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Abstract Let S be a nonorientable surface of genus g > 5 with n > 0 punctures, and
Mod(S) its mapping class group. We define the complexity of S to be the maximum rank
of a free abelian subgroup of Mod(S). Suppose that S; and S, are two such surfaces of the
same complexity. We prove that every isomorphism Mod(S;) — Mod(S,) is induced by a
diffeomorphism S; — S>. This is an analogue of Ivanov’s theorem on automorphisms of
the mapping class groups of an orientable surface, and also an extension and improvement
of the first author’s previous result.
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1 Introduction

Let Z;” p (resp. N g’, ;) denote the orientable (resp. nonorientable) surface of genus g with b
boundary components and n punctures (or distinguished points). If b or n equals 0, then we
drop it from the notation. Let Mod (N ;', ») denote the mapping class group of N é’,‘y »» Which
is the group of isotopy classes of all diffeomorphisms of Ng’h, where diffeomorphisms
and isotopies are the identity on the boundary. The mapping class group Mod(Z;’ p) 1S
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defined analogously, but we consider only orientation preserving maps. The pure mapping
class groups PMod(ng,b) and PMod(N&',’,b) are the subgroups of Mod(Zg’b) and Mod(N;',b)
respectively, consisting of the isotopy classes of diffeomorphisms fixing each puncture. We
denote by PMod™* (N g’ ») the subgroup of PMod(N ;, ») consisting of the isotopy classes of
diffeomorphisms preserving local orientation at each puncture. Finally, let 7 (N é’," ») denote

the twist subgroup of PMod™ (N ;’ ») generated by Dehn twists about all two-sided curves.

We define the complexity of N7, denoted by & (N ;’) as the maximum rank of a free
abelian subgroup of Mod(Ny). By [8], for g +n > 2 we have

s(Nn> _[3@=1+n—2 ifgisodd
¢ %g+n—3 if g is even.

The first author proved in [2] that the outer automorphism group of Mod(Ny) is cyclic
for g > 5. In this paper we improve this result and also extend it to the case of surfaces with
punctures.

Theorem 1.1 Fori =1,2letS; = Ngii be anonorientable surface of genus g; > 5withn; >
0 punctures, and assume £(S1) = &£(S2). Then every isomorphism Mod(S1) — Mod(S3) is
induced by a diffeomorphism S; — S».

In particular, for S1 = S, we obtain the following.
Corollary 1.2 The outer automorphism group Out(Mod(Ny)) is trivial for g > 5 andn > 0.

The analogous theorem for the mapping class group of an orientable surface is due to Ivanov
[5], who proved that if ¥ is an orientable surface of genus g > 3, then every automorphism of
Mod (%) is induced by a diffeomorphism of X, not necessarily orientation preserving. Later,
Ivanov and McCarthy [6] proved (among other things) that any injective endomorphism of
Mod (%) must be an isomorphism. Finally, by recent results of Castel [4] and Aramayona-
Souto [1], any nontrivial endomorphism of Mod (%) must be an isomorphism. It seems
reasonable to expect that Theorem 1.1 is true also for surfaces of genus less than 5 and
sufficiently big complexity. On the other hand, Corollary 1.2 does not hold for (g, n) = (2, 0)
or (3, 1), see [2, Proposition 4.5].

Similarly as in [5,6], the main ingredient of our proof of Theorem 1.1 is an algebraic
characterization of Dehn twists (Theorem 2.4), from which we conclude that any iso-
morphism Mod(S;) — Mod(S2) maps Dehn twists on Dehn twists. However, unlike for
orientable surfaces, Mod(N g}) is not generated by Dehn twists (and neither are PMod (N g)
and PMod* (N g), see [7,14]). In Subsection 2.8 we fix a finite generating set of PMod™* (N g)
consisting of Dehn twists and one crosscap transposition. By using this generating set we show
that any isomorphism Mod(S;) — Mod(S,) restricts to an isomorphism PMod™(S;) —
PMod™(Sy) of the form x +— fxf ~! for some diffeomorphism f: S — S>. Then we
conclude Theorem 1.1 by using the following lemma proved in [5].

Lemma 1.3 (Ivanov) Let H be a normal subgroup of a group G such that the centralizer of
H in G is trivial. If : G — G is an automorphism such that ¢(x) = x for all x € H, then
¢ =1idg.

We close this introduction by remarking that Corollary 1.2 together with the fact that the
center of Mod(N ;f) is trivial [13, Corollary 6.3], imply that Aut(Mod (N, g,‘)) is isomorphic to
Mod(Ng,’) for g > 5.
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2 Preliminaries

Let G be a group, X € G a subset and x € G an element of G. Then C(G), Cg(X) and
C (x) will denote the center of G, the centralizer of X in G and the centralizer of x in G,
respectively.

Letg =2p+mfor p > 0,m > 1. We can represent N g as an orientable surface of genus
p with n punctures and m crosscaps. In the figures, a crosscap is drawn as a disc with a cross
(e.g. Fig. 1). This means that the interior of the disc should be removed from the surface, and
then antipodal points on the resulting boundary component should be identified.

2.1 Curves and Dehn twists

By a curve a on a surface S we understand in this paper an unoriented simple closed curve.
According to whether a regular neighbourhood of a is an annulus or a M&bius strip, we call
a two-sided or one-sided respectively. If a bounds a disc with at most one puncture or a
Mobius band, then it is called trivial. Otherwise, we say that it is nontrivial. Let S¢ denote the
surface obtained by cutting S along a. If S¢ is connected, then we say that a is nonseparating.
Otherwise, a is called separating. If a is two-sided, then we denote by 7, a Dehn twist about
a. On a nonorientable surface it is impossible to distinguish between right- and left-handed
twists, so the direction of a twist 7, has to be specified for each curve a. Equivalently we
may choose an orientation of a regular neighbourhood of a. Then ¢, denotes the right-handed
Dehn twist with respect to the chosen orientation. Unless we specify which of the two twists
we mean, #, denotes any of the two possible twists. It is proved in [13] that many well known
properties of Dehn twists on orientable surfaces are also satisfied in the nonorientable case.
We will use these properties in this paper.

For two curves a and b we denote by i(a, b) their geometric intersection number (see
[13] for definition and properties). We say that a and b are equivalent if there exists a
diffeomorphism z: S — S such that h(a) = b.

We say that a collection of curves C = {ay, ..., ax} is a multicurve if the curves a;
are nontrivial, pairwise disjoint, pairwise nonisotopic, and none is isotopic to a boundary
component of S. We denote by SC the surface obtained by cutting S along all curves of C.

