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Abstract Here we propose a new adaptation of Van der Vorst's BiCGStab to nonlinear 
systems, a method combining the iterative features of both sparse linear system 
solvers, such as BiCGStab, and of nonlinear systems, which in general are lin- 
earized by forming Jacobians, and whose resulting system usually involves the 
use of a linear solver. We consider the feasibility and efficiency of the proposed 
method in the context of a space-diffusive population model, the growth of which 
depends nonlinearly on  the density itself. 

keywords: BiCGStab, iterative methods, population models, sparse nonlin- 
ear systems. 

1. Introduction 
Many popular methods for the solution of a sparse system of linear equations 

such as BiCGStab are iterative. Methods for the solution of nonlinear systems 
are usually recursive and the recursion usually involves forming Jacobians for 
linearization of the nonlinear terms. The solution of a large sparse nonlinear 
system usually involves the use of a linear solver after the Jacobian has been 
formed. 

The task of solving sparse systems of linear or nonlinear equations comes up 
in many large-scale problems of scientific computing. The iterative approach 
to the solution of large linear systems is preferable to the direct one in some 
situations, especially when we have to solve problems arising from applications 
in which the coefficient matrix is sparse. Among the many existing iterative 
methods, the Lanczos-Type Product Methods (LTPMs) are characterized by 
residual polynomials that are products of a Lanczos polynomial and another 
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polynomial of the same degree. LTPMs enjoy some remarkable properties: in 
fact, they incorporate stabilization, so as to reduce and smooth the residuals as 
much as possible; they are transpose-free and gain one dimension of the Krylov 
space per matrix-vector multiplication. For a good survey of LTPMs, see for 
example [lo]. 

A subset of the LTPMs is given by the BiCGStab family. The biconjugate 
gradient method (BiCG) has the property that the estimates of the solution of (1) 
below have residuals that are orthogonal to dual (or shadow) Krylov subspaces 
which increase in dimension with n and this feature is retained implicitly by 
LTPMs. In 1992, Van der Vorst proposed the use of the BiCGStab method 
so as to get smoother convergence of the estimates of the solution of (I), see 
[13]. In the BiCGStab algorithm, the stabilising polynomials are built up in 
factored form, with a new linear factor being included at each step in a way 
such that the residual undergoes a one-dimensional minimization process. This 
basic stabilisation was soon advanced to BiCGStabl and BiCGStab(1) to help 
to avoid possible breakdowns, see [lo]. 

In 1974, Gragg observed a connection between BiCG and vector-Pad6 ap- 
proximation [5]. Vector-Pad6 methods in general construct vector-valued ra- 
tional functions which approximate functions specified by their vector-valued 
power series. The idea is usually to accelerate the convergence of the given 
vector-valued power series (see [I]). A linear system of equations is often 
denoted by 

Ax = b. (1) 

Many models arising in science and engineering require the solution of large 
sparse systems of non-linear equations. We consider the feasibility and effi- 
ciency of the methods proposed here in the context of models of a population 
whose growth depends non-linearly on the density of the population and we 
allow for diffusion of the population through space. 

2. The method 
A basic iterative method [I I ]  for the solution of the nonlinear system of 

equations 
F(z) = 0, with F : 7Zd + 7Zd. (2) 

may summarily be expressed by 

where S is the successor functional, and II is an approximation to the Jacobian 
of the system 
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We develop acceleration methods for (3 ) ,  not requiring explicit evaluation of 
the sequence {zk ) .  A sequence { x k )  of estimates of the root will instead be 
formed using three-term inhomogeneous recursion relations and an optimal 
successor functional. To assess the accuracy of a successor functional, use its 
actual definition and let its residual be 

Thus R ( z )  is a residual preconditioned by II, while F ( z ) ,  given algebraically 
by (2), denotes the vector residual of the original system. 

The core three-term inhomogeneous recursion relations, designed originally 
for convergence acceleration of linear systems, are taken directly from VPAStab 
and here adapted to a nonlinear system [7]. Define preconditioned residuals of 
the estimates xi by 

with initializations given by xo = zo and XI = zl = S ( x o ) .  
The VPAStab recursion formulas are [7] 

with coefficients ak,  Pk defined by 

where 
T e N : = w  r ~ , N = 0 , 1 , 2  , . . . .  (1 1) 

For the vector w  we can take w  = T O .  

For k = 1 , 2 , .  . ., each parameter Qk is chosen to minimise an estimate of 
T 2 k .  Grouping the terms in equn (7) 

and starting with the definition (6), we find that 



We estimate T2k  using first order Taylor expansion of the right-hand side of 
(14), under the assumption that the residual terms in (7) are smaller in norm 
than the estimates of x. Thus 

The matrix J R ( z )  = d R / d z  is the Jacobian of this preconditioned residual, 
and it is only the product JR(22k)?& that is required in (15). The value of Ok 
is determined by minimising the right-hand side of (15) in norm. A suitable 
choice of the preconditioning operator Il still has to be made. Equation (3) 
allows dynamical updating during iteration. Then equations (5) - (15) complete 
the specification of the nonlinear algorithm. 

