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Abstract In searching for an appropriate utility function in the expected utility
framework, we formulate four properties that we want the utility function to satisfy.
We conduct a search for such a function, and we identify Pareto utility as a func-
tion satisfying all four desired properties. Pareto utility is a flexible yet simple and
parsimonious two-parameter family. It exhibits decreasing absolute risk aversion and
increasing but bounded relative risk aversion. It is applicable irrespective of the prob-
ability distribution relevant to the prospect to be evaluated. Pareto utility is therefore
particularly suited for catastrophic risk analysis. A new and related class of generalized
exponential (gexpo) utility functions is also studied. This class is particularly relevant
in situations where absolute risk tolerance is thought to be concave rather than linear.
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1 Introduction

In many decision theories, including expected utility and the most common non-
expected utility theories, the utility function U is unique up to positive affine trans-
formations, that is, U is a cardinal (interval) scale. In searching for a suitable utility
function, it is the curvature of the function that is of interest: it contains all information
pertaining to a cardinal scale. To measure curvature we typically normalize the sec-
ond derivative U ′′, which is not invariant to positive affine transformations in U , by
dividing by the first derivative (de Finetti 1952; Pratt 1964; Yaari 1969; Arrow 1971).
This gives the Arrow–Pratt measure of absolute risk aversion,

ARA(x) = −d log U ′(x)

dx
= −U ′′(x)

U ′(x)
, (1)

also referred to as the concavity index.
Up to positive affine transformations, there is precisely one function family with

constant and positive absolute risk aversion (CARA), namely the cumulative distri-
bution function of the exponential distribution,

U (x) = 1 − e−x/λ (λ > 0). (2)

Equally important is relative risk aversion,

RRA(x) = −d log U ′(x)

d log x
= −xU ′′(x)

U ′(x)
. (3)

Again, there exists precisely one function family with constant and positive relative
risk aversion (CRRA), namely the power function,

U (x) = x1−α − 1

1 − α
(α > 0). (4)

Throughout, unless stated otherwise, we consider only non-negative inputs (x ≥ 0).
Exponential utility is bounded from above and below, and satisfies ARA(x) = 1/λ and
RRA(x) = x/λ. Thus, it exhibits constant ARA and increasing RRA. Power utility is
either unbounded from above (0 < α < 1) or from below (α > 1) or both (α = 1),
and satisfies ARA(x) = α/x and RRA(x) = α. Thus, it exhibits decreasing ARA and
constant RRA.

In both theory and applications, power and exponential utility—in this order—are
the most commonly used parametric families of utility functions. Some theoretical
advantages of the power and exponential families are listed in Castagnoli and LiCalzi
(1996); see also Eeckhoudt and Gollier (1995, Section 4.3). If we are interested in
inputs x ‘remote from’ 0, as is common in macroeconomics and finance, then power
utility is often appropriate, at least for the purpose of fitting data; see Wakker (2008)
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and references therein. Exponential utility is less appropriate for such inputs, because
its RRA increases without bound and therefore often provides a poor fit (cf., Eeckhoudt
and Gollier 1995, p. 50). If, on the other hand, we are interested in near-catastrophe
cases (‘small’ x), as in the insurance literature, then exponential utility is often used
(Gerber 1979, Chapter 5). Exponential utility implies ARA(0) = 1/λ < ∞ and thus
avoids the extreme behavior of power utility near x = 0, with ARA exploding at a
high rate when x tends to 0. Rabin (2000, p. 1287), noted on theoretical grounds that,
under expected utility, power preferences should not be used when both ‘large’ and
‘small’ inputs are relevant. But, due to its unbounded RRA, the same conclusion is
true for exponential preferences. If we are interested in the whole non-negative range
of inputs, then more flexible families are required.

The purpose of this article is to find a family of utility functions with sufficient
flexibility so that it can be applied on the whole range of non-negative inputs. In
addition, we want our family of utility functions to be applicable irrespective of the
(objective or subjective) probability distribution pertaining to the prospect to be eval-
uated. Unless stated otherwise we choose expected utility as our decision theory. In
practice, the requirement of applicability irrespective of the prospect’s probability
distribution is particularly relevant when dealing with catastrophic risks. Such risks
are typically modeled using heavy-tailed probability distributions, which may induce
infinite expected (marginal) utility when the utility function is left unrestricted.

