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Abstract

In the traditional formalism of quantum mechanics, a simple direct proof of (a
version of) the Spin Geometry Theorem of Penrose is given; and the structure of
a model of the ‘space of the quantum directions’, defined in terms of elementary
SU(2)-invariant observables of the quantum mechanical systems, is sketched.
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1 Introduction

Penrose, in the pioneering work [1] (which appeared first already in 1966 as the
appendix of his Adams Prize essay), suggested the so-called SU(2) spin network as
a simple model for the quantum spacetime (see also [2-5]). The key idea was that,
unifying and splitting quantum mechanical systems and measuring the probabilities
of occurrence of the various total (i.e. the j) values of angular momenta obtained in
this procedure, an empirical angle between the angular momentum vectors can be
defined; and the key result was that, in the large j (i.e. in the classical) limit, these
angles tend to be angles between directions in the Euclidean 3-space.

The significance of this result is that the (conformal structure of the) ‘physical
3-space’ that we use as an a priori given ‘arena’ in which the physical objects are
thought to be arranged and the interactions between them occur is determined by the
quantum physical systems themselves in the classical limit. Its proof was based on
combinatorial/graphical techniques. The key idea and a sketch of the proof appeared
in [3, 6], but so far the detailed and complete proof has not been published [7]: the
proof in [3] remained incomplete. Later, another (and mathematically different) ver-
sion of the same physical result became known as the Spin Geometry Theorem [6].
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The proof of the latter version was based on the more familiar formalism of quantum
mechanics. (For some more historical remarks, see also [3].)

However, soon after the appearance of the idea how the ‘true’ geometry of
space(time) should be defined in an operational way, the emphasis was shifted from
the systematic investigation of the consequences of the original ideas to the devel-
opment of mathematical theories of possible a priori quantum geometries. The lat-
ter were only motivated by, but were not based directly on the original ideas. The
twistor theory [8—10], and also canonical quantum theories of gravity (see e.g. Ref.
[11]) are such promising mathematical models. In particular, in the latter, the area
and volume [12] and also the angle [13], represented by appropriately regularized
quantum operators, have been shown to be discrete; and, remarkably enough, the
spin networks emerged as a basis of the states in this theory [14].

In the present note, we return to the original idea formulated in [1], and especially
in [2, 3]: while e.g. the electrons or the electromagnetic field are existing objects
(i.e. ‘things’), by their primary definition, the spacetime and its points, the events,
are not. The events are phenomena, and the spacetime, the set of them, is only a use-
ful notion by means of which the laws of Nature can be formulated in a convenient,
simple way. Thus, we also share the positivistic, Machian view (see [2, 3]) that spa-
cetime and its geometry should be defined in an operational way by existing material
systems.

Here, we adopt the idea of the algebraic formulation of quantum theory that the
quantum system is specified completely if its algebra of (basic) observables (and, if
needed, its representation) is fixed. Then the notion and all the structures of space/
spacetime should be defined in terms of the observables of the quantum physical
subsystems of the Universe. In particular, the angles between ‘directions’ associ-
ated with quantum mechanical subsystems should also be introduced in this way
even though the ‘directions’ themselves are not defined at all in the classical sense.
Actually, these subsystems are chosen to be ‘elementary’ in the sense that the quan-
tum observables are self-adjoint elements of the enveloping algebra of the su(2) Lie
algebra of the angular momentum operators as the basic observables. We can use
all the structures on this algebra, but, in addition to this, no a priori notion of space/
spacetime, as an ‘arena’ of events, is allowed to be used. It is this general strategy
(but replacing su(2) by the Lie algebra e(3) of the Euclidean group) that we fol-
low in [15] in deriving the metrical (rather than only the conformal) structure of the
Euclidean three-space from elementary quantum systems.

As far as we know, no complete proof of the Spin Geometry Theorem, even the
version given by Moussouris in [6], has been published. (The sketch of Moussouris’s
proof was summarized in [13].) The present note intends to make up this shortage,
using an improved version of Moussouris’s empirical angle between the angular
momentum vectors of elementary quantum systems. We give a new proof of the
theorem in the usual (but slightly more algebraic) formulation of quantum mechan-
ics. In proving this theorem, no recoupling is needed. The present investigation also
casts some light on the nature of the ‘space of empirical quantum directions’.

In the next section we introduce the key notion, the improved version of the
empirical angle between the angular momentum vectors of quantum systems. Based
on this notion, in Sect. 3, we present the new proof and discuss the results. In Sect. 4
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we sketch some key properties of a classical model of the geometry of empirical
quantum angles.