2.2 Pants and skirts

We will use some properties of pants and skirts (P-S) decompositions defined in [13, Section
5]. We say that a multicurve C is a P-S decomposition if each a € C is two-sided and each
component of S€ is diffeomorphic to one of the following surfaces:

e disc with 2 punctures (pair of pants of type 1),
e annulus with 1 puncture (pair of pants of type 2),
e sphere with 3 holes (pair of pants of type 3),

e Mobius strip with 1 puncture (skirt of type 1),

e Mobius strip with 1 hole (skirt of type 2).

A P-S decomposition C is called separating if each a € C is a boundary of two different
connected components of sC.

Lemma 2.1 Let S = Ny forg > 3,5 = §(S) if g # 4, ands = 2+n if g = 4. Suppose that
a is a two-sided curve on S. There exits a P-S decompositionC = {ay, . .., as} of S, such that
each a; is equivalent to a, if and only if S* is connected and nonorientable. Furthermore, if
g +n > 3 then such P-S decomposition must be separating.
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Fig. 1 P-S decomposition of a N7 and b Ng satisfying the conditions of Lemma 2.1

Proof The “if” part is left to the reader (see Fig. 1). Suppose that a is separating. Then all
a; are separating. Furthermore, either each a; separates a pair of pants of type 1, or each q;
separates a skirt of type 1. It follows that s < n, a contradiction. Now suppose that S% is
connected and orientable (this is possible only for even g). Then every component of S is
a pair of pants of type either 2 or 3. Note, however, that for i # j the curves a;, a; together
separate S (there can be no curve on S disjoint from a; and intersecting a; once; such a curve
would be two-sided and one-sided at the same time). It follows that no component of S€ is
a pair of pants of type 3, hence all components are pairs of pants of type 2. We have s < n,
a contradiction.

Now suppose that g +n > 3 and a; is a boundary of only one connected component P of
S€. Because —x (S) = g +n —2 > 1, S¢ has more than one component. It follows that P
must be a pair of pants of type 3 and the third boundary component of P must separate S. This
is a contradiction, because all a; are nonseparating. Thus C is a separating P-S decomposition
of S. O

Remark 2.2 For g = 4 there also exist P-S decompositions of N of cardinality £(Ny) =
3 + n. However, such a P-S decomposition can not consist of nonseparating curves with
nonorientable component.

Lemma 23 Let S = Ny for g > 3, (g,n) ¢ {(3,0),(4,0)} and suppose that C =
{ay, ..., a5} is a P-S decomposition as in Lemma 2.1, where s = £(S) if g # 4, and
s =2+nifg =4 Fork > 1 let Téc be the subgroup of Mod(S) generated by tzl‘i for
1 <i <s. Then, for each k > 1:

(a) Tck is a free abelian group of rank s;
(b) Cwmodcs)(TE) = T4

Proof The assertion (a) follows from [13, Proposition 4.4]. To prove (b) we use an idea from
the proof of [13, Theorem 6.2]. Suppose f € CMod(s)(TCk). Then tffi = ftZZ.f’1 = t’]i(ai)
for all i. It follows that f fixes each curve a;, hence it permutes the connected components
of S€. Suppose that f interchanges some two components Py and P> of S¢. By the proof of
Lemma 2.1, there are no pairs of pants of type 1 and no skirts of type 1 in the decomposition.
Suppose that P; and P, are skirts of type 2 glued along a curve a;. Then the remaining
boundary curves a; C Py and a; C P, must be glued together (¢ = f(a;) = a;), hence
S is the closed nonorientable surface of genus 4, contrary to the assumptions of the lemma.
Similarly, if P; and P, are pairs of pants of type 2 or 3, then S must be a Klein bottle with two
punctures, or a closed nonorientable surface of genus 4 respectively, which again contradicts
the assumptions. Thus f fixes each component of SC. Furthermore, since f centralizes the
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boundary twists of each pair of pants, it preserves its orientation. Because the mapping class
groups of a pair of pants of type 2 or 3, and that of the skirt of type 2 are generated by boundary
twists, f is a product of some powers of #,, for 1 <i < s. Thus CMod(s)(TCk) C TC} and the
opposite inclusion is obvious. O

Note that (b) of Lemma 2.3 implies that TC1 is a maximal abelian subgroup of Mod(S).

2.3 Pure subgroups

Let S denote the surface N f for g > 3 and n > 0. We recall from [2] the construction
of finite index pure subgroups I',,(S) of Mod(S) (see Section 2 of [2] for more details).
Fix an orientable double cover ¥ = E;’i , of S. Then Mod(S) can be identified with the
subgroup of Mod(X), consisting of the isotopy classes of diffeomorphisms commuting with
the covering involution. Consequently, Mod(S) acts on H{ (X, Z/mZ) for all m > 0. We
define I';, (S) to be the subgroup of Mod(S) consisting of all elements inducing the identity
on Hi(X,Z/mZ). If m > 3, then [',,(S) is a pure subgroup of Mod(S). In particular, if
f € ')y (S) preserves a multicurve C, then f fixes each curve of C and, furthermore, it can
be represented by a diffeomorphism equal to the identity on a regular neighbourhood of each
curve of C. If the restriction of f to any connected component of SC is isotopic (by an isotopy
that does not have to fix pointwise the boundary components of S€) either to the identity or
to a pseudo-Anosov map, then C is called a reduction system for f. The intersection of all
reduction systems for f is called the canonical reduction system for f. Reduction systems
were introduced by Birman, Lubotzky and McCarthy in [3], for the case of a nonorientable
surface see [16].

2.4 Algebraic characterization of a Dehn twist

The key ingredient of the proof of our main result is an algebraic characterization of a Dehn
twist about a nonseparating curve in the mapping class group. Theorem 2.4 below is an
extension of Theorem 3.1 of [2] to punctured surfaces. The proof closely follows Ivanov’s
ideas [5].

Theorem 2.4 Let S = N[’; for g >3, (g,n) ¢ {(3,0), (4,0)} and let T be a finite index
subgroup of T, (S) form > 3. Anelement f € Mod(S) is a Dehn twist about a nonseparating
curve with nonorientable complement if and only if the following conditions are satisfied:

(i) C(Cr(f*) = Z, for any integer k # 0 such that f* € T.
(ii) Sets = &(S)ifg #4, ands =2 + nif g = 4. There exist elements f>, ..., fs €
Mod(S), each conjugate to fi = f, suchthat f1, ..., fs generate a free abelian group
K of rank s.
(iii) For k > 1 let Ky be the subgroup of Mod(S) generated by fik for1 <i < s. Then
CMod(s)(Kx) = K.

Proof Assume that the above conditions are satisfied, then we have to show that f is a Dehn
twist about a nonseparating curve with nonorientable complement.