More specifically, we search for a utility function satisfying the following four
(primarily normative) properties:

P1: ARA is non-increasing and convex, and RRA is non-decreasing and concave;
P2: Expected utility is finite irrespective of the probability distribution;
P3: Expected marginal utility is finite irrespective of the probability distribution;
P4: Utility behaves power-like for inputs remote from 0: RRA(∞) < ∞.

Property P1 follows the spirit of Arrow (1971) on theoretical grounds; see also
Eeckhoudt and Gollier (1995, Section 4.2, Hypotheses 4.1 and 4.2). Empirical justifi-
cations for increasing RRA for decision under risk are provided, inter alia, by Friend
and Blume (1975), Binswanger (1980), Holt and Laury (2002), and Post et al. (2008).

Property P2 is satisfied if and only if utility is bounded from above and below. If
utility is bounded, then we may assume, without loss of generality, that it is bounded
between zero and one. Hence, U behaves like a cumulative distribution function, and
we shall utilize this feature in Section 4.

Property P3 is satisfied if and only if
∫ γ

0 ARA(x) dx < ∞ for some γ > 0 (Ikefuji
et al. 2011). Finally, property P4 is satisfied if and only if RRA(x) remains finite as x →
∞. This is normatively appealing (Eeckhoudt and Gollier 1995, p. 50; Castagnoli and
LiCalzi 1996) and empirically justified (Chiappori and Paiella 2008; Wakker 2008).

We achieve our purpose by identifying a family of utility functions which satisfies
all properties P1–P4:

U (x) = 1 − (1 + x/λ)−k (k > 0, λ > 0). (5)

We call this function Pareto utility, because the translation z = x + λ yields U (z) =
1 − (z/λ)−k , defined for z ≥ λ, which is the cumulative distribution function of the
Pareto distribution. Pareto utility is a flexible yet simple and parsimonious family of

123



46 M. Ikefuji et al.

utility functions. Due to properties P2 and P3, it is particularly suited for heavy-tailed
risk analysis.

The outline of this article is as follows. In Section 2, we analyze the class U of util-
ity functions which satisfy property P1, that is, non-decreasing and convex ARA and
non-increasing and concave RRA. Two subclasses suggest themselves. In Section 3,
we study the HARA subclass. Pareto utility is identified as the unique member of the
HARA subclass satisfying all four properties P1–P4. Section 4 connects Pareto utility
to the Burr distribution, providing a further rationale for Pareto utility. In Section 5 we
study another subclass of U , leading to ‘gexpo’ utility, a generalization of exponential
utility, which is of independent interest. In Section 6, we briefly discuss expo-power
utility, an increasingly popular family of utility functions. Section 7 provides a graph-
ical comparison of the exponential, power, Pareto, gexpo and expo-power families of
utility functions. Section 8 concludes.

2 The class U

In the spirit of Arrow (1971), we confine our search to those utility functions satisfying
property P1. This is a rich class, which we shall call class U .

Definition 1 Let U (x) be defined for x ≥ 0, twice differentiable, and such that
U ′(x) > 0 and U ′′(x) < 0 for x > 0. If ARA(x) is non-increasing and convex
and if RRA(x) is non-decreasing and concave for all x > 0, then we say that the
function U belongs to the class U .

Many well-known families of utility functions will appear to be subclasses of U .
Both power and exponential utility are obviously subclasses of U (and hence sat-
isfy P1). Exponential utility also satisfies P2 and P3, but not P4; while power utility
satisfies P4, but not P2 and P3.

