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Abstract. The SVDD (support vector data description) is one of the
most well-known one-class support vector learning methods, in which one
tries the strategy of utilizing balls defined on the feature space in order to
distinguish a set of normal data from all other possible abnormal objects.
In this paper, we consider the problem of reconstructing facial images
from the partially damaged ones, and propose to use the SVDD-based
de-noising for the reconstruction. In the proposed method, we deal with
the shape and texture information separately. We first solve the SVDD
problem for the data belonging to the given prototype facial images, and
model the data region for the normal faces as the ball resulting from the
SVDD problem. Next, for each damaged input facial image, we project
its feature vector onto the decision boundary of the SVDD ball so that
it can be tailored enough to belong to the normal region. Finally, we
obtain the image of the reconstructed face by obtaining the pre-image of
the projection, and then further processing with its shape and texture
information. The applicability of the proposed method is illustrated via
some experiments dealing with damaged facial images.

1 Introduction

Recently, the support vector learning method has grown up as a viable tool in
the area of intelligent systems. Among the important application areas for the
support vector learning, we have the one-class classification problems [1, 2]. In the
problems of one-class classification, we are in general given only the training data
for the normal class, and after the training phase is finished, we are required to
decide whether each test vector belongs to normal class or abnormal class. One of
the most well-known support vector learning methods for the one-class problems
is the SVDD (support vector data description) [1, 2]. In the SVDD, balls are used
for expressing the region for the normal class. Since balls on the input domain
can express only limited class of regions, the SVDD in general enhances its
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expressing power by utilizing balls on the feature space instead of the balls on
the input domain. In this paper, we extend the main idea of the SVDD for the
reconstruction of partially damaged facial images [3]. Utilizing the morphable
face model [4, 5, 6], the projection onto the spherical decision boundary of the
SVDD, and a solver for the pre-image problem, we propose a new method for
the problem of reconstructing facial images. The proposed method deals with
the shape and texture information separately, and its main idea consists of the
following steps: First, we solve the SVDD problem for the data belonging to the
given prototype facial images, and model the data region for the normal faces
as the ball resulting from the SVDD problem. Next, for each damaged input
facial image, we perform de-noising by projecting its feature vector onto the
spherical decision boundary on the feature space. Finally, we obtain the image
of the reconstructed face by obtaining the pre-image of the projection with the
strategy of [7], and further processing with its shape and texture information.

The remaining parts of this paper are organized as follows: In Section 2, pre-
liminaries are provided regarding the SVDD, morphable face model, forward
warping, and backward warping. Our main results on the facial image recon-
struction by the SVDD-based learning are presented in Section 3. In Section 4,
the applicability of the proposed method is illustrated via some experiments.
Finally, in Section 5, concluding remarks are given.

2 Preliminaries

2.1 Support Vector Data Description

The SVDD method, which approximates the support of objects belonging to
normal class, is derived as follows [1, 2]: Consider a ball B with the center a ∈ �d

and the radius R, and the training data set D consisting of objects xi ∈ �d,
i = 1, · · · , N . Since the training data may be prone to noise, some part of the
training data could be abnormal objects. The main idea of the SVDD is to find a
ball that can achieve two conflicting goals simultaneously. First, it should be as
small as possible, and with equal importance, it should contain as many training
data as possible. Obviously, satisfactory balls satisfying these objectives can be
obtained by solving the following optimization problem:

min L0(R2, a, ξ) = R2 + C
∑N

i=1 ξi

s. t. ‖xi − a‖2 ≤ R2 + ξi, ξi ≥ 0, i = 1, · · · , N.
(1)

Here, the slack variable ξi represents the penalty associated with the deviation of
the i-th training pattern outside the ball. The objective function of (1) consists
of the two conflicting terms, i.e., the square of radius, R2, and the total penalty∑N

i=1 ξi. The constant C controls relative importance of each term; thus called
the trade-off constant. Note that the dual problem of (1) is:

maxα

∑N
i=1 αi〈xi, xi〉 −

∑N
i=1

∑N
j=1 αiαj〈xi, xj〉

s. t.
∑N

i=1 αi = 1, αi ∈ [0, C], ∀i.
(2)
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From the Kuhn-Tucker condition one can express the center of the SVDD ball
as a =

∑N
i=1 αixi, and can compute the radius R utilizing the distance between

a and any support vector xi on the ball boundary. After the training phase is
over, one may decide whether a given test point x ∈ �d belongs to the normal
class utilizing the following criterion: f(x)

