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Abstract. In this paper we explore the use of complex numbers as
means of representing angular statistics for surface normal data. Our
aim is to use the representation to construct a statistical model that can
be used to describe the variations in fields of surface normals. We focus
on the problem of representing facial shape. The fields of surface normals
used to train the model are furnished by range images. We compare the
complex representation with one based on angles, and demonstrate the
advantages of the new method. Once trained, we illustrate how the model
can be fitted to brightness images by searching for the set of parameters
that both satisfy Lambert’s law and minimize the integrability error.

1 Introduction

The problem of acquiring surface models of faces is an important one with po-
tentially significant applications in biometrics, computer games and production
graphics. There are many ways in which surface models can be acquired, and
these include the use of range-scanners, stereoscopic cameras and structured
light sensors. However, one of the most appealing methods is to use shape-from-
shading (SFS), since this is a non-invasive process which mimics the capabilities
of the human vision system. Shape-from-shading aims to recover surface ori-
entation, and hence surface height by solving the image radiance equation. In
general, though, SFS is an under-constrained problem since the two degrees of
freedom for surface orientation (slant and tilt), must be recovered from a single
measured intensity value. In contrast to the human visual system[3], it seems
that computer vision systems encounter more difficultly in estimating the tilt of
a surface from a single image than its slant (see Figure 1).

One way to overcome the problems with general purpose SFS is to draw on a
domain specific model that can be used to constrain the directions of the surface
normals. This approach has proved to be particularly effective in the analysis of
faces. Attick et al.[1] were the among the first to build 3D statistical shape mod-
els of faces for use in conjunction with SFS. Working with cylindrical coordinates
they develop an eigenmode model (referred to as eigenheads) for surface height.
In fitting the model to data, they impose an image irradiance constraint using
the shape coefficients of the model. Later, Vetter et al.[9] decoupled the effects of
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texture and shape on facial appearance. Assuming that full facial correspondence
information is to hand, they perform PCA separately on the texture and shape
components. Thus they develop a statistical model that can be fitted to image
brightness data. These methods deliver accurate and photo-realistic results, but
at the expense of considerable computational overheads and simplicity of imple-
mentation. This is largely due to the brute force search method used to adjust
the model parameters to fit the input image data. Recently, Dogvard and Basri[2]
have combined statistical models with symmetry constraints. The model relies
on a Cartesian representation of the surface height. Surface gradient is expressed
in terms of a set of deformation coefficients, and this allows the symmetric SFS
equation to be transformed into a linear system of equations. The linear system
can be efficiently solved and used to estimate surface height. Their results show
that accuracy is sacrificed for a gain in computational efficiency.

The aim in this paper is to explore whether angular representations can be
used to construct statistical models that can be used in conjunction with shape-
from-shading. This is a natural approach since it is surface orientation and not
surface height that is responsible to the perceived image brightness. Angular data
is more difficult to model than Cartesian data since angles wrap around. Hence,
small differences in distance on a sphere can correspond to large differences
in angles. The classical example here is a short walk across one of the poles
of a sphere, when large differences in longitude correspond to small differences
travelled. In shape from shading the surface normal is determined by the azimuth
and zenith angles. When the surface is illuminated in the direction of the viewer
and if the surface reflectance is Lambertian, then the arc-cosine of the zenith
angle is determined by the normalized image brightness. The azimuth angle,
on the other hand, must be determined using additional constraints provided
by smoothness or the occluding boundary. The aim in this paper is to develop
a statistical model that can be used to model the distribution of azimuthal
direction in faces. To overcome the problems with the representation of angular
data, we use complex numbers. Our idea is to encode the azimuth angles as
complex numbers and to capture their distribution by adapting the Sirovich
snapshot method to deal with complex eigenvectors. We show how the model can
be trained using range images and fitted to brightness images using constraints
on surface normal direction provided by Lambert’s law and surface integrability.