It will be useful to define absolute risk tolerance as

T (x) = −U ′(x)

U ′′(x)
= 1

ARA(x)
= x

RRA(x)
. (6)

We have T (x) = λ for exponential utility and T (x) = x/α for power utility, and
hence both utility functions exhibit linear absolute risk tolerance. Utility functions
with linear absolute risk tolerance are said to display ‘hyperbolic absolute risk aver-
sion’ (HARA), and are particularly useful to derive analytical results (Gollier 2001,
Section 2.6). Suppose U is four times differentiable. Defining

R1(x) = xT ′(x)

T (x)
, R2(x) = x2T ′′(x)

T (x)
,

and differentiating ARA(x) = 1/T (x) and RRA(x) = x/T (x) twice with respect to
x , we find

ARA′(x) ≤ 0 ⇐⇒ R1(x) ≥ 0, RRA′(x) ≥ 0 ⇐⇒ R1(x) ≤ 1,

ARA′′(x) ≥ 0 ⇐⇒ R2(x) ≤ 2R2
1(x),
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and

RRA′′(x) ≤ 0 ⇐⇒ R2(x) ≥ −2R1(x)(1 − R1(x)), x > 0.

Thus we obtain the following result.

Proposition 1 Let U (x) be defined for x ≥ 0, four times differentiable, and such that
U ′(x) > 0 and U ′′(x) < 0 for x > 0. Then U belongs to U if and only if, for x > 0,

0 ≤ R1(x) ≤ 1, −2R1(x)(1 − R1(x)) ≤ R2(x) ≤ 2R2
1(x).

The function R1 captures the third derivative of the utility function U . It represents
the elasticity of absolute risk tolerance d log T (x)/d log x , which equals minus the
elasticity of ARA and one minus the elasticity of RRA. Thus, with 0 ≤ R1(x) ≤ 1, a
1% increase in x cannot lead to a more than 1% increase in T or RRA, or a more than
1% decrease in ARA. The function R2 captures the fourth derivative of U .

For power utility, we have R1 ≡ 1, for exponential utility we have R1 ≡ 0, and
these two utility functions are therefore corner cases in U . For both power and expo-
nential utility we have R2 ≡ 0. The two cases R2 ≡ 0 and R1 ≡ r (0 ≤ r ≤ 1)
thus suggest themselves as natural extensions to power and exponential utility, and we
analyze these two cases in Sections 3 and 5, respectively. Notice that the definition of
these two classes of utility functions (R2 ≡ 0 and R1 ≡ r, 0 ≤ r ≤ 1) has a similar
flavor as, but is more general than, the definition of the exponential and power families
(T ≡ λ and x/T (x) ≡ α or equivalently R1 ≡ 0 and R1 ≡ 1, respectively).

3 The class R2 ≡ 0: HARA utility

The class R2 ≡ 0 is characterized by T (x) = ax + b (x ≥ 0), and hence con-
tains all utility functions with non-negative inputs that display linear HARA; see
Mossin (1968) and Merton (1971). Because we consider only non-negative inputs, we
restrict attention to the corresponding restriction of the HARA class, without explicitly
mentioning this henceforth when we use the designation ‘HARA’. Since in this case
R1(x) = ax/(ax + b), we find that U belongs to U if and only if a ≥ 0, b ≥ 0, and
a + b > 0.

From (1) and (6), we find that the HARA class is also characterized by the differ-
ential equation

d log U ′(x) + dx

ax + b
= 0 (a ≥ 0, b ≥ 0, a + b > 0).

There are three cases. For a = 0 and b > 0, we find the CARA utility function
(exponential); for a > 0 and b = 0, we find the CRRA utility function (power);
and for a > 0 and b > 0, we find the utility function in two steps. We first obtain
U ′(x) = A(ax + b)−1/a , and then, letting α = 1/a and λ = b/a,

U (x) = (x + λ)1−α − 1

1 − α
(α > 0, λ > 0), (7)

123



48 M. Ikefuji et al.

apart from positive affine transformations. We see that

ARA(x) = α

x + λ
, RRA(x) = αx

x + λ
.

Both RRA and ARA are bounded from above and below in this case. When 0 < α ≤ 1
utility is bounded from below but unbounded from above; when α > 1 utility is
bounded from above and below. Marginal utility is bounded from above and below
for every α, also at zero.

We conclude that the HARA class contains seven types of utility functions, as
follows:

U satisfies P1 and P4 (power):
U (x) = log x ,
U (x) = xr (0 < r < 1),
U (x) = 1 − x−k (k > 0);

U satisfies P1, P3, and P4:
U (x) = log(1 + x/λ) (λ > 0),
U (x) = (1 + x/λ)r − 1 (0 < r < 1, λ > 0);

U satisfies P1, P2, and P3 (exponential):
U (x) = 1 − e−x/λ (λ > 0);

U satisfies P1–P4 (Pareto):
U (x) = 1 − (1 + x/λ)−k (k > 0, λ > 0),

where we have normalized the functions—without loss of generality—such that if
there is a lower bound, it is zero; and if there an upper bound, it is one.