2 The Empirical Angle

Let S;,i=1,2,...,N, be classical mechanical systems whose respective states are
completely specified by the real 3-vectors Ji“, a=1,2,3, called their angular

momentum vectors. The length of these vectors is |/;| := 5ain“Jib , and the empiri-

cal angle 0, between J{' and Ji! is defined (with range [0, z]) by

ajyb
cos by = M (¢Y)

il il
Clearly, both |/;| and cos 6 are SO(3)-invariant. If the direction of the angular
momentum vector Ji can be obtained from that of J by an SO(3) rotation of angle
Py in the plane spanned by Ji and J{, then, clearly, 6y = fy. Thus, by measuring
the SO(3)-invariant observables cos 8y we can recover the angle f; between the
angular momentum vectors of the subsystems, defined in the space of the classical
observables. Next we convey these ideas into the quantum theory in a systematic
way. We will see that, for quantum systems, these two concepts of angle split with

far reaching consequences.

Let §;, i=1,2,...,N, be quantum mechanical systems, whose (normalized)
vector states ¢; (or, in the bra-ket notation, |¢;)) belong, respectively, to the Hil-
bert spaces H;. The general (e.g. mixed) states are density operators on them:
p; - H; = 'H;. The basic quantum observables are the angular momentum vector
operators J¢ satisfying the familiar commutation relations [J{, Jf] = ihe“bCJiC , where
€. 18 the alternating Levi-Civita symbol, and we lower and raise the Latin indices
by the Kronecker delta 8, and its inverse.!

The action of SO(3) (or rather of SU(2)) on this algebra is given by
J¢ > (R, J¢. If the SU(2) matrix U*, is parameterized by the familiar Euler
angles (a, f, y) according to

i £y —ig - inl
UA = exp(z(a+y)> cos = 1exp( 2(a y)) sin o
B iexp (i(a—v))sin? _i s
1exp(2(a y)) sin 2 exp( 2(0(+)/)>cos2
then the corresponding rotation matrix, R%, = —¢¢, UA,U* 5,65, is

! Because of the natural action of SO(3) (i.e. of SU(2) in its vector representation) on the real 3-space
of the basic quantum observables spanned by J', J> and J?, apart from an overall positive factor &, is in
fact a naturally defined 3-metric, which is proportional to the Killing—Cartan metric; and €, is the cor-
responding natural volume 3-form on this space.
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cosacosy —sinacos fsiny —sinacosy —cosacosfisiny sinfsiny

R =] cosasiny +sinacos fcosy —sinasiny +cosacosfcosy —sinfcosy |.
sina sin f§ cos a sin cos f}
(3)
Here ¢4’ are the three non-trivial SL(2,C) Pauli matrices (including the factor

1/ \/5) Lellccording to the conventions of [16, 17]. (The minus sign in the expression of
R“, is a consequence of the convention that, in the present note, we lower and raise
the Latin indices by the positive definite metric 6, and its inverse, respectively, rather
than by the negative definite spatial part of the Minkowski metric. The spinor name
indices A, B, ... are lowered and raised by the anti-symmetric Levi-Civita symbol
€, and its inverse.) For later use, note that (R~ (e, §,7))%, = (R(x — v, B, & — a))“,.

Considering the systems S,....Sy to be a single system, the space of the vector
(or pure) states of the resulting composite system will be H :="H; @ -+ @ Hy. Its
elements are general linear combinations of the tensor products ¢; ® -+ @ ¢ of
the pure states of the subsystems, while a general state is given by a density opera-
tor p : H — H. The operators J;’ define the operators I} ® -+ ® J;‘ ® - ®@IyonH,
denoted for the sake of simplicity also by J{'. Here I, is the identity operator acting
on H,. With these notations, the operators J;‘Ji are well defined, and Ji“ and Jﬁ are
commuting if i # k.

Next, for i<k, let us form the operator
Ji k=6 @ QJ® ®Ji® @Iy : ' H—-"H. For i=k this will
be denoted simply by (J;)>. Motivated by Eq. (1), we define the empirical (quan-
tum) angle between the subsystems S; and Sy in the pure tensor product state

P=¢, Q- ®¢dyby
, (D1J; - 1) (D31 TNy B, (Dic| L | i)
K= = e
VIOV BIT D) V(i 210 V(i T2 i)

Since the absolute value of the expression on the right is not greater than one, this
can, in fact, be considered to be the cosine of some angle 6;,; and for the range of
this angle it seems natural to choose [0, z].

