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Abstract. We present a knowledge-based linear multi-classification model for 
vertical two-phase flow regimes in pipes with the transition equations of 
McQuillan & Whalley [1] used as prior knowledge. Using published experi-
mental data for gas-liquid vertical two-phase flows, and expert domain knowl-
edge of the two-phase flow regime transitions, the goal of the model is to iden-
tify the transition region between different flow regimes. The prior knowledge 
is in the form of polyhedral sets belonging to one or more classes. The resulting 
formulation leads to a Tikhonov regularization problem that can be solved using 
matrix or iterative methods. 

1   Introduction 

Multiphase flow in a pipe causes certain flow patterns to appear depending on pipe 
size, flow rates, fluid properties, and pipe inclination angle (when appropriate). Con-
siderable progress has been made in defining such flow patterns [1-5], however there 
is no exact theory for their characterization. There is often disagreement about the 
transition boundaries between flow patterns making the selection of appropriate flow 
correlations for the description of the flow difficult. Therefore, it is important to de-
velop a flow pattern model that minimizes the rate of misclassification errors (i.e., 
predicting the wrong flow regime for a given set of flow data) as well as extend the 
applicability of any new multiphase flow correlation to different pipe sizes, flow rates 
and fluid properties. 

More recently, attempts have been made to identify multiphase flow regimes using 
non-linear classifiers derived from machine learning algorithms [6-8]. Trafalis et al. 
[9] employed a multi-classification support vector machine (MSVM) model, in which 
the superficial velocities and pipe sizes were used to detect flow regime transitions for 
two-phase flow in pipes. The model was data driven, and it outperformed the theoreti-
cal vertical flow correlation in terms of correct flow regime classification. 

The primary objective of the present paper is to extend the model of [9] by explor-
ing the effects of expert knowledge on the MSVM model. If one has prior information 
regarding a class or label, representing such knowledge and incorporating it into a 
classification problem can lead to a more robust solution. The vertical two-phase flow 
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regimes considered herein are bubble flow (class 1), intermittent flow (slug & churn 
flow, class 2), and annular flow (class 3).  These flow regimes occur for a given set of 
parameters, (i.e., flow rates, fluid properties and pipe diameter). The theoretical corre-
lations of McQuillan and Whalley [1], which were found to perform well for vertical 
two phase flow in [9], are used here as prior knowledge. 

2   Linear Multiclassification Tikhonov Regularization  
Knowledge-Based Support Vector Machine: Pairwise 
Knowledge Set Formulation 

Recently, prior knowledge formulation, incorporation, and solution have been studied 
in both the context of function approximations [10] and in the context of classifiers 

[11]. Here, we consider a problem of classifying data sets in nR  that are represented 
by a data matrix im niA R ×∈ , where 1,..,i k=  ( 2k ≥  classes). Let iA  be an 

i
m n× matrix 

whose rows are points in the ith class, and
i

m is the number of data in class i. Let jA  be 

an 
j

m n×  matrix whose rows are points in the jth class, and
j

m is the number of data in 

class j, and 1ijy = ±  for classes i and j, respectively. This problem can be modeled 
through the following optimization problem: 
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Above, λ  is the tradeoff constant, and ijξ  are error slacks measuring the deviation of 
points from their respective bounding planes. Classification weights (wij, γij) charac-
terize the optimal separating planes 

,
T ij ij

x w i jγ= < . (2.2) 

The locations of the optimal separating planes relative to the origin are determined by 
the value of γij. Problem (2.1) is minimized parametrically with the tradeoff con-
stant λ , which accounts for the tradeoff between minimum norm and minimum mis-
classification error. 

Now, suppose that in addition to the classification problem, there is prior informa-
tion belonging to one or more categories. The knowledge sets in n dimensional space 
are given in the form of a polyhedral set determined by the set of linear equalities and 
linear inequalities. The given knowledge sets are (see Fig. 1) 

{ | } or { | }i i i ix B x b x B x b≤ = , belonging to class i, and (2.3) 

 or 
i i

g g are the number of prior knowledge (equality or inequality) constraints in class i. 
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{ | } or { | }j j j jx B x b x B x b≤ = , belonging to class j, and (2.4) 

 or 
j j

d d are the number of prior knowledge (equality or inequality) constraints in class j.  

 

Fig. 1. A knowledge-based classification diagram 

One can rewrite the constraints, and create an unconstrained optimization problem, 
called Linear Multi-classification Tikhonov Regularization Knowledge-Based Sup-
port Vector Machine (LMTRKSVM) [12, 13, 14].   

