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Abstract. This paper presents an approach for speckle reduction and coherence 
enhancement of ultrasound images based on total variation (TV) minimization. 
The proposed method can preserve information associated with resolved object 
structures while reducing the speckle noise. However, since the equation system 
deduced by the TV-based method is a strongly nonlinear partial differential 
equation (PDE) system, the convergence rate is very slow when using standard 
numerical optimization techniques. So in this paper, we introduce the nonlinear 
multi-grid algorithm to solve this system. Numerical results indicate that the 
image can be recovered with satisfied result even contamination of strong noise 
using the proposed method and the algorithm of nonlinear multi-grid has more 
efficiency than the conventional numerical techniques such as conjugate gradi-
ent (CG). 

1   Introduction 

The low cost, portability, and real-time image formation make ultrasound imaging an 
essential tool for medical diagnosis. While ultrasound images often suffer from a 
special kind of noise called speckle. Speckle significantly degrades the image quality 
and affects human interpretation of the images as well as the accuracy of computer-
assisted diagnostic techniques. So a number of methods have been proposed to ad-
dress the problem of speckle reduction such as temporal averaging [1], adaptive 
weighted median filtering (AWMF) [2], adaptive speckle reduction [3], Wiener filter-
ing and wavelet shrinkage [4]. While these approaches could not succeed to balance 
between speckle suppression and feature preservation due to the complexity of 
speckle statistics. 

In this paper, we describe a speckle reduction technique whereby the ultrasound im-
age is smoothed to suppress the speckle while substantially preserving image compo-
nents corresponding to resolved object structures. This technique is based on total 
variation (TV) minimization [5]. Due to its anisotropy, the proposed technique allows 
coherent structure enhancement while the dynamic smoothing is controlled by the local 
behavior of the images. In addition, to ensure real-time implementation, we apply 
nonlinear multi-grid method to solve the nonlinear TV-based minimization problem. 
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2   Methods 

Due to the limited dynamic range of commercial display monitors, ultrasound imag-
ing systems compress the echo signal to fit in the display range. Such compression 
changes the characteristics of the signal probability density function (PDF). In par-
ticular, it affects the high intensity tail of the Rayleigh and Rician PDFs more than the 
low intensity part. As a result, the speckle noise becomes very close to white Gaus-
sian noise corresponding the uncompressed Rayleigh signal [6]. The statistical proper-
ties of speckle noise were studied in [7]. It showed that, when the imaging system has 
a resolution cell that is small in relation to the spatial detail in the object, and the 
speckle-degraded image has been sampled coarsely enough that degradation at any 
pixel can be assumed to be independent of the degradation at all other pixels, coherent 
speckle noise can be modeled as multiplicative noise. Thus we have: 

( ) ( ) ( ) ( )y,xy,xy,xgy,xf am ηη +=  (1) 

where: ( )yxg ,  is an unknown piecewise constant two-dimensional function repre-

senting the noise-free original image, ( )yxf ,  is the noisy observation of ( )yxg , , 

mη and aη  are multiplicative and additive noise respectively, and x and y are vari-

ables of spatial locations that belong to 2-D space of all real numbers, ( ) 2, Ryx ∈ . 

Since the effect of additive noise is considerably small compared with that of multi-
plicative noise, Equation (1) can be rewritten as: 

( ) ( ) ( )yxyxgyxf m ,,, η=  (2) 

The logarithmic amplification transforms the Equation (2) into the classical additive 
noise form: 

( )( ) ( )( ) ( )( )yxyxgyxf m ,log,log,log η+=  (3) 

The above expression can be rewritten as  

( ) ( ) ( )yxyxuyxz ,,, η+=  (4) 

At this stage, we can consider ( )yx,η  to be white Gaussian noise and apply a con-

ventional additive noise suppression technique, such as Wiener filtering. It is to find 

( )yxu , which minimizes the functional: 
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2
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2
uJzuuT α+−=  (5) 

Common choices for J are 

∫= dxuuJ 2)(  (6) 

Equation (6) often induces blur in images and spurious oscillations when u  is discon-
tinuous. 
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So we consider the nonlinear TV functional: 

dxuuJTV ∫Ω ∇=)(  (7) 

where: u∇ denotes the gradient of u : 
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here: u is not required to be continuous. 
How ever, the Euclidean norm is not differentiable at zero. To avoid difficulties as-

sociated with the non-differentiability, the modification [8]: 

dxuuJ ∫Ω +∇= 22
)( ββ  

will be utilized here. Throughout the remainder of this paper, the functional to be 
minimized is: 

dxuzuuT ∫Ω +∇+−= 222

2

1
)( βα  (8) 

The Eular-lagrange equation associates with Equation (8) is 

Ω∈=+ xzuuLu ,)(α  
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u
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where: )(uL is differential operator whose action on u is given by: 
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It is an elliptic nonlinear PDE. From Equation (10), we can see that the smoothing 
decreases as the gradient strength increases and the smoothing is stopped across 
edges. 

3   Numerical Solutions 

There are many standard numerical optimization techniques such as CG method. 
However, these standard methods tend to perform poorly on TV minimization prob-
lems. The underlying difficulty is that the local quadratic approximation that is the 
basis for standard CG method is not a good model for the nonlinear TV-based mini-
mization. So, in this paper we adopt the nonlinear multi-grid method to deal with this 
problem. 