Remarks:

cos 0.

1. cos 6y depends only on the states of S; and Sy, and it is independent of the
states of the other subsystems. Moreover, using the transformation property
U'J“U = R, J” of the angular momentum vector operator, it is straightforward
to check that cos 6, is SU(2)-invariant.

2. Since for i = k one has that J; - J; = 5abJ?J§’, which is just the Casimir opera-
tor (J;)? of su(2) on S;, cos B; = 1 holds. Thus the empirical angle between any
angular momentum vector and itself is always zero, as it could be expected. In
the rest of this note, we assume that i # k.

3. Ttis straightforward to define the angle between two subsystems even when the state
of the composite system is an entangled state, ¢ = 3, ¢N¢y; ®@ - ® ¢, ,
or when it is a general mixed state, represented by a density operator p : ‘H — H.
In the first case, it is still defined by (4), while in the second by
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t(pJi- Jy)
VEGIDVeGed0D

However, in these cases the states of the individual constituent subsystems
would be mixed, and hence the interpretation of cos 6;, in these cases would not
be obvious. In addition, this angle might depend on the state of the other subsys-
tems, too. Nevertheless, this extended notion of the empirical angle may provide
the appropriate mathematical formulation of Penrose’s ‘ignorance factor’ [1, 5]
between S; and Sy.

4. The operator J; - J, was introduced by Moussouris in [6]. However, in the defi-
nition of the empirical angle according to him the states had to belong to finite
dimensional representation spaces of su(2). In fact, the denominator in his defini-
tion is the norm of the unbounded operator J; - J,., which is finite only on finite
dimensional spaces. In our definition (4) the Hilbert spaces H; and H, are not
required to be finite dimensional. Moreover, the geometric idea of angle given
in the classical theory by (1) seems to be captured in the quantum theory more
naturally if, in the denominator, the ‘lengths’ of the individual angular momentum
vector operators in the given states are used, just according to (4), rather than the
norm of J; - Ji. Indeed, cos 6;; in the state |j;, j;) according to Moussouris would
give (j; + 1)/j;, which is always greater than 1.

5. In the theory of canonical quantum gravity, Major [13] defined the angle opera-
tor acting on two edges of the spin network states, labelled by two su(2) Casimir
invariants, say j; and ji. That operator is J; - J, divided by the norm of J; and
of Ji. Thus, Major’s angle operator is the correct ‘operator version’ of (1) (and
hence of (4)). Nevertheless, since Ji and J; are not bounded, this angle operator
is well defined only on finite dimensional Hilbert spaces.

In the present paper, we calculate the empirical angle between the subsystems
only in pure tensor product states of the composite system according to (4). Thus,
by the first remark above, it is enough to consider only two (and, at the end of
Sect. 3, only three) subsystems. In the proof of the Spin Geometry Theorem, it
will be enough to assume that these states are tensor products of eigenstates of
the Casimir operators of the two subsystems, labelled by two Casimir invariants,
say j, and j,. Let {|j,,m;)} and {|j,,m,)} be the canonical angular momentum
bases in the corresponding eigenspaces. Note that here m is only an index labe-
ling the vectors of an orthonormal basis in the 2j + 1 dimensional carrier space
of the unitary representation of su(2), but it does not refer to any Cartesian frame
in the ‘physical 3-space’. The basis {|j,m)} is chosen to be adapted to the actual
choice for the components of the vector operator J¢ in the abstract space of the
basic quantum observables. We choose ¢, and ¢, simply to be U,|j;,m;) and
U,|j,, m,), where the unitary operators U; and U, represent SU(2) matrices of the
form (2) with some Euler angles (a,, §;,y,) and (a5, f,, 7,) in the given representa-
tions, respectively.

Then, using UJ*U = R“, J” and how the angular momentum operators act on the
canonical bases, (4) yields
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5abR‘11cR12’d<il’m1|JT U1’m1)(]'2»m2|-]‘21[]'2’m2>
hz\/jl(jl + DjGr+ 1)

mym,
= cos f,,

\/jl(i1 + DG+ 1

where, by (3), cos f, := (R]‘IRZ)33 = cos f; cos f§, + cos(y; — y,) sin B, sin f,.
Remarks:

cos b, =

(&)

1. The expression of cos f3;, above is a simple consequence of the well known addi-
tion formulae for the Euler angles, which can be read off directly from (3), too. f,,
is just the angle between the unit vectors (R;)“; and (R,)?5, i.e. an angle between
directions in the 3-space of the basic quantum observables. 0, depends only on
the relative orientations of the two subsystems.