2 Statistical Information for Angular Data

In this paper, we aim to construct a statistical model for the angular variation in
surface normal direction. We train our model on surface normals extracted from
range images. We aim to recover surface normals from image brightness data by
fitting the model to facial images using constraints provided by Lambert’s law
and integrability.

To construct the statistical model, we represent the surface normal data
extracted from the range data as long-vectors. The range data is vectorized by
stacking the image columns. If the range images contain M columns and N rows,
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Fig. 1. Effect of incorrectly calculated azimuth and zenith angle in face shape recovery:
(a) orthogonal Lambertian (constant albedo) image, (b) true irradiance (non-constant
albedo) image, (c) ground-truth surface, (d) surface preserving true azimuth angle
but with its zenith angle estimated through SFS and (e) surface preserving true zenith
angle, but with its azimuth angle estimated through SFS. Note how the effect of wrongly
estimated tilt angle cause a severe deterioration on the recovered surface.

then the pixel with column index jc and row index jr corresponds to the element
indexed j = (N−1)jc+jr of the long-vector. Let nk

j = 1√
(pk

j )2+(qk
j )2+1

(pk
j , qk

j , 1)T

be the surface normal at the pixel indexed j of the kth training image. Here
p = ∂h

∂x and q = ∂h
∂y are the partial derivatives of the surface height h in the

x and y directions. The zenith and azimuth angles of the surface normal are

respectively θk
j = arctan

√
(pk

j )2 + (qk
j )2 and φk

j = arctan
qk

j

pk
j

. Here we use the

four quadrant arc-tangent function and therefore −π ≤ φk
j ≤ π. Unfortunately

the angles can not be used to construct statistical models. The reason for this
is that statistical calculations performed on angular data can be biased by the
angle cut point (see Figure 2). To illustrate this problem consider two points
on a unit circle placed just above and just below the cut-line. Although the two
points are close to one another on the unit circle, when the difference in angles
is computed then this may be close to 2π.

Our idea in this paper is to overcome this problem by working with a complex
number representation of the azimuth angles of the surface normal. We encode
the azimuth angle using the complex number

zk
j = exp(iφk

j ) = cosφk
j + i sinφk

j , (1)

where i =
√−1. The azimuth angle is hence given by the real (Re) and imaginary

(Im) components of the complex number, i.e.

φk
j = arctan

Im zk
j

Re zk
j

. (2)
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The azimuth angle φk
j is therefore the principal argument (a unique angle

value from −π to π) of zk
j . At the image location indexed j, the mean complex

number (center of mass) over the training set is given by

ẑj =
1
K

K∑
k=1

zk
j . (3)

The azimuth angle associated with this complex number (mean direction)
and its moduli are, respectively

φ̂j = arctan
Im ẑj

Re ẑj
and r̂j =

√
(Im ẑj)2 + (Re ẑj)2. (4)

Note that the cartesian coordinates of the points of ẑj on the complex plane
are defined by the average of the cosines (x-axis) and sines (y-axis) of all of the
observations φk

j of the training set, therefore

Re ẑj = r̂j cos φ̂j =
1
K

K∑
k=1

cosφk
j and Im ẑj = r̂j sin φ̂j =

1
K

K∑
k=1

. (5)

Unfortunately, although this allows us to overcome the problems of repre-
senting the azimuth angle statistics, it yields complex numbers that no longer
have unit modulus. In fact rj can fluctuate between 0 and 1. However, rj is an
important measure of the concentration of the azimuth angles in the training
data. If the directions of the azimuth angles in the training set are strongly clus-
tered, then rj will tend to be 1. If, on the other hand, they are scattered then
rj will tend to 0.