All members of the HARA class belong to U . If a member of the HARA class does
not satisfy P3, then it belongs to the power family (and vice versa). If a member of the
HARA class satisfies P3, then RRA(0) = 0 and ARA(0) < ∞. The extreme behavior
of the power family near x = 0, where ARA explodes at a high rate, may generate
important problems when inputs are not bounded away from 0, because expected mar-
ginal utility and the expected pricing kernel may then be infinite, thus complicating
expected utility analysis. Modifying the unit of inputs (to x̃ = ax, a > 0) does not
affect the power family—an exclusive property of this family—but does not remedy
these problems, because RRA(0) is still strictly positive, hence P3 is violated. Mod-
ifying the level of inputs (to x̃ = x + b) could conceivably solve the problems, but
does affect the power family. We note in passing that for all HARA utility functions
satisfying P3, a modification of the unit of inputs can be nullified by adjusting the
parameter λ. Also, within the HARA class, only the exponential family is invariant to
a modification of the level of inputs.

The function (7) is well-known if we interpret λ as initial wealth. But (7) can also be
interpreted, more generally, as a two-parameter utility function (Harrison et al. 2007).
It is an appealing, seemingly more appropriate, alternative to the power family (4),
characterized by the two parameters α and λ. Intuitively, the parameter α describes the
degree of relative risk aversion for large inputs (RRA(∞) = α), while α/λ describes
the degree of absolute risk aversion for small inputs (ARA(0) = α/λ). Thus, α may
be calibrated to resemble power utility for inputs remote from 0 as is commonly found
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empirically; see property P4. Once α has been calibrated, the parameter λ may, for
example, be calibrated to resemble exponential utility for inputs near 0.

We note that, if we allow λ < 0, then the behavior of (7) is quite different, as
is the case for Stone-Geary utility functions. The parameter λ then plays the role
of subsistence level. With λ > 0, RRA(0) = 0 and RRA is increasing, while with
λ < 0, RRA(−λ) = ∞ and, for x > −λ, RRA is decreasing.

An additional problem with the power family is the extreme behavior of its deriva-
tives at x = 0. This implies that in a setting—not considered here—with both positive
and negative inputs including x = 0, the loss aversion index of Köbberling and Wak-
ker (2005), defined as the ratio of one-sided derivatives at x = 0, behaves improperly
under power utility. In contrast, all HARA utility functions satisfying P3 have smooth
derivatives at x = 0, and allow for a generalization to a setting with both positive and
negative inputs that induces proper behavior of this loss aversion index.

Only one of the seven utility functions in the HARA class satisfies all four prop-
erties P1–P4, namely the last one: Pareto utility. This is the special case of (7) where
α > 1, that is, the only member of (7) which is bounded from above and below. In the
next section, we shall arrive at the same utility function through a different route.

4 Bounded utility

In the previous section, we started with property P1, and then demonstrated that in the
subclass R2 ≡ 0 there is precisely one utility function, the Pareto function, satisfying
P1–P4. In this section, we start with property P2, bounded utility. If utility is bounded
from above and from below, we may assume—without loss of generality—that the
lower bound is zero and the upper bound one. This means that the utility function can
be viewed as a cumulative distribution function. The question then becomes: what is
the class of distribution functions that satisfies P1–P4?

We cannot answer this question completely, but we can get close to it by studying
the Burr (or Singh-Maddala) distribution (Burr 1942; Burr and Cislak 1968), defined
as

U (x) = 1 − (
1 + (x/λ)c)−k

(k > 0, λ > 0, c > 0). (8)

This is a three-parameter family of distribution functions with the property that many
of the known distribution functions are special or limiting cases. It is therefore an
appropriate function to approximate an unknown distribution function. Absolute risk
tolerance is given by

T (x) = λ(1 + (x/λ)c)(x/λ)

(ck + 1)(x/λ)c + (1 − c)
.