Choose any integer k # 0 such that f k e I'. Because f has infinite order by (ii), f ks
not the identity element. Let C be the canonical reduction system for f k. Let G denote the
subgroup generated by the twists about the two-sided curvesin C. Set G’ = GNI'. Then G and
G’ are free abelian groups. Firstly, we will show that G’ C C(Cr(f%)). Let g € Cr(f%).
Since g commutes with f¥, it preserves the canonical reduction system C. Because g is
pure, it fixes each curve of C and also preserves orientation of a regular neighbourhood
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of each two-sided curve of C. It follows that g commutes with each generator G, hence
G C CM(S)(Cr(fk)). So, G’ C Cr(Cr (fk)) = C(Cr (fk)). For the last equality observe
that, since f* € Cr(f*), Cr(Cr(f*)) € Cr(f*). hence Cr(Cr(f*)) € C(Cr(f*)) and
the opposite inclusion is obvious. The assumption C(Cr(f¥)) = Z implies that C contains
at most one two-sided curve.

Assume that C has no two-sided curve, so that C = {cy, ..., ¢;}, where each ¢; is a one-
sided curve. Then S is connected. Let Stab™ (C) be the subgroup of Mod(S) consisting of
elements fixing each curve of C and preserving its orientation. Note that Cr-( %) C Stab™ (C).
The mapping h +— h|5c defines an isomorphism Stab*(C) — Mod(Sc)/Zl, where Z! is
the subgroup generated by the boundary twists of S€ (see [12, Section 4]). We also have
a monomorphism Mod(S€)/Z! — Mod(S’), where S’ is the surface obtained from S€ by
collapsing each boundary component to a puncture. By composing these two maps we obtain
amonomorphism 6 : Stab™ (C) — Mod(S’). Because C is the canonical reduction system for
¥, 0(f5) is either the identity or pseudo-Anosov. In the former case f* must be the identity,
a contradiction. Suppose 6 (f¥) is pseudo-Anosov. Set H = I' N K, where K} is the group
from condition (iii). We have H C Cr(f ky C Stab*(C) and 6(H) is a free abelian subgroup
of Mod(S’) containing 6 ( f kY. Since 6( f ky is pseudo-Anosov, 8 (H) must have rank 1. This
is a contradiction, as H has rank s > 1.

We have C = {cy, ..., ¢, a}, where a is a two-sided curve and each ¢; is one-sided. Let
D be the subgroup generated by f* and the twist about a and denote the intersection D N T
by D'. Hence, D’ C C(Cr(f*)) and hence D’ is isomorphic to Z. It follows that fX1 = ¢
for some integers m and k; (possibly greater than k).

Let f1, ..., f; be the elements from condition (ii). For 1 <i < s we have fl.k1 = IZZ for
some curve g; equivalent to a; = a. We claim that C = {ay, ..., as} is a P-S decomposition
of S. If not, then we can complete C to a P-S decomposition C’. Let T be the free abelian
group generated by twists about the curves of C’. We have Ter € Cwmodcs)(Kk,) = K.
It follows that rank(7¢/) < s, hence C’ = C. By (iii) and (b) of Lemma 2.3 we have
K = CMod(s)(Ki;) = Cmoacs)(T¢") = Tcl. By (ii) f is a primitive element of K = TC!,
hence f = t4,. It follows from Lemma 2.1 that a; is nonseparating and has nonorientable
complement.

The proof of the opposite implication is straightforward and left to the reader (see [5]). O

Corollary 2.5 Fori = 1,2 let S; = N;,ll.i for gi > 5 and assume £(S1) = £(S>). Suppose
that ¢ : Mod(S1) — Mod(S») is an isomorphism. If f € Mod(S1) is a Dehn twists about a
nonseparating curve with nonorientable complement, then so is ¢(f).

Proof Fix m > 3. Because f satisfies the conditions (i), (ii), (iii) of Theorem 2.4 with
I, (Sy) as T, it follows that ¢(f) also satisfies (i), (ii), (iii) of Theorem 2.4 with I' =

@ (S1) N T (S2). O
2.5 Chains
A sequence (ay, ..., ax) of curves is called a chain if i(a;,a;4+1) = 1 forl <i <k —1

and i(a;,aj) = 0 for [i — j| > 1. The integer k > 1 is called the length of the chain. If all
curves in a chain are two-sided, then a regular neighbourhood of the union of these curves
is orientable. Let #,, be right-handed Dehn twists with respect to some orientation of such a
neighbourhood for 1 <i < k. Then

@) oo ta; =ty tajta;, forl <i<k-—1
() 1410, = ta;tq; forl|i — jl > 1.
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Conversely, if a sequence of Dehn twists (74, . . ., f5,) satisfies (a) and (b), then (ay, . .., ai)
is a chain, and the twists are right-handed with respect to some orientation of a regular
neighbourhood of the union of the curves of the chain (see [13, Section 4]). A sequence of
Dehn twists satisfying (a) and (b) will also be called a chain. Observe that if (a;, a2) is a
2-chain of two-sided curves, then S% must be connected and nonorientable fori = 1, 2.

2.6 Trees

We will now define a tree of curves (and Dehn twists) as a generalization of a chain. Suppose
that C is a collection of curves, such that i(a, b) € {0, 1} forall a,b € C. Let I'(C) be a
graph with C as the set of vertices, and where a and b are connected by an edge if and only
if i(a, b) = 1. We will call C a tree if and only if I"(C) is a tree (connected and acyclic). If
all curves in a tree are two-sided, then a regular neighbourhood of the union of these curves
is orientable. Let 7, be right-handed Dehn twists with respect to some orientation of such a
neighbourhood for a € C. Then

@) tatpty = tptaty if a and b are connected by an edge,
(b)) t.tp = tpt, otherwise.
Conversely, suppose that 7 = {t,: a € C} is a set of Dehn twists for some set of curves C,
where each two twists of T either commute, or satisfy the braid relation. Then the geometric
intersection number of the underlying curves is, respectively, either 0 or 1. We say that T is a
tree of twists if and only if C is a tree. We will always assume that the curves in C realize their
geometric intersection number and a regular neighbourhood of the union of these curves is
oriented so that all twists of 7" are right-handed.

The following corollary follows immediately from Corollary 2.5

Corollary 2.6 Fori = 1,2 let S; = Ngii for gi > 5 and assume £(S1) = £(S>). Suppose
that ¢ : Mod(S1) — Mod(S») is an isomorphism. If T = {t,: a € C} C Mod(S1) is a tree
of Dehn twists of cardinality at least 2, then ¢(T) is also a tree of Dehn twists for some set
of curves C', such that T'(C) and T'(C) are isomorphic (as abstract graphs).

2.7 Useful relations among Dehn twists

The following lemma is well-known (see [9, Proposition 2.12]).