2 2

2 2

, , , ,

2 2

1

2 2

1
min  ( , , , , )

2

1

2

M R

T T

L T KSVM u u v v
w u v

T T

bu u u bv v v

w Aw E e

f w u v B u I w B v I w

B u E e B v E e

γ ξ

λ
γ

γ ξ

γ γ

+ + − +

= + + − +

+ + + − +

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎡ ⎤

⎣ ⎦⎢ ⎥
⎢ ⎥

⎡ ⎤⎢ ⎥
⎣ ⎦⎢ ⎥⎣ ⎦

. (2.5) 

Where ( 1) ( 1)[ , ...., , , ...., ]ijT k k T ijT k k T Tu u u u u− −= is the vector of all multipliers referring to 

the ith class, and ( 1) ( 1)[ , ...., , , ...., ]ij T k k T ij T k k T Tv v v v v− −= is the vector of all multipliers 

referring to the jth class. ξ  is a residual error vector accounting for the training data 
error, and vectors , , ,r s p σ  are residual error vectors accounting for the knowledge set 
error (i.e., violation of the knowledge constraints). The following matrices are defined 
for all , , 1, ....i j i j k< = classes (note that matrices describe the formation of the prior 

knowledge): Matrices , ,  ji
m nm ni jA R A R i j

××∈ ∈ <  are matrices whose rows belong to 

the ith and jth class respectively; , 1
, i jm mi je e R

×∈  are vectors of ones. Matrices 
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u
B and

v
B are diagonal block matrices whose diagonals contain knowledge sets be-

longing to the ith (or jth) class. The ith (or jth) knowledge set is derived from the ine-
quality and equality prior knowledge constraints. The diagonals of 

u
B ,

v
B  are 

, ig ni i

ij ij
B B R ×∈  ( , jg nj j

ij ij
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comparison. The formulation is applicable to 2k ≥  [14]. 
Problem (2.5) is the unconstrained LMTRKSVM model which incorporates the 

knowledge sets (2.3) and (2.4) into the LMTRSVM model (2.1). The tradeoff con-
stant λ is also run through a range of values to achieve the best result. If its value 
increases then the minimum norm is achieved, but at the expense of having a higher 
training residual error and higher knowledge set residual error. If data is not available, 
the second term of the LMTRKSVM model can be dropped. This result in classifiers 
based strictly on knowledge sets, and it is useful for situations in which only expert 
knowledge exists.  The L2 norm of all terms is considered because of its strong con-
vexity of the objective function. Problem (2.5) is a convex unconstrained optimization 
problem that has a unique minimum point [14]. The decision function for classifying 
a point is given by: 

1,  if point ( ) is in class  
( ) [ ]

1,  if point ( ) is in class 

i
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+
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. (2.6) 

A new point x is classified according to the voting approach [15, 16]. For example, if 
sign [ T ij ijx w γ− ] indicates that x  belongs to class i, then the vote for class i is in-

creased by one (otherwise j is increased by one).  Finally, x  belongs to the class with 
the largest vote. If two classes have identical votes, then select the one with the small-
est index. 

3   Vertical Two-Phase Flow Data and Prior Knowledge 

Fifty percent of each data set described below were trained on the LMTRKSVM 
model, and the other 50 % were used as test samples (for data source details see [9]). 

2D classification (data): The 2D vertical flow data set uses two flow rates (superficial 
gas and liquid velocity) for one inch diameter pipes, with fluid properties at atmos-
pheric conditions, to delineate three different flow regimes. There are 209 instances 
(points) and 2 attributes (features), 107 points were used as training samples and 102  
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points were used as test samples. The distribution of instances with respect to their 
class is as follows: 44 instances in class 1 (bubble flow), 102 instances in class 2 (in-
termittent flow), and 63 instances in class 3 (annular flow). 

3D classification (data): The 3D vertical flow data set uses the pipe size in addition to 
the superficial gas and liquid velocity to delineate three different flow regimes. There 
are 424 instances, and 3 attributes, 206 data points used as training samples, 218 
points used as test samples. The distribution of instances is 98 instances in class 1 
(bubble flow), 217 instances in class 2 (intermittent flow), and 109 instances in class 
3 (annular flow).  