Fig. 2. In the top row, different arguments for one training set example zk are shown
as intensity maps. From left to right, (−π, π](a), (−π

2
, 3π

2
] (b), (0, 2π] (c) and (−3π

2
, π

2
]

(d). The mean direction φ̂ (e) and the mean resultant length r̂ (f) are presented in
the bottom row, from left to right, as intensity plots. Note how r̂ demonstrates that
the directions of the angles are widely dispersed through the regions where the zenith
angle is close to 0, i.e. tip of the nose, centers of the eyes and mouth, and forehead.
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Although the mean resultant length r̂j is a very important measure of dis-
persion, for purposes of comparison with data on the line we should consider
measures of dispersion based on circular data, like the sample circular variance
vj = 1− r̂j , 0 ≤ vj ≤ 1. Following [5], if 1−cos(α1−α2) is a measure of distance
between two angles α1 and α2, then the dispersion of the angles φ1

j , φ
2
j , . . . , φ

K
j

about a given angle β is

D(β) =
1
K

K∑
k=1

{1 − cos(φk
j − β)}. (6)

For any set of angular data, the dispersion of its mean direction over the set
is equal to its circular variance, i.e., D(φ̂j) = vj = 1− rj. In Figure 2(e) and (f),
the mean arguments φ̂ and moduli of the center of mass ẑ are shown as intensity
maps.

3 Construction of the Statistical Models

In their work on eigenfaces, Turk and Pentland were among the the first to ex-
plore the use of principal components analysis for performing face recognition [8].
This method can be rendered efficient using the technique described by Sirovich
et al.[7] which shows how to avoid explicit covariance matrix computation for
large sets of two-dimensional images of objects of the same class.

We convert each image in the training set into a long-vector. Two encod-
ings are investigated. In the first of these the long-vector has the measured
azimuth angles as components. Hence, the jth component of the long-vector for
the training image indexed k is V k

φ (j) = φk
j . The second encoding involves using

the complex number representation. Here the jth component of the long-vector
for the training image indexed k is the complex number V k

z (j) = zk
j . We center

the long-vectors by computing the mean

V̂ =
1
K

K∑
k=1

V k. (7)

From the centered long-vectors we construct the data matrix

X = (V̂ 1|V̂ 2|...|V̂ K). (8)

In the case of the real-valued azimuth angle data the covariance matrix
is Σφ = 1

K XφXT
φ . For the complex representation the covariance matrix is

Σz = 1
K XzX

†
z , where † denotes the transpose of the complex conjugate ma-

trix. The resulting covariance matrices Σφ and Σz are respectively symmetric
and Hermitian. We follow Atick et al.[1] and use the numerically efficient method
of Sirovich [7] to compute the eigenvectors of Σ. For the real valued azimuth
angle data this involves computing the eigen-decomposition of the matrices

Yφ = XT
φ Xφ = UφΛφUT

φ , (9)
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where the ordered eigenvalue matrix Λφ and eigenvector matrix Uφ are both real.
Similarly, for the complex representation we compute the eigen-decomposition

Yz = X†
zXz = UzΛzU

T
z . (10)

In this case the ordered eigenvalue matrix Λz is real, but the elements of the
eigenvector matrix Uz are complex. The eigenvectors of the matrices XφXT

φ and
XzX

†
z (or eigen-modes) are respectively the real matrix Ûφ = XφUφ and the

complex matrix Ûz = XzUz.
We deform mean long-vectors in the directions defined by the eigen-mode

matrices. If ŨL is the result of truncating U after the L leading eigenvectors
then the deformed long vector is

V = V̂ +
L∑

l=1

Ũlbl, (11)

where b = [b1, b2, ...., bL]T is a vector of real valued parameters of length L and
Ũl is the lth column of matrix Ũ . Suppose that Vo is a centered long-vector
of measurements to which we wish to fit the statistical model. We seek the
parameter vector b that minimizes the squared error. The solution to this least-

Fig. 3. From left to right, the first six eigen-modes of Ũz (a) and Ũφ (b). The two
first rows represent, respectively, V̂z +

√
3ΛzÛz and V̂z −

√
3ΛzÛz. The variations V̂φ +√

3ΛφÛφ and V̂φ −√
3ΛφÛφ are shown in the two rows of (b).
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squares estimation problem is b∗ = ŨT Vo. The best fit long-vector allowed by the
model is V ∗

o = UUT Vo. In the case of both the real and complex representations,
the parameter vectors are real.