Multi-grid method was firstly introduced by Brandt [9]. Unlike the conventional 
methods, the multi-grid algorithm can solve nonlinear elliptic PDE with non-constant 
coefficients with hardly any loss in efficiency. In addition, no nonlinear equations 
need be solved, except on the coarsest grid. 
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Suppose we discrete the nonlinear elliptic PDE of Equation (9) on a uniform grid 
with mesh size h : 

hhh zuT =)(  (11) 

where: ( )hh uT denote hhhh uuLu )(α+ . 

Let 
~

hu  denote some approximate solution and hu denote the exact solution to Equa-

tion (11). Then the correction is: 
~

hhh uuv −=  

The residual is: 

hhhhhhhhh duTfuTvuT −=−=−+ )()()(
~~~

 (12) 

Now, we form the appropriate approximation HT  of hT  on a coarser grid with mesh 

size H (we will always take hH 2= ). The residual equation is now approximated by: 

HHHHH duTuT −=− )()(
~

 (13) 

Since HT  has smaller dimension, this equation will be easier to solve. To define 
~

Hu  

and Hd  on the coarse grid, we need a restriction operator R  that restricts 
~

hu and 

hd to the coarse grid. That is, we solve: 

hhHHH RduRTuT −= )()(
~

 (14) 

on the coarse gird. Then the coarse-grid correction is: 
~~

hHH uRuv −=  

Once we have a solution 
~

Hv on the coarse gird, we need a prolongation operator P  

that interpolates the correction to the fine gird: 
~~

Hh vPv =  

So we have: 
~~~

Hh

new

h vPuu +=  (15) 

It is the two-grid algorithm and can be easily extended to multi-grid. 

The symbol of P  is found by considering Hv to be 1 at some mesh point ),( yx , 

zero elsewhere, and then asking for the values of HPv . The most popular prolonga-

tion operator is simple bilinear interpolation. It gives nonzero values at the 9 points 
),(),...,,(),,( hyhxyhxyx −−+  and its symbol is: 
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The symbol of R  is defined by considering hv to be defined everywhere on the 

fine grid, and then asking what is hRv at ),( yx  as a linear combination of these 

values. The choice for R is the adjoint operator to P . So that the symbol of R  is: 
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We can see that there are two complementary viewpoints for the relation between 
coarse and fine grids: 

1. Coarse grids are used to accelerate the convergence of the smooth components of 
the fine-grid residuals. 

2. Fine girds are used to compute correction terms to the coarse-grid equations, yield-
ing fine-grid accuracy on the coarse girds. 

At the coarsest-grid, we have one remaining task before implementing our nonlin-
ear multi-grid algorithm: choosing a nonlinear relaxation scheme. Our first choice is 
the nonlinear Gauss-Seidel scheme. If the discretized Equation (11) is written with 
some choice of ordering as: 

NizuuT iNi ,...,1,),...,( 1 ==  (18) 

Then the nonlinear Gauss-Seidel schemes solves: 

iNi
new
iii zuuuuuT =+− ),...,,,,...,( 111  (19) 

for new
iu . Often Equation is linear in new

iu , since the nonlinear terms are discretized 

by means of its neighbors. If this is not the case, we replace Equation (19) by one step 
of a Newton iteration: 
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4   Experiments 

In this paper, we use the ultrasound images )256256( ×  to test our method and the 

algorithm has been implemented using an Intel Pentium IV 1Ghz with 128M RAM, 
under the Visual C++ 6.0 environment. 

We compared the results of our approach with other speckle reduction techniques 
including AWMF, Wiener filtering. The quality measurements of mean-square error 
(MSE) and signal-to-MSE ratio (SMSE) were computed and shown in Table.1.  
The MSE is defined as:  
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where: 
~

g is the denoised image, g is the original image and K is image size. 
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Fig. 1. Results of various speckle reduction methods. (a) Original mitral valve ultrasound im-
age. (b) Image degraded with simulated speckle noise. (c) AWMF. (d) Wiener filtering. (e) 
Proposed method. 

Table 1. Quality measures obtained by three denoised methods tested on speckled mitral valve 
ultrasound image at various noise levels 

Method MSE SMSE MSE SMSE MSE SMSE 
Without Filtering 296 13.7 125 17.4 557 10.9 
AWMF 134 17.2 79 19.5 215 15.1 
Wiener Filtering 80 19.3 53 21.2 150 16.6 
Proposed method 71 20.0 40 22.4 122 17.5 
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Fig. 2. Results of various speckle reduction methods. (a) Original kidney ultrasound image. (b) 
Image degraded with simulated speckle noise. (c) AWMF. (d) Wiener filtering. (e) Proposed 
method. 

Table 2. Time consuming comparison for solving the nonlinear TV-based equation 

Image 
size 

256× 256 180× 180 128× 128 80× 80 64× 64 40× 40 

CG 15.42s 8.20s 3.7s 1.42s 0.63s 0.33s 
Multi-
Grid 

5.77s 2.82s 1.32s 0.55s 0.33s 0.23s 

The denoised images are shown in Fig.1 and Fig.2 for visual comparison. The re-
sults show that the TV-based speckle reduction method performs better than the 
AWMF, as well as the Wiener filter. In addition, from Table.2 we can see that the 
nonlinear multi-grid algorithm is more suitable for the nonlinear TV-based minimiza-
tion problem than the CG method. 

5   Conclusions 

In this paper, a new nonlinear method for speckle suppression in ultrasound images 
is presented. The main innovation is the use of TV regulation to reduce ultrasound 
speckle while preserving the appearance of structured regions and organ surfaces. 
By applying the multi-grid nonlinear algorithm, the technique has the advantage of 
speed of computation and has a large potential in real-time ultrasound imaging 
enhancement. 
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