Lemma 2.7 Suppose that (¢, te,, ..., tey,,) is a chain of twists. Then

2k+2

(feytes « - Tey)) =ty tuy

where t,,, t,, are right-handed twists about the boundary components of a regular neigh-
bourhood of the union of the curves c; (Fig. 2).

Relations (a) and (b) of the next lemma appear in [9, Theorem 3.2] as (R5) and (R6)
respectively. Their proof can be deduced from [9, Proposition 2.12].

Lemma 2.8 Suppose that {t.y, tc,, ..., t,} is the tree of right-handed Dehn twists on ¥ 3
whose underlying curves are shown on Fig. 3, and t,,, i = 1,2, 3, are right-handed Dehn
twists about the boundary components of ¥ 3. Then

5 —6
(a) ty, = (tco teyteyleytey tC5) (tcl Ieylestey tcs)

5 —6 4 -3
(b) ty, = (t07t06t04t63tczfco) (t06t04tC3tcztco) (tC(,tCStC4) (tC7tC6t65tC4)
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Fig. 2 A chain of two-sided curves of odd length and its regular neighbourhood

Fig. 3 The curves from Lemma
2.8

2.8 Generators of PMod* (N))

The aim of this subsection is to fix a finite generating set of PMod ™ (N}}) for h > 5. We choose
a generating set which differs slightly from the one given in [14, Theorem 4.1]. We begin
its description with Dehn twists. Let D and E be the trees of curves from Figs. 4 and 5. We
will abuse notation and denote by the same symbols the corresponding trees of Dehn twists.
As we already mentioned in the introduction, PMod™ (N}") is not generated by Dehn twists
and to obtain a generating set for this group we add to D or E one more generator, namely
a crosscap transposition (in [14] a crosscap slide is used). In order to describe this element,
and also to be able to prove Lemmas 3.7 and 3.8 in Sect. 3, we view certain subsurface of
N as a disc with crosscaps.

Fork € {5, 6} let N 1 be anonorientable surface of genus k with one boundary component,
represented on Fig. 6 as disc with k crosscaps numbered from 1 to k. Fori < j let¢; ; denote
the simple closed curve on Ny, 1 from Fig. 6. Note that ¢; ; is two-sided if and only if j —i
is odd. In such case 1, ; denotes the twist about ¢; ; in the direction indicated by the arrows
on Fig. 6.

We denote by u the crosscap transposition defined to be the isotopy class of the diffeo-
morphism of Nj ; interchanging the (k — 1)’st and k’th crosscaps as shown on Fig. 7, and
equal to the identity outside a disc containing these crosscaps.

Lel;:n;la 2.9 For g > 2 there are embeddings 01: N5 — Né’g_H and 621 Ng1 — Ngg+2,
such that:

(a) fori =1,2, N§g+i \0; (N4+i.1) is an orientable surface of genus g — 2 with n punctures
containing the curves a; for alli > 8;

(b) fori =1,2, as = 6;(c12), ag = 6i(c2,3), as = 6i(c34), ar = 0i(ca5), a1 = 0;(c1,4);

(c) a3 =01 (tey su~(c1.4));

(d) ap = 02(c5.6), a = 02(c1,6);

(e) 62 maps boundary curves of a regular neighbourhood of ¢1,6 U ¢5,6 U ce.6 on ay and as.

Proof Suppose h = 2g + 1. Set ¢5 = c12, C6 = €23, C4 = €34, C2 = C45,C] = Cl 4
and ¢c3 = tc4_5u_1 (c1,4). By changing these curves by a small isotopy, we may assume that
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by-1 Q@ %Ys1

Fig. 4 The tree of curves D on Ngg+l

Fig. 5 The tree of curves E on Né’g 12

Fig. 6 The surface Ny | and the curve ¢; j,k =5o0r6
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u
% 0% —
X
Fig. 7 The crosscap transposition
they realize their geometric intersection number. Then we have |c; N c;j| = |a; N a;| for all

i,j € {l,...,6}. Let M (resp. M’) be a regular neighbourhood of the union of ¢; (resp.
a;) fori € {1,...,6}. Observe that M and M’ are both diffeomorphic to X 3. There is a
diffeomorphism 6’: M — M’ such that 6'(¢;) = a; fori € {1, ..., 6}. To see that 6’ can be
extended to an embedding 01 : N5 ; — N} observe that (1) ¢y, ¢4 and cs (resp. ay, a4 and
as) bound a pair of pants on Ns 1 (resp. N})); (2) c3, ca, ¢5 and dN5 1 bound a 4-holed sphere;
(3) c1 and ¢3 (resp. a1 and a3) bound a subsurface of Ns 1 (resp. N}/) diffeomorphic to Ny 2.

Suppose h = 2g 4+ 2. Setcs = c1,2, 6 = €23, C4 = €3 .4, C2 = C4,5,C] = C1,4, C) = C5,6-
Let K be a regular neighbourhood of c¢1 6 U c¢5,6 U cg,6. Observe that K is a Klein bottle
with two holes, whose one boundary component is isotopic to ¢; = ¢y 4. Let ¢3 denote the
other component of dK. We have |¢; Ncj| = |a; Naj| foralli, j € {0, ..., 6}. Let M (resp.
M) be a regular neighbourhood of the union of ¢; (resp. a;) for i € {0, ..., 6}. Observe
that M and M’ are both diffeomorphic to ¥ 4. There is a diffeomorphism 6': M — M’
such that 6'(c;) = a; fori € {0, ..., 6}. To see that 6 can be extended to an embedding
02: No,1 — N,’l' observe that (1) c1, ¢4 and c5 (resp. aj, a4 and as) bound a pair of pants on
Neg,1 (resp. N}); (2) c3, c4, cs and dNg 1 bound a 4-holed sphere; (3) two boundary curves
of M (resp. M") bound an annulus with core c¢; ¢ (resp. a). The conditions (a, b, d, e) follow
immediately from the construction of 6,. O

Via these embeddings, we will treat N4, 1 as a subsurface of N;‘g T fori =1, 2. Conse-
quently, we will identify curves on Nyy; 1 with their images on Né’g 4;» and also, using [15,
Corollary 3.8], treat Mod(N4+;,1) as a subgroup of Mod(NggH) (in particular 745 = fc,
etc.).

Proposition 2.10 For g > 2, PMOd+(N§g +1) (resp. PMOd+(N£'g 10)) is generated by u and
D (resp. u and E).

Proof Lety = t.,_, ,u. This element s called crosscap slide and Stukow proved in [14, Theo-
rem 4.1] that PM0d+(N£’g+1) is generated by DU{y} = DU{t,,u}, whereas PMod* (N3g2)
is generated by E U {y, t,} = E U {t4,u, t,}. It suffices to show that z, can be expressed as a
product of elements of E. This can be achieved by (a) of Lemma 2.8:

5 —6
(taotal taz ta4 ta(, ta_s) (taotuzta4ta6tu5) =1

We will also need the following fact about the twist subgroup.