In Figure 3 we compare the eigen-modes obtained using the real and complex
representations. The rows of the figure show the first six eigen-modes. In the top
two rows we show the five eigen-modes for Σz. The first row is the result of the
displacement Ṽz = V̂z +

√
3ΛzÛz, and the bottom row the result of the displace-

ment Ṽz = V̂z−
√

3ΛzÛz. We display the azimuth angles φ̃z(j) = arctan Im (Ṽz(j))

Re (Ṽz(j))

at the pixel location indexed j. In the third and fourth rows, we repeat this anal-
ysis for the real-representation. Here we show the eigenmodes of Σφ The third
row shows the result of displacement Ṽφ = V̂φ +

√
3ΛφÛφ, and the bottom row

the result of the displacement Ṽφ = V̂φ −√
3ΛφÛφ. We display the azimuth an-

gles φ̃z(j) = Ṽφ(j) at the pixel location indexed j. In general, both models seem
to encapsulate the same facial features though the complex model Ûz shows less
noise than the real model Ûφ. These errors are most evident where r̂(j) is near
zero. This suggests that the complex representation Ũz is profiting of the in-
herent accuracy attached in the center of mass ẑj , which might be sacrificed by
being projected onto the unit circle while calculating the mean direction φ̂j .

4 Fitting the Model to Brightness Data

In brief SFS aims to solve the image irradiance equation, I(x, y) = R(p, q, s),
where I is the intensity value of the pixel with position (x, y), R is a function
referred to as the reflectance map [6]. The reflectance map uses the surface
gradients p = ∂Z(x,y)

∂x and q = ∂Z(x,y)
∂y together with the light source direction

vector s to compute a brightness estimate which can be compared with the
observed one using a measure of error. If the surface normal at the location (x, y)
is n = [p, q,−1], then under Lambertian reflectance model, the image irradiance
equation becomes I(x, y) = n · s. Surface information can also be decoupled in
azimuth (tilt) and zenith (slant) angles (ϕ and ϑ respectively), related to the
surface normal by n = [cosϕ sin ϑ, sin ϕ sin ϑ, cosϑ].

Let Ij be the normalized image brightness at the pixel indexed j. From
Lambert’s law, the zenith angle for this pixel is ϑj = arccos Ij . Let φ̃j =
arctan Im Ṽ (j)

Re Ṽ (j)
be the azimuth angle at the pixel j obtained by fitting the com-

plex model Ṽz = V̂z + Ũzb. From the surface normal at the pixel j, nj =
[cosφj sin ϑj , sin φj sin ϑj , cosϑj ]T , we compute a numerical estimate of the Hes-
sian matrix using first-differences. We are interested in the off-diagonal elements
of this matrix Hxy(j) = ∂nx

j

∂y and Hyx(j) =
∂ny

j

∂x .
Our aim is to fit the complex-model to brightness data so as to minimize the

integrability error for the recovered field of surface normals. The error is defined
to be

Err(b) =
MN∑
j=1

|Hxy(j) − Hyx(j)|. (12)
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Our algorithm for finding the best-fit parameter vector b is one based on search
and involves varying its elements over equally divided intervals between −√

3Λze
and +

√
3Λze where e = (1, 1, ...., 1)T is the all-ones vector of length L. Briefly,

the algorithm is as follows: We initially zero all the components of the parame-
ter vector b. Commencing from the first component, i.e. the one corresponding
to the largest eigenvalue of Σz, we vary this component in S steps between
−3

√
Λz(1) and +3

√
Λz(1) until Err(b) is minimized. For each parameter set-

ting, we recompute the field of surface normals so that the integrability error
can be calculated. When the best-fit value of b(1) is found it is fixed, and then
we repeat the procedure for each of the remaining components of b in turn.

5 Experiments

In this section we present experiments with our statistical model for surface
normal data. We commence by showing how the model can be trained on range
data, and then fitted to out-of-sample range images. The second strand to the
study is to show how the model can be fitted to brightness images to recover
surface normals subject to Lambertian reflectivity and integrability constraints.