2. (5) shows that, for f;, € [0, z/2), the empirical angle, ,,, is always greater than
Pi», and for B, € (n/2, n]itis always smaller than f,,. 0,, = f§;, precisely when
P, = m /2. For given j, and j,, the range of cos 6,, is the whole closed interval
(=VJio/Gi + DGa + D.jia /Gy + DG, + DI If By, is fixed, then the empirical
angle is still not fixed and it can take different discrete values. Note that Planck’s
constant is canceled from its expression. 8,, tends to f,, asymptotically when
my = j;, my = j, and both j, and j, tend to infinity. It is this limit that is usually
considered to be the classical limit of the spin systems (see e.g. [18]).

3. For f, = 0, the empirical angle is given by cos 8%, = m m,/+/j,(j, + Dj, G, + 1).
Here, m/4/j(j + 1) is just the cosine of the ‘classical’ angle between the angu-
lar momentum vector of length 4/j(j + 1) and its z-component with length m.
Hence, for given m;m, # 0 and f;, = 0, the greater the product m,m,, the

smaller the angle 9?2, but it is never zero. Its minimum value corresponds to

cos 0?2 = cos w; cos w,, where cosw := 4/j/(j+ 1). Hence 0(])2 is greater than

any of @, and m,. 6%, tends to zero only asymptotically in the m, = j, — oo,

12
m, = j, - oo (classical) limit.

3 The Classical Limit and the Spin Geometry Theorem

By (5), the empirical angles 6, between the subsystems &; and S, of the com-
posite system in the tensor product of the individual states |¢;) = U;lj;.Jj;) and
|d) = UyljxsJi)» respectively, are given by

_ Jik '
cos Oy, = —(]_i TG+ D oS fi- 6)

Thus, as a consequence of the discussion at the end of the previous section, we
immediately obtain the following statement:

Proposition 1 For arbitrarily small € > O there is a positive integer J such that, in
the states above for any ji,j, > J, i,k =1,...,N,|0y — Pi| < € holds.
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Thus, in the large j limit, the empirical angles 6, tend to the angles f;, of the
three dimensional Euclidean vector space of the basic quantum observables.

However, still we should check that, in this limit, the uncertainties do not
grow. In fact, we show that these uncertainties tend to zero. First we calculate the
square of the standard deviation of J, - J,. The expectation value of its square is

(¢1 ® ,1J, 'J2)2|¢1 ®¢,) = <JL11¢1|J(1l¢1>5ah5cd<‘]g¢2|']‘21¢2>
Ry R) (R Ry) g1 i | 355 Ui i) s o 1505 U ) -
(7

Since the only non-zero matrix elements of J¢J? in the states |j, j) are
G I1) = GNP ) = 540,
GNPl = =GP ) = 57,
GIFPPU.) = W7,
(7) takes the form
(61 ® $:1U; - 1)’ |, ® ¢,) =ih4jlj2(((Rl_]R2)11)2 +((RT'RY) 1) + ((RT'Ry)p ) + (R Ry)p)?)
+ IR R R + (R Ry)))
+ %h4j102)2(((R1_]R2)13)2 + (R Ryus)?) + 1 GG (RT Ry)ss )
+ %h“jljz((R,"Rz)lz(R(lR2)21 — (R'Ry) (R Ry ).

Using the explicit form (3) of the rotation matrix, a lengthy but elementary calcula-
tion yields that

B @ Ba1(Y, - LYy @ bo) = {4ia(1 +c08 o) + 214G Pl = cos o)
+ %h“jl(iz)z(l = cos” fip) + h*(jyjp)* cos” By, — %h“jljz cos fy,.
Hence, the square of the standard deviation of J, - J, in the state ¢; @ ¢, is
Ay -3 = (B1d; - 1)’19) — (@l - J19))
= 31451 = 08 Bu)? + Gy 1) sin® B ).

Since the state ¢, ® ¢, is an eigenstate both of (J,)? and (J,)?, finally we obtain that
the square of the uncertainty of cos 8, in the state p = p; ® -+ @ ¢y, defined by the
first equality below, is

s (AU B)T (= cos B + 20, +i) sin® B
TH{OIT) D) (T2 ) T 4 Gi + DGy + 1)

(A¢ cos Hik)
®)
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For given j; and jj this uncertainty is zero precisely at g, = 0, and it takes its maxi-
mal value at cos gy, = 1/(1 — 2(j; +ji))- However, independently of f,, this uncer-
tainty tends to zero if j,j, — oo. With this conclusion we have proven the next
statement.