Lemma 2.11 For h > 5, T(N})) is generated by Dehn twists about nonseparating curves
with nonorientable complement.
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Proof Set S = N}'. By [14], 7 (S) is a subgroup of PMod ™ () of index 2, and PMod ™" (S) =
T(S)Uu7(S). By Proposition 2.10, 7 (S) is generated by D U uDu ' U{u?}ifh = 2¢+1,
and by EUuEu~" U {u?}if h = 2g + 2. We have u? = t,, where ¢ is the boundary curve
of the Klein bottle with a hole shown in Fig. 7. Because D and E consist of Dehn twists
about nonseparating curves with nonorientable complement, the same is true for Dy~ and
uEu~", and it suffices to show that 7, can also be expressed as a product of such twists. Note
that S¢ is homeomorphic to N, /7—2, (U Ny 1. It h > 7, then the surface X 3 from Fig. 3 can be
embedded in S so that the boundary curve u; of ¥ 3 coincides with e, and then (a) of Lemma
2.8 provides the desired expression of 7, as a product of Dehn twists about nonseparating
curves with nonorientable complement.

Forthe case h = 5, 6 we need the so called star relation, which is a special case of the fourth
relation of [9, Proposition 2.12]. We say that curves co, c1, ¢2, ¢3 form a star if (cy, ¢2, ¢3) is
achain, i(co, c2) = 1 andi(co, c1) = i(co, c3) = 0. A regular neighbourhood of the union of
the curves of the star is a 3-holed torus, and we denote its boundary components by uy, uz, u3.
The star relation is (f¢yt¢, fes th)3 = 1y, tup tus, where the twists are right-handed with respect to
some orientation of the regular neighbourhood. We choose a chain (cy, ¢, ¢3) of curves such
that one of the boundary components of a regular neighbourhood of ¢; U ¢; U ¢3 is the curve
e, and we denote the second component by u. By Lemma 2.7 we have (., t., tc3)4 = tute.
Note that the connected component of $“! containing the chain is homeomorphic to Ny
and so we can complete the chain to a star (co, c1, ¢2, ¢3), by adding a curve cg, such that
one boundary curve of a regular neighbourhood of the union of the curves of the star is u
and the other two components bound Mdébius bands. Then the star relation takes the form
(teote tes tCz)3 = ty, and t, = (feote, e zCz)‘3 (t¢, t,;th)4 is the desired expression of 7, as a
product of Dehn twists about nonseparating curves with nonorientable complement. O

3 Automorphisms of Mod(Ny)

The aim of this section is to prove Theorem 1.1. Our first observation is that we can assume
S1 = $2 by the following lemma.

Lemma 3.1 Suppose that ¢ : Mod(S1) — Mod(S) is an isomorphism, where S| and S
are as in Theorem 1.1. Then (g1, n1) = (g2, n2).

Proof By Lemma 2.11 and Corollary 2.5, ¢(7 (S1)) = 7 (S2), and hence [Mod(S1): 7 (S1)]
= [Mod(S2): T(S2)]. Since [Mod(S;): 7(S;)] = 2" Hp;! by [14, Corollary 6.4], we have
n1 = ny. This and the equality £(S1) = £(S,) imply that g; and g must be of the same
parity, and in fact g; = g>. O

Our next goal is the following key lemma.

Lemma 3.2 Suppose that h = 2g + 1 (resp. h = 2g + 2) for g > 2 and ¢ : Mod(N}) —
Mod(N}}) is an automorphism. Then there exists f € Mod(N}') such that ¢(t) = ftf~! for
eacht € D (resp. t € E U {t,}).

After we prove Lemma 3.2, the next step is to show, using Proposition 2.10, that the auto-
morphism ¢’: Mod(N;') — Mod(N}) defined as ¢'(x) = fYo(x) f restricts to an inner
automorphism of PMod ™ (N}!). This step is completed in Lemmas 3.7 and 3.8. Finally, we
conclude Theorem 1.1 by using Lemma 1.3.
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For the proof of Lemma 3.2 we need to compute the centralizers of sub-trees ® C D and
A C E defined as

O = {ta). tay- tas } U {tay 1 1 <i <2¢ =1} U{n,: 1 < j <n—1},
A ={tay, tay- tas} U {tay, 1 0<i <2¢ =1} Uftp,;: 1 < j <n—1}.

Let Xg ;41 (resp. X n42) be a subsurface of Nfg_H (resp. N§g+2), supporting D (resp. E),
obtained by removing from Ngg 41 (tesp. Nfg 42) nopen discs, each containing one puncture,
and a M&bius band (resp. an annulus with core a). Fori = 1, 2 the inclusion ¥, ,+; C N;‘g 4
induces a homomorphism Mod (X, ,+;) — Mod( 2ngl)

Lemma 3.3 Suppose thath =2g + 1 for g > 2. Then CMod(N;j)(@) =1

Proof Let H denote the image of Mod (X ,4.1) in Mod(N}). It can be easily deduced from
the main result of [9] that H is generated by twists of ®. Thus CMod(Ng) ®) = CMod(N;’) (H).
Set D' = D\{t,, ,: 1 < i < g}. The curves supporting the twists of D’ form a sep-
arating pants and skirts decomposition of N}’ (see Subsection 2.2 for the definition). Let
h € Cnmod(wy) (H). Since D' C H,he CMod(N/’,')(D/)- By the proof of (b) of Lemma 2.3,

]—Itm’ for some integers m;, where the product is taken over all 7,, € D’. By [10,
Proposmon 3.4], for every t,; € D’ there exists a simple closed curve ¢ on g ,1, such that
i(c,a;) > 0 and 7, commutes with all twists in D'\{#,,}. Since 7. € H, it also commutes
with A. It follows that ¢, commutes with t;’}f , which is possible only for m; = 0, hence h = 1
and CMod(N;j)(H) is trivial. O

Lemma 3.4 Suppose that h = 2g + 2 for g > 2. Then ChMod(ny (A) is the infinite cyclic
group generated by t,, where a is the curve from Fig. 5.

Proof Let H denote the image of Mod (X, ,42) in Mod(N}'). Similarly as in the odd genus
case, H is generated by twists of A, thus CMOd(N;:)(A) = CMod(N,’])(H)- Note thatt, € H,
because a is isotopic to a boundary component of X ,42. Set E' = EU{t,}\{tay; ,: 1 <i <
g}. The curves supporting the twists of E’ form a separating P-S decomposition of . Let
he CMod(N;) (H). By a similar argument as in the proof of (b) of Lemma 2.3, h = ' [ | t['{i”
for some integers m; and m, where the product is taken over all #;, € E’\{t,}. By the same
argument as in the proof for odd genus, all m; = 0, hence h = 1)". O

Lemma 3.5 Ler § = Ngg+1 for g > 2, n > 1 and suppose that ¢ : Mod(S) — Mod(S) is
an isomorphism such that ¢(t,,) and ¢(t.;) are Dehn twists about curves ¢y and c3. Then
c1 U ¢3 does not bound a once-punctured annulus embedded in S.