One verifies that Burr utility always satisfies P2 and P4. It satisfies P1 if and only if
c ≤ 1, and it satisfies P3 if and only if c = 1. Hence, the only special case of (8) which
satisfies P1–P4 is the family where c = 1, and this turns out to be the Pareto utility
function. In that case, T (x) = (x + λ)/(k + 1).
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Thus we have proved that both in the HARA class and in the Burr class, Pareto
utility is the unique member satisfying properties P1–P4. These two facts make Pareto
utility an interesting candidate when one has to choose the functional form of utility. It
is simple and parsimonious, and it shares the computationally attractive properties of
the HARA class. We have not been able to identify any other simple and parsimonious
utility function satisfying all four properties.

The two parameters k and λ jointly characterize Pareto utility, and provide the
flexibility to match power-like behavior for inputs remote from 0 through calibrating
k (RRA(∞) = k + 1), while avoiding the rapidly exploding degrees of absolute
risk aversion that the power function exhibits for inputs near 0 through calibrat-
ing λ, given k, to the desired degrees of absolute risk aversion for small inputs
(ARA(0) = (k + 1)/λ). Note in this respect that the parameter λ is in general not
initial wealth.

Pareto utility, like any member of the HARA class, has a completely monotone first
derivative with higher-order derivatives of alternating sign. Its index of nth-order risk
attitude (Denuit and Eeckhoud 2010) is given, for n ≥ 2, by

(−1)n+1 U (n)(x)

U ′(x)
= [(1 + k)(2 + k) · · · ((n − 1) + k)](x + λ)−n+1.

5 The class R1 ≡ r: gexpo utility

Let us return to the class U , that is the class of utility functions satisfying P1. Earlier
we identified two intuitive subclasses, namely R2 ≡ 0 and R1 ≡ r . The former was
studied in Section 3; the latter is studied in this section.

The class R1 ≡ r(0 ≤ r ≤ 1) is characterized by T (x) = xr/β(β > 0), and we
see that R2(x) = −r(1 − r). When 0 ≤ r < 1, the utility function satisfies proper-
ties P1–P3, but not P4; when r = 1, we have power utility satisfying properties P1
and P4, but not P2 and P3. Hence, no member in this class satisfies all four properties.
Nevertheless, the case 0 ≤ r ≤ 1 is clearly intermediate between exponential (r = 0)
and power (r = 1), and therefore of interest.

To solve U (x) from T (x) we first obtain marginal utility U ′(x) from

d log U ′(x) + βx−r dx = 0.

This yields U ′(x) = A exp(−βx1−r/(1 − r)), where A is an arbitrary positive con-
stant. Reparameterize by letting p = 1/(1 − r) and λ = (1/β)1/(1−r), excluding
henceforth the power family (r = 1), and choose A such that U ′(x) is a proper density
function. Then,

U ′(x) = p pe−ph(x)

λ�(p + 1)
, h(x) = (x/λ)1/p (p ≥ 1, λ > 0) (9)

is a special case of the three-parameter generalized gamma density, other special
cases of which are the two-parameter gamma, the Weibull, and the lognormal densi-
ties (Stacy 1962; Johnson et al. 1995). This density, first proposed by Subbotin (1923),
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is sometimes called the ‘exponential power’ or the ‘power(ed) exponential’ density
(Box and Tiao 1973; Johnson et al. 1995, pp. 195–198); we shall call it the ‘gexpo’
density, because it generalizes the exponential density from p = 1 to p ≥ 1. Our gex-
po class differs from the expo-power family of utility functions introduced by Saha
(1993) (see also Abdellaoui et al. 2007), which can also be viewed as being in-between
exponential and power utility. We briefly discuss the expo-power family in Section 6
below.