Proposition 2 For arbitrarily small € > O there is a positive integer J such that, in
the states above for any j;,j, > J,i,k=1,...,N, A¢ cos 0y, < € hold.

With the Propositions 1 and 2 at hand we have already given a simple proof of
(a version of) the Spin Geometry Theorem in the traditional framework of quan-
tum mechanics:

Theorem Let S be composed of the quantum mechanical systems Sy, ...,Sy. Then
there is a collection of pure tensor product states of S, $,(j;) ® -+ ® ¢y (jy) indexed
by an N-tuple (j,, ... ,jy) of non-negative integers or half-odd-integers, such that, in
the j,...,jy — oo limit, the empirical angles between these subsystems converge
with asymptotically vanishing uncertainty to angles between directions of the three
dimensional Euclidean vector space.

Remarks:

1. Since for any given i and ji # j; the states |j;, j;) and |}, ji) belong to orthogonal
subspaces of the Hilbert space H; of all the pure states of the system S, the states
UiljJ) ® - @ Uyljnsjn) € H; ® --- ® H,, labelled by different N-tuples,
say (ji.jp. ---.Jjx) and (j’l,jz, ...»jn), are orthogonal to one another. Hence, the
sequence of the states ¢,(j;) ® - ® Py(iny) € H; ® -+ ® H, does not converge
to any normalized state in the strong topology of H; ® --- ® H,. (In the weak
topology, it converges to zero.) Therefore, there is no quantum state of the system
which would represent the above classical limit j,,...,jy — o0. It is not clear
whether or not one can find actual states in H; ® --- @ H,, analogous e.g. to the
so-called canonical coherent states of the Heisenberg systems and which could
also be interpreted as the composite system’s ‘most classical state’ (see e.g. [19]),
in which the empirical angles would coincide with those of the three dimensional
Euclidean vector space.

2. One novelty of the analysis behind the above version of the Spin Geometry Theo-
rem is that it is based on a concept of empirical angle, viz. that given by (4),
which is well defined not only asymptotically (like that in the version of the Spin
Geometry Theorem proven in [6]), but even at the genuine quantum level. Thus, in
the present approach, some non-trivial aspect of the quantum geometry defined by
the quantum mechanical systems is already shown up. (We discuss this issue a bit
more in the next section.) The other novelty is that it gives explicitly a sequence
of states which provides the correct, expected classical limit.

3. It might be worth noting that mathematically the Theorem stated in [1-5], the
version proven in [6] and the version above are not equivalent. Nevertheless, their
physical content, viz. that the conformal structure of the Euclidean 3-space can
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be recovered in the classical limit from quantum observables, is the same. Hence
we can consider them only different versions of the same physical theorem.

4. According to expectations of certain recent investigations (see e.g. [20-22]),
the geometry of 3-space/spacetime emerges from the entanglement of the states
of the quantum subsystems of the Universe. However, the results of the present
work do not seem to support this expectation, at least in the quantum mechanical
approximation of the quantum world. In fact, the Spin Geometry Theorem could
successfully be proven using only pure tensor product states of the subsystems.
The entanglement of the states of the subsystems was not needed. On the other
hand, the quantum operator J; - J,, by means of which the empirical angles were
defined, is a sum of the products of observables, J!J! + J2JZ + J2J3, which struc-
ture is analogous to that of the entangled states. But, in contrast to local quantum
field theory, in quantum mechanics there is no locality: the quantum operators
‘feel’ the whole wave function on the entire momentum/configuration space.
Therefore, the entanglement can be considered to be built already into the struc-
ture of the quantum mechanical observables of the composite system, by means
of which the geometry of 3-space/spacetime can be defined in an operational way.
The states do not need to be entangled.

4. Using the natural volume 3-form €, on the algebra su(2) of the basic quantum
observables, a further potentially interesting geometric notion, viz. the ‘empiri-
cal 3-volume elements’ can be introduced. In the state ¢p € H spanned by three
subsystems this is defined by

(PIT I 1)
: ©)
V(@T 160 /(6T)?16) V()71

Then, in the tensor product of the states of the form Ulj, m) with the unitary
operator U representing some SU(2) matrix U4 of the form (2), this expression
gives

Vijk = geabc

, _ mimjmk 1 .
ijk — — — — 2 Cabe
! ViiGi + Dj;G; + DicGe + D 3!

where RY, is the rotation matrix (3) corresponding to U4y, and the sec-
ond factor in (10) is just the Euclidean 3-volume of the tetrahedron spanned
by the unit vectors (R;)“3, (Rj)“3 and (Ry)"5. Thus, even if m; = j;, m; = j; and
my = ji, Vi 18 always smaller than its Euclidean counterpart: the former is
only conformal to the latter, and it tends to the Euclidean 3-volume only in the
m; = ji, my = j;, my = ji — oo limit.