Proof Suppose that ¢j and c3 are the boundary curves of a once-punctured annulus embedded
in S. Set G = Cwmod(s){ta;» tas} and H = ¢(G) = Chod(s){lc,» te3 }- Observe that S11-¢3} s
homeomorphic to Nféf ! 12 LI 26 5> Whereas § lar.as} ig homeomorphic to E”_l ,UNp. LetX

(resp. Y) be the subsurface of § homeomorphic to E”_l 5 (resp. N2 _1 ) suchthat9X = a; U
az (resp. Y = ¢y Uc3). The centralizer G consists of the isotopy classes of diffeomorphisms
of S fixing a; and a3z whose restriction to X is orientation preserving. It follows that the
inclusion of X in S induces an isomorphism Mod(X) — G (see [11, §5.2] or [12, §4]).
Similarly, the inclusion of Y in § induces an isomorphism Mod(Y) — H. Let K denote the
image of PMod(X) in G. Because PMod(X) is generated by Dehn twists about nonsepataing
curves (see [9, Proposition 2.10]), K is generated by Dehn twists about nonseparating curves
with nonorientable complement. By Corollary 2.5, ¢(K) is also generated by Dehn twists,
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and hence it is contained in the image of 7 (Y). By [14, Corollary 6.4], 7 (Y) has index
2"(n —1)!'in Mod(Y), and hence [H : ¢(K)] > 2"(n — 1)!. On the other hand [H : ¢(K)] =
[G: K] = [Mod(X): PMod(X)] = n!. This is a contradiction, because n! < 2"(n — 1)!. O

Proof of Lemma 3.2 Set S = N;'. Suppose h = 2g + 1. By Corollary 2.6, ¢(®) is a tree of
Dehn twists for which the underlying tree of curves is isomorphic (as abstract graphs) to that
of ®. For 1, Ip; € © choose curves ¢;, d; such that f., = ¢(ty;), ta; = (p(tb_,.). These curves
may be chosen to realize their geometric intersection number.

Let M be a closed regular neighbourhood of the union of ¢; and d; for ¢, , 14; € p(©).Note
that M is an orientable surface of genus g with n 4 2 (or 3 if n = 0) boundary components.

Similarly, let M’ be a closed regular neighbourhood of the union of the curves supporting
©. Orient M and M" so that tq,, t,; and 1, , t4; are right-handed Dehn twists. Fix an orientation
preserving diffeomorphism fy: M — M such that fo(az;) = cp; for1 <i <2g—1,
folas) = cs, {fola1), fo(a3)} = {c1,c3}and {fo(bj): 1 < j <n—-1} ={d;j: 1 = j <
n—1}.1f (g, n) = (2, 0) then we can also assume fy(a;) = ¢; fori =1, 3. Setclf = fo(a;) for
i=1,3 andd/,. = fo(bj) for1 < j < n—1.Either (c|, ¢}) = (c1, ¢3) or (¢}, ¢}) = (c3, ¢1).
Analogously, '(di, ey dr’l_l) is some (possibly nontrivial) permutation of (dy, ..., dy,—1).
The neighbourhood M and the curves supporting ¢(®) are shown on Fig. 8.

By Lemma 3.3, Cmod(s) (¢(0)) = ¢(Cmod(s)(®)) = 1. It follows that Dehn twists about
the boundary components of M are trivial, hence each component of dM bounds either a
Mobius band or a disc with O or 1 puncture. It is clear that exactly 1 component bounds a
Mobius strip, and exactly n components bound once-punctured discs.

Consider the component u of 9M which bounds a pair of pants together with ¢| and ¢j.
By Lemma 3.5, ¢} U ¢} can not bound a once-punctured annulus in S. It also can not bound
a non-punctured annulus, because 7, # tcfl. It follows that u bounds a Mobius strip.

Suppose (g, n) # (2,0) and consider the component v of M which bounds a 4-holed
sphere together with cs, c4 and c/l. Fori =1, 3 set

6 6
Xi = (tastaﬁtcutazta;) and Yi = (tc5[c<JtC4tc2[cIf) .

Suppose that (¢}, c}) = (c3,c1). Then ¢(x3) = y;. By Lemma 2.7, x3 is a product of 2
twists commuting with f,,, whereas y; does not commute with tcé, a contradiction. Hence
cl’. = ¢; fori =1, 3. It also follows that y3 commutes with #.,, which implies that v bounds
a non-punctured disc.

It is now clear that fj can be extended to f: S — S. We have ¢(1,,) = f1g £~ for all
ty; € ©.Sinceeacht, ; € D can be expressed in terms of 7, € ©, we have (p(taj) =f fa; f -1
forall7,;, € D.Itremains to prove that d] =d; for 1 <i < n—1. We proceed by induction.

Fig. 8 The neighbourhood M supporting ¢(®)
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Consider the once-punctured annulus A, whose boundary is the union of 5| and a4g_3.
Let u; be the boundary of a small disc contained in A; and containing the puncture. By (a)
of Lemma 2.8 we have

5 -6
(ta4g73 tbl ta4g72 ta4g74 la4g76 t“4g77) (tbl ta4g72 la4g74 t“4g76 [a4g77 ) .

tuy

By applying ¢ to the above equality and using Lemma 2.8 we obtain that ¢(#,,) is equal to
a twist about the curve bounding a disc containing all punctures of the annulus A’, whose
boundary is the union of d; and f(a4g—3). Since t,,, = 1, we have ¢(#,,) = 1. It follows that
A, contains only 1 puncture, hence d; = dj.

Now suppose that d] = d; for 1 < i < k—1forsomek < n. Consider the once-punctured
annulus Ag, whose boundary is the union of b;_; and by. Let u; be the boundary of a small
disc contained in Ay and containing the puncture. By (b) of Lemma 2.8 we can express 1,
in terms of Dehn twists of the tree

{tbks tbk,l s ta4g,3s ta4g,2» ta4g,4v ta4g,(,, ta4g,7}-

By applying ¢ to that expression and using Lemma 2.8 we obtain that ¢(z,,) is equal to a
twist about the curve bounding a disc containing all punctures of the annulus Aj, whose
boundary is the union of di and di_1. As above, it follows that d; = d,/c.