�
= R2 − ‖x − a‖2 ≥ 0. In order to

express more complex decision regions in �d, one can use the so-called feature
map φ : �d → F and balls defined on the feature space F . Proceeding similarly
as the above and utilizing the kernel trick 〈φ(x), φ(z)〉 = k(x, z), one can find the
corresponding feature-space SVDD ball BF in F , whose center and radius are aF

and RF , respectively. If the Gaussian function K(x, z) = exp(−‖x − z‖2/σ2) is
chosen for the kernel K, one has K(x, x) = 1 for each x ∈ �d, which is assumed
throughout this paper. Finally, note that in this case, the SVDD formulation is
equivalent to

minα

∑N
i=1

∑N
j=1 αiαjK(xi, xj)

s. t.
∑N

i=1 αi = 1, αi ∈ [0, C], ∀i,
(3)

and the resulting criterion for the normality is represented by

fF (x)
�
= R2

F − ‖φ(x) − aF ‖2

= R2
F − 1 + 2

∑N
i=1 αik(xi, x) −

∑N
i=1

∑N
j=1 αiαjk(xi, xj) ≥ 0.

(4)

2.2 Morphable Face Model, Forward Warping and Backward
Warping

Our reconstruction method is based on the morphable face model introduced
by Beymer and Poggio [4], and developed further by Vetter et al. [5, 6]. Assum-
ing that the pixelwise correspondence between facial images has already been
established, a given facial image can be separated into the shape information
and texture information. The two-dimensional shape information is coded as
the displacement fields from a reference face, which plays the role of the origin
in further information processing. On the other hand, the texture information
is coded as an intensity map of the image which results from mapping the face
onto the reference face. The shape of a facial image is represented by a vector
S = (dx

1 , dy
1 , · · · , dx

N , dy
N )T ∈ �2N , where N is the number of pixels in facial

image, (dx
k, dy

k) the x, y displacement of a pixel that corresponds to a pixel xk

in the reference face and can be denoted by S(xk). The texture is represented
as a vector T = (i1, · · · , iN )T ∈ �N , where ik is the intensity of a pixel that
corresponds to a pixel xk among N pixels in the reference face and can be de-
noted by T (xk). Before explaining our reconstruction procedure, we specify two
types of warping processes: forward warping and backward warping. Forward
warping warps a texture expressed in the reference face onto each input face
by using its shape information. This process results in an input facial image.
Backward warping warps an input facial image onto the reference face by using
its shape information. This process yields a texture information expressed in ref-
erence shape. More details on the forward and backward warping can be found
in reference [5].
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3 Facial Image Reconstruction by SVDD-Based Learning

In the SVDD, the objective is to find the support of the normal objects, and
anything outside the support is viewed as abnormal. On the feature space, the
support is expressed by a reasonably small ball containing a reasonably large
portion of the φ(xi). A central idea of this paper is to utilize the ball-shaped
support on the feature space for the purpose of correcting input facial images
distorted by noises. More precisely, with the trade-off constant C set appropri-
ately1, we can find a region where the shape (or texture) data belonging to the
normal facial images without noise generally reside. When a facial image (which
was originally normal) is given as a test input x in a distorted form, the network
resulting from the SVDD is supposed to judge that the distorted x does not
belong to the normal class. The role of the SVDD has been conventionally up
to this point, and the problem of curing the noise might be thought beyond the
scope of the SVDD. However, here we observe that since the decision region of
the SVDD is a simple ball BF on the feature space F , it is quite easy to let
the feature vector φ(x) of the distorted test input x move toward the center aF

of the ball BF until it reaches the decision boundary so that it can be tailored
enough to be counted normal. Of course, since the movement starts from the
distorted feature φ(x), there are plenty of reasons to believe that the tailored
feature Pφ(x) still contain essential information about the original facial image.
Thus, we claim that the tailored feature Pφ(x) is the de-noised version of the
feature vector φ(x). The above arguments together with additional step for find-
ing the pre-image of Pφ(x) comprise the essence of our method for facial image
recovery. More precisely, our reconstruction procedure consists of the following
steps:

1. Find the shape vectors S1, · · · , SN and texture vectors T1, · · · , TN for the
given N prototype facial images.

2. Solve the SVDD problems for the shape and texture data belonging to the
given prototype facial images, respectively, and model the data region for
the shape and texture vectors of the normal faces as the balls resulting from
the SVDD solutions, respectively.

3. For each damaged input facial image, perform the following:
(a) Find the shape vector S of the damaged input facial image.
(b) Perform de-noising for S by projecting its feature vector, φs(S), onto the

spherical decision boundary of the SVDD ball on the feature space.
(c) Estimate the shape of the recovered face, Ŝ, by obtaining the pre-image

of the projection Pφs(S).
(d) Find the texture vector T of the damaged input facial image.
(e) Perform de-noising for T by projecting its feature vector, φt(T ), onto

the spherical decision boundary of the SVDD ball on the feature space.
(f) Estimate the texture of the recovered face, T̂ , by obtaining the pre-image

of the projection Pφt(T ).