(R)*3(Ry) 3 (Ry) 3, (10)
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4 A Classical Model of the ‘Space of the Quantum Directions’

In [5], Penrose (quoting Aharonov, too) raises the possibility in the context of
the quantum mechanical double slit experiment that the ‘true’ geometry that the
electron ‘sees’ might be different from the ‘classical’ geometry of the two slits.
Motivated by this idea, we may ask ‘What kind of geometry should we have if
we want to arrange the “empirical” geometric notions and quantities introduced
via the observables of the quantum systems?’ In particular, what could be the
geometry in which the empirical angles and 3-volume elements, defined by the
composite quantum system S = S; U -+ U Sy, are angles and 3-volume elements?

To illustrate by a classical model how this ‘true’ (conformal) geometry might
look like, for the sake of simplicity suppose that all the subsystems have the same
total angular momentum j. Let us assume that the empirical angles are angles
between pairs of unit vectors of (and the empirical 3-volumes are 3-volumes of
tetrahedra formed by triplets of unit vectors in) some n dimensional real vector
space. This vector space is modeled by R”, which is endowed by some positive
definite metric G,,ﬂ, a,f=1,...,n

By (5) the empirical angle between the ‘directions’ of two subsystems
cannot be smaller than ™" = arccos(j/(j+ 1)) and cannot be greater than
0" = arccos(—j/(j + 1)) = x — ™", (For example, for j=1/2 these bounds
are =~ 70.53° and = 109.47°; and for j = 1 these are 60° and 120°, respectively.)
Clearly, for any given N, these empirical angles can always be arranged in R” for
large enough but finite n. Nevertheless, the existence of the bounds 6™ and "%
provides a lower bound for n. (For a given state ¢; ® -+ ® ¢y, the optimal value
of n might be determined by a procedure analogous to that in the so-called sphere
packing problem [23], see below.) Let the unit vector V" represent the ‘direction’
associated with the ith subsystem in this space. Then let us draw two solid cones
in R” with Vi’” as their common axis, their vertices at the origin, and with the
opening angle ™" and 6%, respectively, such that the cone with opening angle
6% contains the cone with opening angle 8. Then the result that the empirical
angle between the ‘directions’ of any two subsystems cannot be greater than 6
and cannot be smaller than #™" implies that the inner cone with axis Vi and that
with axis Vl‘: intersect each other at most along one line in their lateral surface,
and their outer cone intersect each other at least along one line in their lateral
surface.

Let p; be the point of the unit sphere $"~! in R” that the unit vector Vi defines,
let C; denote the intersection of the cone with axis V; and opening angle 6™
with the unit sphere, and let c; be the intersection of the inner cone with the unit
sphere. Thus, C; and ¢; are concentric spherical caps with the common centre p;
on §"~!. Then the resulting spherical caps C; and Cy, i # k, must intersect each
other at least in one point, but the corresponding inner spherical caps ¢; and ¢,
may intersect each other at most in one point. Therefore, the set of the empirical
angles between any two subsystems considered in Sect. 2 may be represented by
the set of these configurations of the points p; and the corresponding pairs (C;, ¢;),
i=1,...,N. There are no distinguished directions in this space, i.e. the space
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does not have any naive lattice structure, but the angle between any two directions
cannot be arbitrarily small or arbitrarily large.

This second realization of the classical model of the ‘space of the quantum direc-
tions’ makes it possible, at least in principle, to determine the minimal dimension n
in which the directions of N subsystems, each with spin j, can be arranged: this is the
minimal dimension for which N pairs of concentric (n — 1) dimensional spherical
caps, or rather balls, with given radii can be packed into the unit sphere §"~! satisfy-
ing the above conditions. This is a version of the ‘sphere packing problem’ of [23].

Requiring that the 3-volume elements determined by V{’, Vj"’ and V) in R" be just

vjjk for the composite system, (10) might suggest to choose the metric G4 to be con-
formal to the Euclidean one, G,; = (j/(j + 1))3,;-
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