For h = 2g + 2 we proceed as above, to obtain a diffeomorphism fy: M’ — M, where
M (resp. M) is a regular neighbourhood of the union of the curves supporting ¢(A) (resp.
A), such that fo(azi) = ¢ for 1 <i < 2g — 1, fo(as) = cs, {fo(ao), folar), folaz)} =
{co,c1,c3band {fo(bj): 1 < j<n—1}={d;j: 1 < j <n— 1}, where ¢(t;;) = t,; and
@(ty;) = tq;. Set ¢; = fo(a;) fori =0, 1,3 and d} = fo(b;) for 1 < j <n — 1. Note that
M and M’ are orientable of genus g with n + 3 (or 4 if n = 0) boundary components (see
Fig. 9).

Fori € {0, 1, 3} set

6 6
Xi = (laslaglaslarta;)”  and i = (fesleglegleylel)”

Suppose (g, n) # (2, 0) and consider the component v of 9M which bounds a 4-holed sphere
together with cs, c4 and c’l. It follows from Lemma 2.7 that

{tag: tay tay | N Cuoavmy (%0, X1, X3} = {1, ),

hence

{teg: teys te3} N Cumodvm (Y0, Y1, y3} = {ze,}-

Fig. 9 The neighbourhood M supporting ¢(A)
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Since neither I, MOT £ commute with y;, we have ¢ = c’l . Furthermore, since ¢, commutes
with yo and y3, v bounds a non-punctured disc. (If (g, n) = (2,0) then {t4), ta, ta3} N
CMod(N;]){XO» x1, X3} = {tq;, 143 }. It follows that c{; = co, and by composing fo by a suitable
diffeomorphism if necessary we may assume ¢; = ¢; fori = 1,3.)

By (a) of Lemma 2.8 we have

5 —6
(taotaltazta4ta6ta5) (taotazta4ta6ta5) =1
Fori =0, 3 set
- 5 —6
Zi = (tcl’. tcltcztc4tc6tcs) (tcl’. tczlc4tc6tc5)

Then either ¢(,) = zo or ¢(#,) = z3. Since t, commutes with 7,,, and z3 does not commute
with Ly, We have ¢(t,) = zo. It follows that c; = ¢; fori € {0, 1, 3}. Note that zg = #,,,
where u; is the component of dM bounding a pair of pants with co and c;. Let uy be the
component of dM bounding a pair of pants with ¢y and c3. By (b) of Lemma 2.8 we have

5 —6 4 -3
tyy, = (tcol03tczt04lc6tcs) (zcgtczt04tcgtcs) (tcltc_;tcz) (tcolcl t03tcz)

1

By applying ¢ =" and using (b) of Lemma 2.8 again we obtain

9 (tuy) = (taglastaytastaglas)” (taytay agtaglas) ™ (tay tay tay)* (tag tay tas a) ™
=l
By Lemma 3.4 Cmod(s)(@(A)) = ¢(Cmod(s)(A)) is the infinite cyclic group generated by
oty =ty = tu_zl. It follows that 11 U up bounds an annulus (exterior to M) such that the
union of M and that annulus is a nonorientable surface of genus 2g + 2 = h.
It is clear that fp can be extended to f: S — S. The rest of the proof follows as in the
odd genus case. O

Lemma 3.6 Leth =2g+1forg >2,D' = D\{ty,: i =1,2,3,4}and H = CMod(N;)(D/)-
Let ¢ be the nontrivial boundary component of a regular neighbourhood of the union of the
curves supporting D'. Then Cy{ty,, ta,} is the free abelian group of rank 2 generated by
(ta tay)? and either t. if (g, n) # (2, 0), or (tustqs)’ if (g, 1) = (2,0).

Proof Let d be the boundary of a regular neighbourhood of a; U a; (torus with one hole) and
set p = (1 ta2)3. Then ,02 = 14. Since f. can be expressed in terms of twists of D', we have
Culta tey} C CMod(N;:){tc, t4}. It follows that any x € Cpy{t4,, t4,} can be represented by a
diffeomorphism, also denoted by x, equal to the identity on regular neighbourhoods of ¢ and
d. The complement of the union of such neighbourhoods has three connected components S’,
S” and N, where S’ is diffeomorphic to 2;—1, | (containing as and ag), S” is diffeomorphic
to X1,1 (containing a; and ay), and N is diffeomorphic to Nj ». Clearly x preserves each of
these components. Furthermore, x restricts to a diffeomorphism x” of §’, which commutes
with all twists of D’ up to isotopy. Since PMod(S’) is generated by twists of D/, x’ €
CMod(s’)(PMod(S")). By [10, Proposition 5.5 and Theorem 5.6], Cnoacs’y(PMod(S)) =
C(Mod(S")) is the infinite cyclic group generated either by 7. if (g,n) # (2,0), or by
(tastaﬁ)3 if (g,n) = (2,0) (note that 7, = (tastaﬁ)6 if (g,n) = (2,0)). Thus x’ is isotopic
on §’ to some power of 7. (Or (¢4 taé)3). Analogously, x restricts to a diffeomorphism x” of
S”, isotopic on S” to some power of p. Finally, since Mod(N) is generated by the boundary
twists, the restriction of x to N is isotopic to the product of some power of 7, and some power
of t4. O
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Lemma 3.7 Leth = 2g + 1 for g > 2 and suppose that ¢ is an automorphism of Mod(N}))
such that o(t) =t for all t € D. Then ¢ restricts to the identity on PMod™ (N).

Proof By Proposition 2.10, it suffices to prove ¢ (u) = u.Let M be the subgroup of Mod(N}')
generated by u, t,, and #,,. By [11, Theorem 4.1], M is isomorphic to Mod(N3,1). More
specifically, it is the mapping class group of the nonorientable subsurface of N;' bounded by
the curve ¢ from Lemma 3.6. Setup = u and u; = tazltall la. t4,. The following relations
are satisfied in M (see [11]).