Prior Knowledge: In addition to the vertical flow data, prior knowledge is included to 
develop knowledge based classification models. Since the flow regime data are scaled 
by taking the natural logarithm of each instance, the prior knowledge also needs to be 
scaled. Below are the transition equations [1, 9] and their equivalent logarithmic 
transformations for 2D and 3D knowledge based classification: 

- Bubble – intermittent flow transition 
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- Bubble – dispersed bubble flow transition 
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Above, D is the pipe diameter, g is the acceleration due to gravity, ,GS LSv v are the 

gas and liquid superficial velocities, respectively, ,G Lρ ρ  are the gas and liquid densi-

ties, σ is the surface tension, and ,G Lμ μ are the gas and liquid viscosities, respec-

tively. The correlations were selected based on the uncertainty of the transition lines 
as evidenced by the misclassification errors of the MSVM [9]. Also, as a result of the 
uncertainty, the threshold values of the vertical and horizontal correlations were devi-
ated by a small deviation factor, ±ε. This is in fact necessary because the correlation 
equations identify points on transition boundaries that have no distinct flow regime. 
So a small deviation of the thresholds facilitates the formation of bounds (deviated 
thresholds) for each flow regime. For instance equation (3.1), 2D case will be repre-
sented by 

0.9883ln( ) ln( ) 1.0608(1 ) Bubble
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v v
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4   Computational Results 

In this section, the results of the analyzed data sets and prior sets described in section 
3 are presented and discussed. The LMTRKSVM model is used to train the data sets 
with prior knowledge. To compare between the different models, a performance pa-
rameter (misclassification error) was defined as the fraction of misclassified points for 
a given data set 

1
Total number of correctly classified points

Total number of observed points
β = −

⎛ ⎞
⎜ ⎟
⎝ ⎠

. (4.1) 

The tradeoff constants considered are between 0 – 100, and the deviation factors con-
sidered are within the interval 0.01 – 0.1. The outputs (flow regimes) were coded as: 1 
– bubble, 2 – intermittent (slug and churn) and 3 – annular.  

Results of the 2D & 3D vertical flow data with prior knowledge information 
trained on the LMTRKSVM model and compared with the LMTRSVM model (2.1), 
are shown in Fig. 2 & 3. It should be noted that CPU time is measured in seconds. 
The theoretical correlations of McQuillan & Whalley [1] were also simulated to 
compare with the learning models. The error rate is 0.0163 for the 2D vertical flow 
data and 0.1227 for the 3D vertical flow data. All computations were performed 
using MATLAB [18]. In bold face are the lowest error rates for each tradeoff  
constant λ.  

Fig. 2 presents the average test error rate results, based on three random samples 
for the 2D vertical flow data with prior knowledge as defined in section 4. The 
LMTRSVM and LMTRKSVM models generally report promising error rates. The error 
rate (0.0098) for the model with prior knowledge (LMTRKSVM) is the same as the 
one for the data driven model (LMTRSVM), but smaller than the error rate of the 
theoretical correlations for 2D vertical flow. Fig. 3 presents the average test error 
rate results, based on four runs with random samples for the 3D vertical flow data 
with prior knowledge. The model with prior knowledge (error rate of 0.0413) per-
forms better than both the data driven model and the 3D vertical flow theoretical 
model.  

 

Fig. 2. Average test error rate for LMTRKSVM on 2D vertical flow data (varying tradeoff) 
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Fig. 3. Average test error rate for LMTRKSVM on 3D vertical flow data (varying tradeoff) 

Irrespective of the deviation factor, ε, the prior knowledge models appear to per-
form better or at least display equal level of performance (error rate) with the data 
driven model (LMTRSVM). For all data sets, the LMTRKSVM performs better than the 
theoretical model. However, since most of the theoretical correlations are nonlinear 
models, a nonlinear classification of the data is likely to achieve better generalization 
ability and lower error rate (note that the present model assumes that the data are 
linearly separable). 

5   Conclusion 

In this paper, a knowledge-based multi-classification model called the Linear Multi-
classification Tikhonov Regularization Knowledge-based Support Vector Machine 
(LMTRKSVM) was applied to vertical, two-phase flow data and comparisons were 
made with a data driven model (LMTRSVM) and a theoretical model. The 
LMTRKSVM model using pipe size and superficial velocities as input training vector 
attributes of the flow regime produces a better overall misclassification error in com-
parison to theoretical models. Increasing the dimensionality of the classification prob-
lem to 3D for the vertical flow data still produces better error rates for LMTRKSVM 
models. The theoretical model error rate is quite large and clearly out of the error rate 
interval of the LMTRKSVM 3D vertical flow model. This highlights the strengths of 
the prior knowledge learning model. 
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