3. An application 
We consider the feasibility and efficiency of the method proposed in the con- 

text of models of a population diffusing through space whose growth depends 
nonlinearly on the density itself ([8] and [9]). 

Let p(t ,  x) denote the density at time t of a population living in an envi- 
ronment, the spatial variable being represented by the vector x. The density is 
assumed to reproduce and diffuse along the space direction. For simplicity here 
we first formulate the case of one spatial dimension and then outline the case 
of two spatial dimension x E R2, although our framework is also designed for 
x E R3. 

3.1 The uni-dimensional case 
We have 

where E denotes the diffusion coefficient and the function f expresses the re- 
production mechanism. One of the most frequently used forms is the logistic 
law, which gives a nonlinear model: 

f ( P I  = V ( t ,  2) 

where K is the carrying capacity and 
complete one dimensional model reads 

r is the reproduction rate. Thus the 

where x E [a, b]. The discretization method used is the Crank-Nicholson 
formula, which evaluates the equation at a suitable point P (see [12]). Letting 
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the grid (t,, x i )  z ( n k ,  i h )  where k and h are respectively the time and space 
discretization stepsizes, i  = 1 , 2 ,  . . . , N - 1, and the evaluation point P is taken 

as the time midpoint in the mesh, ( ~ ( t ,  + x i ) .  Letting p,,i z p(tn, x i ) ,  
the equation gets discretized as follows 

so that, introducing as a shorthand q, = h, the system reads finally 

and in matrix form 

and 

The matrices A and B have dimension N x N. Suitable boundary conditions 
are used. 

For simplicity, we can also write 



Introducing an extra index m to count the iterations we then define the iteration 
scheme 

(m+l) 
A ( + )  = %(n)  + % ( , ) I 2  - % ~ : ~ , ) l 2 ,  m > 1. (27) 

Now, we consider the splitting A = L + U and the iteration then becomes 

The solution is obviously obtained by operating on the right hand side by L - I  

in the usual sequential way. 
Another iteration scheme which we consider is given by 

where one could also use an incomplete LU decomposition of the Jacobian 
(incomplete LU preconditioning) 

Then, we obviously obtain the solution as if by using U-,,:L,;, but without 
explicitly forming the inverse. 

3.2 The two-dimensional case 
The two-dimensional case is a simple extension of the former one. We 

consider the solution of the problem in the square [ O ;  11 x [O, l ] .  Letting the 
grid (t,, xi, yj) -- ( n k ,  ih,, jhy) ,  where k  is the time stepsize and h,, hy are 
respectively the step-sizes along the x and y axes, the evaluation point P will 
be the average of the Laplacian, discretized via the five point formula at time 

k k n and n + 1. Letting p,,ij r p(t,, xi ,yj) ,  and then q, r , and qy = F, the 
hz Y 

discretized equation gives the nonlinear system 

Notice that the matrices (24) and (25) are here replaced by band matrices. 
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4. Numerical results 
We conducted experiments to compare the following iteration schemes: 

( L  + U) not accelerated, 

( L  + U) + Nonlinear VPAStab, 

(LU) + Nonlinear VPAStab, 

and to compare how different choices of the biological parameters affect the 
various schemes. After performing an extensive experimentation in dimension 
one, we concentrated our attention on the two-dimensional case,the results of 
which are here presented. 

We also considered different boundary conditions: Dirichlet BCs and Neu- 
mann BCs. The computations were done on a workstation running an AMD 
Athlon XP 1500+ with 576 MB of RAM. The iteration is initialized with 

where po = 275, and the iterations were stopped when I Idk) / I z  < tol, where 
to1 is a given tolerance. As a failure criterion we used either too slow conver- 
gence, or a maximum number of nonlinear iterations per timestep (250). In the 
experiments the numerical solutions were computed with timestep k = 

Figure 1. Sample of a numerical solution with Dirichlet BCs, r = 10, K = 100, E = 1 and 
N = 17. 

Since we are interested in evaluation and comparison of the computational 
cost of the various methods, the following counters are given in tables and 
figures: 



NI, the number of nonlinear iterations; 

FC, the number of function calls to the residual; 

ET, the execution time. 

If we look at the number of nonlinear iterations, we note that acceleration 
reduces this number. Consequently, the execution times are also greatly reduced 
in all cases to which we apply acceleration. 

In Figures 2 and 3, we respectively show how the number of nonlinear it- 
erations and the execution time vary versus to the required accuracy (specified 
tolerance) expressed as loglo(tol). 

Figure 2. Plot of the number of nonlinear iterations against log,,(tol) for the accelerated LU 
scheme. 

In Figure 3 (left), execution times for the various methods are shown, versus 
the number N of discretization points in the mesh. We point out that the LU 
iteration scheme requires a higher execution time than the L + U one, while, 
in general, it needs fewer nonlinear iterations. 

We compare the number of nonlinear iterations for different chosen 
values of the biological parameters, the reproduction rate r and the carrying 

capacity K .  Results are shown in Figure 4, in Table 1 for different reproduction 
rates ( r )  and in Table 2 for different carrying capacities (K). 
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