(D Larla tay = tajtayla (2) upuyuy = uyupu
(3) uauity, = tgquouy  (4) tguiu = ujunly

—1 —1 .
) uitqu; = Iy, fori =1,2  (6) uzta tatt1 = tayta,

Sete = z‘azuz_lta1 uzta’zl. Note that e is a Dehn twist about the curve tazugl (a1) = a3 (see
(b) and (c) of Lemma 2.9). In particular ¢(e) = e. Set v = eu;. We have

— -1 -10 -1 (©6)
e =1lglU, l‘aluztaz = lgyUy lajlayu2 = gyl lay U2

V= lgylg ta, U1URUT

It follows from relations (1,3,4,5) that vz, vl = [a_,-l fori = 1,2, and v? = (uluzul)z =t
(for the last equality see [11, Subsection 3.2]). Observe that v™ Yo (v) commutes with all twists
of D', where D’ is asin Lemma 3.6, and also with t; fori = 1,2.Suppose that (g, n) # (2, 0).
By Lemma 3.6, ¢(v) = vtX(t4,1,,)>" for some k,m € Z. We have t. = ¢(v?) = 12*+1,
hence k = 0. If (g,n) = (2,0), then by Lemma 3.6, 9(v) = v(tastss)>* (ta ta,)>™, and
because t, = <p(v2) = tg"*'l, hence k = 0. We have ¢(v) = v(talta2)3m. It follows that
(uy) = ul(talta2)3’n and ¢(u2) = (taltaz)_3mu2

Setty = (tq ta2)6 (d bounds a regular neighbourhood of a1 Uaz) and y = t4,u>. Observe
that the curves y(as) and a4 are disjoint up to isotopy (recall a4 = c3.4), hence ytmy’1
commutes with #,,. By applying ©? we obtain that t;" yta, y_ltc’? commutes with 7,,. By
[13, Proposition 4.7] it follows that i (tg” (as), y(as)) = 0. We will show that on the other hand
i(t]'(a4), y(as)) = 4|m|, which implies m = 0 and finishes the proof. Set aj‘ = y(aq) and
note that a}, a4 and a| are pairwise disjoint, and each of them intersects a5 in a single point.
We also have i(aq, d) = i(aé, d) = 2. Let M be aregular neighbourhood ofag UagUaiUay,
which is a 3-holed torus (Fig. 10). The complement of the interior of M in N is the disjoint
union of a Mdbius band and a subsurface diffeomorphic to X} _, ,. In particular, M is an
essential subsurface of ;! in the sense of [15, Definition 3.1], and hence by [15, Proposition
3.3], z(td (as), a4) is equal to the geometrlc intersection number iy (2]’ (a4), a4) of ' (as)
and a;, treated as curves on M. Let M be the 2-holed torus obtained from M by gluing a disc
along the boundary component f (see Fig. 10). Clearly i im (£ (as), ay) = i (17 (as), ay),
and since a;, is isotopic on M to a4, we have ij; (1} (a4), ay) = i;;(t} (as), as). Finally, by
[10, Proposition 3.3] i 37 (¢ (a4), as) = Imliz;(d, ar)? = 4|m|. Summarising, we have

i(1]' (as), ay) = im (1] (aq), ay) > i (17 (as), ay) = 4m|

Lemma 3.8 Let h = 2g + 2 for g > 2 and suppose that ¢ is an automorphism of Mod(N}')
such that (t) = t for all t € E U {t,}. Then ¢ restricts to an inner automorphism of
PMod ™ (N}}).
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Fig. 10 The regular f
neighbourhood M of

a:‘Ua4Ua1Ua2 -
!
614 a4

—
)

i

Proof Let K denote the nonorientable connected component of the surface obtained by
removing from N, an open regular neighbourhood of a; U az. Thus, K is a Klein bottle with
two holes, and the other connected component is diffeomorphic to ¥7_, ,. Furthermore, by
(e)of Lemma 2.9, K is aregular neighbourhood of ¢1,6 Ucs,6Uce 6. Using: [15, Corollary 3.8]
we will treat Mod(K) as a subgroup of Mod(N}).

Set u’ = @(u). Since 1’ commutes with all twists of E supported on Nj\K, it can be
represented by a diffeomorphism supported on K, by a similar argument as in the proof of
Lemma 3.6. Hence 1’ € Mod(K). Since u’taou’_l = ta‘ol, u’ preserves the isotopy class of
ap by [13, Proposition 4.6]. Let S denote the subgroup of Mod(K') consisting of elements
fixing the isotopy class of ag, and let ST be the subgroup of index 2 of S consisting of
elements preserving orientation of a regular neighbourhood of ag. Note that every element
of ST can be represented by a diffeomorphism equal to the identity on a neighbourhood of
ap. By cutting K along ag we obtain a four-holed sphere, and it follows from the structure of
the mapping class group of this surface, that S* is isomorphic to Z3 x F,, where the factor
73 is generated by fay» tay and f,y, and F> is the free group of rank 2 generated by 7, and
utau’l.

Set v = t,u. By [12, Lemma 7.8] we have v = tq tay. Note that v € S\ST. It follows
from the previous paragraph, that S admits a presentation with generators t,,, f4,, t, and v,
and the defining relations

-1 2
tagla = talags  Vlay =1V, V Iy = 1V

IV = iy, ta tay = taglay» layla = lalg,

Let H denote the subgroup generated by 1,4, #;, and v = ta tas. It follows from above
presentation that H is normal in S and S/H is isomorphic to the free product Z % Z;. More
specifically, denoting by A and V the images in S/H of respectively #, and v, we see that
S/ H has the presentation (A, V | VZ = 1).

Since @(ty;) = 14, fori =0, 1,3 and ¢(t;) = t, and u’ = @(u) € S, ¢ preserves S and,
by the same argument, ¢~ also preserves S, hence ¢|s is an automorphism of S. Since ¢ is
equal to the identity on H, it induces ¢ € Aut(S/H). We have ¢ (A) = A. Note that every
element of order 2 in S/H is conjugate to V. In particular ¢(V) is conjugate to V. It is an
easy exercise to check, using the normal form of elements of the free product, that in order
for ¢ to be surjective, we must have ¢ (V) = A"V A" for some n € Z.
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It follows that p(v) = tfl tétjétjvt;” for some integers [, k and m. We have 4,14, =

9(?) = 12+112%1 "hence k = | = 0. By composing ¢ with the inner automorphism
x > t,"xt;) we may assume n = 0 (note that #, commutes with all ;). Thus @(u) =t u.

Set y = t4u and note that y(ap) is disjoint from a, hence yt,y~' commutes
with 74,. By applying ¢ we obtain that #;; yta, y’l%m commutes with #,,, which gives
i(%m (a2), y(az)) = 0. On the other hand, by a similar argument as in the proof of Lemma
3.7, we have i(tt;)’” (a2), y(az)) = |m|, hence m = 0. ]

Proof of Theorem 1.1 By Lemma 3.1 we can assume S; = S>. Suppose that ¢ is any auto-
morphism of Mod(N}') for h > 5. By Lemma 3.2, there exists f € Mod(N}') such that
¢ defined by ¢'(x) = flox)f for x € Mod(Ny)) is the identity on D (if % is odd)
or E U {t,} (if h is even). By Lemma 3.7 or Lemma 3.8, ¢’ restricts to an inner automor-
phism of PMod™ (N}}). Thus, by composing ¢’ with an inner automorphism we obtain ¢”,
which restricts to the identity on PMod ™t (N}"). Since Cyoqq NI (PMod™(N)")) is contained

in CMod(N;j)(T(NZ))’ it is trivial by [13, Theorem 6.2]. Lemma 1.3 implies that ¢ is trivial,
hence ¢ is inner. O
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