From the density function U ′ we obtain the cumulative distribution function U as

U (x) = 1 − xh−p(x) Γ (p, ph(x) )

λΓ (p)
, (10)

where Γ (p, h) = ∫ ∞
h t p−1e−t dt denotes the incomplete gamma function, and

Γ (p) = Γ (p, 0) is the (complete) gamma function; see Abramowitz and Stegun
(1964, Chapter 5). This expression cannot be simplified unless p is a positive integer,
in which case we obtain

Γ (p, ph(x) ) = Γ (p)e−ph(x)

p−1∑

k=0

pkhk(x)

k! ,

and hence

U (x) = 1 − e−ph(x)

p−1∑

k=0

pkhk(x)

k! . (11)

This specializes to exponential utility (2) when p = 1, and to

U (x) = 1 − e−2
√

x/λ
(

1 + 2
√

x/λ
)

(12)

when p = 2. Whether p is a positive integer or not, one verifies that

ARA(x) = h(x)

x
, RRA(x) = h(x).

Like Pareto utility, gexpo utility is bounded from above and below (property P2), sat-
isfies RRA(0) = 0, and has smooth derivatives at x = 0. While ARA(0) = ∞ for
p > 1, the property

∫ γ

0 ARA(x)dx < ∞ still holds for any γ > 0 (P3). But unlike
Pareto utility, gexpo utility does not behave power-like remote from the origin (prop-
erty P4), since RRA increases without bound. Hence, for any p ≥ 1, gexpo utility
satisfies properties P1–P3, but not P4. Although this may be seen as a disadvantage
of gexpo utility, there is empirical evidence that absolute risk tolerance is increasing
and (strictly) concave in x (Guiso and Paiella 2008), which would reject HARA (and
Pareto) utility, but not gexpo utility.
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6 Expo-power utility

Somewhat related to gexpo utility is the well-known two-parameter expo-power fam-
ily of utility functions, introduced by Saha (1993) and further developed by Saha et
al. (1994) and Saha (1997), given by

U (x) = 1 − e−h(x) (p > 0, λ > 0),

x where h(x) is the same as in the previous section, that is, h(x) = (x/λ)1/p. The
one-parameter special case of Abdellaoui et al. (2007) occurs when λ = p−p in which
case h(x) = px1/p.

The expo-power function is bounded between zero and one, and hence satisfies P2.
It belongs to U (satisfies P1) if and only if p ≥ 1. Since

ARA(x) = −1 + p + h(x)

px
, RRA(x) = −1 + p + h(x)

p
,

we see that P3 holds if and only if p = 1, in which case expo-power reduces to
exponential utility; and that P4 does not hold for any p > 0.

Expo-power utility is globally concave for p ≥ 1, but convex–concave for 0 < p <

1. This flexibility can be important for the purpose of fitting empirically individual
choice data, in particular in a setting—not considered here—with both gain and loss
inputs. We note in this respect that if U (x) with x ≥ 0 is gexpo (hence concave), then
its generalization to negative inputs, −U (−x) with x < 0, is convex.

Comparing the well-known expo-power utility with gexpo utility, we see that, for
p > 1, both families satisfy properties P1 and P2, and that neither family satisfies P4.
Also, absolute risk tolerance is increasing and concave for both families. But while
gexpo satisfies P3, expo-power does not.

7 Comparison of five utility functions

In this section we shall compare, mostly graphically, the behavior of five members of
the U class of utility functions:

exponential:

U1(x) = 1 − e−x/λ1 , U ′
1(x) = (1/λ1)e

−x/λ1 ,

power:

U2(x) = x1−α − 1

1 − α
, U ′

2(x) = x−α,

Pareto:

U3(x) = 1 − 1

(1 + x/λ2)k
, U ′

3(x) = k

λ2(1 + x/λ2)k+1 ,
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gexpo:

U4(x) = 1 − e−p1h1(x)

p1−1∑

k=0

pk
1hk

1(x)

k! , U ′
4(x) = p p1

1 e−p1h1(x)

λ3 p1! ,

expo-power:

U5(x) = 1 − e−h2(x), U ′
5(x) = h2(x)e−h2(x)

p2x
,

where h1(x) = (x/λ3)
1/p1 , h2(x) = (x/λ4)

1/p2 , α > 0, k > 0, p1 ≥ 2 is an integer,
p2 > 1, and λi > 0 (i = 1, . . . , 4). The ARA and RRA functions in the five cases
are given by

ARA1(x) = 1/λ1, ARA2(x) = α

x
, ARA3(x) = k + 1

x + λ2
,

ARA4(x) = h1(x)

x
, ARA5(x) = −1 + p2 + h2(x)

p2x
,

and

RRA1(x) = x/λ1, RRA2(x) = α, RRA3(x) = (k + 1)x

x + λ2
,

RRA4(x) = h1(x), RRA5(x) = −1 + p2 + h2(x)

p2
.