1 In our experiments, C = 1/(N × 0.2) was used for the purpose of de-noising.
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(g) Synthesize a facial image for the reconstructed one by forward warping
the estimated texture T̂ with the estimated shape Ŝ.

Steps 1, 3(a), and 3(d) are well explained in the previous studies of morphable
face models [5, 8], and step 2 can be performed by the standard SVDD procedure.
Steps 3(b)-(c) and 3(e)-(f) are carried out by the same mathematical procedure
except that the shape about a pixel is a two-dimensional vector while the texture
is one-dimensional. Therefore in the following description for steps 3(b)-(c) and
3(e)-(f), a universal notation is used for both S and T , i.e., we will denote
the object under consideration by x ∈ �d, which can be interpreted as S or T
according to which steps we are dealing with. Similarly, the feature maps for
φs(·) and φt(·) are both denoted by φ(·). As mentioned before, in step 2 of the
proposed method, we solve the SVDD (3) for the shape (or texture) vectors

of the prototype facial images D
�
= {xi ∈ �d|i = 1, · · · , N}. As a result, we

find the optimal αi along with aF and R2
F . In steps 3(b) and 3(e), we consider

each damaged test pattern x. When the decision function fF of (4) yields a
nonnegative value for x, the test input is accepted normal as it is, and the
de-noising process is bypassed. Otherwise, the test input x is considered to be
abnormal and distorted by noise. To recover the de-noised pattern, an SVDD-
based projection approach recently proposed by us [9] is used, in which we move
the feature vector φ(x) toward the center aF up to the point where it touches
the ball BF . Thus, the outcome of this movement is the following:

Pφ(x) = aF +
RF

‖φ(x) − aF ‖(φ(x) − aF ). (5)

Obviously, this movement is a kind of the projection, and can be interpreted as
performing de-noising in the feature space. Note that as a result of the projection,
we have the obvious result ‖Pφ(x) − aF ‖ = RF . Also, note that with λ

�
=

RF /‖φ(x) − aF ‖, the equation (5) can be further simplified into

Pφ(x) = λφ(x) + (1 − λ)aF , (6)

where λ can be computed from

λ2 =
R2

F

‖φ(x) − aF ‖2 =
R2

F

(1 − 2
∑

i αiK(xi, x) +
∑

i

∑
j αiαjK(xi, xj))

. (7)

In step 3(c) and 3(f), we try to find the pre-image of the de-noised feature
Pφ(x). If the inverse map φ−1 : F → �d is well-defined and available, this
final step attempting to get the de-noised pattern via x̂ = φ−1(Pφ(x)) will be
trivial. However, the exact pre-image typically does not exist [10]. Thus, we need
to seek an approximate solution x̂ instead. For this, we follow the strategy of
[7], which uses a simple relationship between feature-space distance and input-
space distance [11] together with the MDS (multi-dimensional scaling) [12]. After
obtaining the de-noised vectors Ŝ and T̂ from the above steps, we synthesize a
facial image by forward warping the texture information T̂ onto the input face
by using the shape information Ŝ. This final synthesis step is well explained
in [5, 8].
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4 Experiments

For illustration of the proposed method, we used two-dimensional images of
Caucasian faces that were rendered from a database of three-dimensional head
models recorded with a laser scanner (CyberwareTM ) [5, 6]. The resolution of the
images was 256 by 256 pixels, and the color images were converted to 8-bit gray
level images. Out of the 200 facial images, 100 images were randomly chosen as
the prototypes for the SVDD training (step 2), and the other images were used
for testing our method. For the test data set, some part of each test image was
damaged with random noises. When extracting the S and T information from
the damaged test input images, manual intervention based on the method of
[13] was additionally employed. The first row of Fig. 1 shows the examples of
the damaged facial images. The second and third row of Fig. 1 show the facial
images reconstructed by the proposed method and the original facial images,
respectively. From the figure we see that most of the reconstructed images are
similar to the original ones.

Fig. 1. Examples of facial images reconstructed from the partially damaged ones. The
images on the top row are the damaged facial images, and those on the middle row are
the facial images reconstructed by the proposed method. Those on the bottom row are
the original face images.

5 Concluding Remarks

In this paper, we addressed the problem of reconstructing facial images from
partially damaged ones. Our reconstruction method depends on the separation of
facial images into the shape vectors S and texture vectors T , the SVDD-based de-
noising for each of S and T , and finally the synthesis of facial images from the de-
noised shape and texture information. In the SVDD-based de-noising, we utilized
the SVDD learning, the projection onto the SVDD balls in the feature space, and
a method for finding the pre-image of the projection. Experimental results show
that reconstructed facial images are natural and plausible like original facial
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images. Works yet to be done include extensive comparative studies, which will
reveal the strength and weakness of the proposed method, and further use of the
proposed reconstruction method to improve the performance of face recognition
systems.
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