regulated in a gene expression microarray ex-
periment.
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