The face database used for constructing the surface models was provided by
the Max-Planck Institute for Biological Cybernetics in Tuebingen, Germany. As
described in [9], this database was constructed using Laser scans (CyberwareTM )
of 200 heads of young adults, and provides head structure data in a cylindrical
representation as well as ground-truth surface gradient for each of the face ex-
amples. We used K = 150 examples of size M × N = 150 × 150 pixels.

The results of fitting the model to out-of-sample range data (i.e. data not
used in training) are shown in Figure 4. In the top row we show the result of

Fig. 4. Out-of-sample recovery analysis. From left to right: the first three columns
show the ground truth azimuth angle, recovered azimuth angle using Ũz and recovered
azimuth angle using Ũφ. The rightmost diagram shows the angular difference averaged
over 50 out-of-sample data as a function of number of eigenmodes used for Ũz (solid
line) and Ũφ (dashed line).
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Fig. 5. Fitting the parameters to brightness data. We present three row-wise blocks
representing different subjects. The results are organized in individual three-elements
panels containing the following attributes: azimuthal angle (at the top), integrated
surface (big surface at the right) and frontal re-illumination from integrated surface
(at the bottom). Three column-wise blocks show true azimuth angles (a), best fit from
true azimuth angles (b), fit from a Lambertian image using integrability constraints
(d).

fitting the model to a male subject and the bottom row shows the result of fitting
the model to a female subject. We show two panels of results. In the left panel
we present the ground truth data, the result of fitting the complex model and
the result of fitting the real model. The main feature to note from the panel
is that the complex model achieves more accuracy on regions where the zenith
angle is small, which in the estimation from the real model can be appreciated
as small perturbations. In the rightmost diagram we show the absolute angular



336 M. Castelan and E.R. Hancock

Fig. 6. The scatter plots show the relation between the best-fit parameters (y-axis) and
the integrability-based adjustment (x-axis). We show three examples corresponding to
the ones presented in Figure 5.
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difference1 averaged over 50 out-of-sample examples as a function of the number
of eigen-modes used for Ũz and Ũφ. From the diagram it is clear that the complex
model Ũz outperforms the real model. The behavior of both models is similar,
and the gap between the lines can be explained as a consequence of the badly
recovered regions by the real model.

The result of applying the fitting algorithm outlined in Section 4 to three
Lambertian images are shown in Figure 5. We used L = 150 parameters and
S = 10 equally spaced values for making rough estimates of the parameter vector
b. The results for each subject are organized into three row-wise blocks. Each
block presents: (a) the results obtained from the ground truth surface normals,
(b) the results obtained from the best fit to the ground truth azimuth angles, and
(c) the results obtained by fitting to brightness information using the lambertian
reflectance model and the integrability constraint. Three-elements Individual
panels show the following attributes: the estimated azimuth angles (top), profile
view of the surface reconstructed by integrating the recovered field of surface
normals using the Frankot and Chellappa integration method[4] (bigger surface
at the right ), and the result of re-illuminating the reconstructed surface in the
frontal viewer direction (bottom). We Note that there seems to be no significant
differences between the results shown for the best adjustment and the ones shown
for the integrability-constrained adjustment.

In Figure 6, the relationship between the best fit parameters and the param-
eters estimated by the integrability-constrained algorithm are shown as scatter
plots, for the three examples explained above. Note how the scatters show a ten-
dency to form a line, revealing a good correlation with the best-fit parameters.

6 Conclusions

We have explored the use of complex numbers as means of representing angular
statistics for surface normal data. The reason for doing this is the difficulties
encountered in representing surface normal information when attempting to fit
statistical shape models to face images using shape-from-shading. We show how
the complex valued model can be trained on surface normals delivered by range
data and fitted to image brightness data. The fitting to brightness data is effected
so as to satisfy Lambert’s law and minimize an integrability error. For future
work we are planning to experiment with textured images as well as adding
different attributes for developing constraints (i.e. irradiance, variable albedo,
curvature).
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