In order to compare the five utility functions, we fix a point x∗ where we want the
five functions to be ‘close’. Without affecting the results, let us choose x∗ = 0.08. By
‘close’, we mean that RRA(x∗) is the same for each of the five functions. If we choose
α = 2, k = 1.5, and p1 = p2 = 2, then this condition implies λ1 = 0.04, λ2 = λ3 =
0.02, and λ4 = 2/225.

Figure 1 plots (normalized) marginal utility MU(x) = U ′(x)/U ′(x∗) for 0 < x <

1.2, and in the window zoomed in closer to the point x∗ = 0.08. Because of the
normalizations, the five graphs are tangent at x = x∗, and the behavior of MU(x) near
x = x∗ is dictated by the value of U ′′′(x∗)/U ′(x∗), since

MU(x) ≈ 1 − ARA(x∗)(x − x∗) + U
′′′
(x∗)

U ′
(x∗)

· (x − x∗)2

2
.

We have, for values of x close to x∗,

MUpower(x) > MUPareto(x) > MUexpo−power(x) > MUgexpo(x) > MUexp(x),

while at x = 0, MUpower(0) and MUexpo−power(0) are both infinity, and

MUPareto(0) = 55.9, MUgexpo(0) = 54.6, MUexp(0) = 7.4.
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Fig. 1 Marginal utility (normalized) for five utility functions
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Fig. 2 Absolute risk aversion for five utility functions

Marginal utility is bounded from above and below except for the power and expo-
power functions.

Absolute risk aversion ARA is graphed in Fig. 2. We see that ARA(0) is finite
for the Pareto and exponential families (ARAPareto(0) = 125 and ARAexp(0) = 25),
but infinite for the power, expo-power, and gexpo families. While property P3 is not
satisfied by the power and expo-power families, it is satisfied by the gexpo family
since

∫ γ

0 ARAgexpo(x)dx < ∞ for any γ > 0. When x is large, ARAPareto is close to
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Fig. 3 Relative risk aversion for five utility functions

ARApower, but this is not the case when x is small (close to 0). For small x, ARAPareto
remains finite, just like ARAexpo, but unlike power, expo-power, and gexpo.

In Fig. 3, we graph relative risk aversion RRA, arguably the most illustrative plot.
It shows that RRA(0) = 0 except for power and expo-power utility, that Pareto, gexpo
and expo-power lie in-between power and exponential, and that, when x is large, gex-
po and expo-power behave more like exponential, increasing without bound, while
Pareto behaves more like power.

8 Conclusions

We have searched for a utility function satisfying four appealing properties, labeled
P1–P4. We have been able to identify only one utility function that satisfies all four
properties: Pareto utility. In the HARA class, Pareto utility is unique. In the Burr class
of bounded utility functions, Pareto utility is also unique. Of course, other functions
may exist satisfying the four properties, but it does not seem likely that they are as
simple and parsimonious as Pareto utility.

Since Pareto utility is in the HARA class, its absolute risk tolerance is increasing
and linear. In view of some empirical evidence, one may prefer absolute risk toler-
ance to be increasing and concave. Both expo-power and gexpo exhibit increasing and
concave absolute risk tolerance, but there is a cost, namely that relative risk aversion
increases without bound as x becomes large. In a situation where infinite RRA is
deemed less important than concave absolute risk tolerance, we find gexpo preferable
over expo-power, because it satisfies our property P3, while expo-power does not.

The combination of our four properties is particularly relevant in catastrophic
risk analysis, and Pareto utility is therefore well-suited for applications that require
accounting for low-probability high-impact events. One example is economy-climate
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modeling where extreme climate changes are taken into account (Ikefuji et al. 2011).
Another example is to account for rare adverse shocks in financial markets, in an
attempt to resolve the equity premium puzzle of Mehra and Prescott (1985), along the
lines of Barro (2006, 2009) who shows the potential of rare disasters in explaining
this anomaly.
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