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Abstract We consider a Cauchy problem for nonconvex quasi-linear differential
inclusions in non separable Banach spaces and we prove that the set of
mild solutions of this problem is dense in the set of mild solutions of the
convexified problem.
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1. Introduction

In this paper we consider quasi-linear differential inclusions of the
form

Z'(t) € A(t, z(t))z(t) + F(t,z(t)), a.e([0,T]), =z(0)=a, (1.1)

where A(t,w) is a linear operator from the real Banach space X in X,
t € I :=[0,T], w belongs to an open and nonempty set D C X and F
is a set-valued map from I x X to P(X).

Qualitative properties and structure of the set of solutions of this
problem have been studied by many authors ([1], [2], [8], [9], [10], [12]
etc). In [9] it is shown that if X is a separable Banach space, the set of
mild solutions of the problem (1.1) is dense in the set of mild solutions
of the convexified (relaxed) problem:

Z'(t) € A(t,z(t))z(t) + ©oF (t, z(t)), a.e.([0,T]), =z(0)=a. (1.2)

If the operator A depends neither on ¢ nor on w the quasi-linear
inclusions (1.1)-(1.2) reduce to the corresponding semilinear problems

7'(t) € Az(t) + F(t,z(t)), a.e.([0,T]), =z(0)=a, (1.3)
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z'(t) € Az(t) + wF (t,z(t)), a.e([0,T]), z(0)=a. (1.4)
Recently, De Blasi and Pianigiani ([4]) established a relaxation result for
the problems (1.3), (1.4) in an arbitrary, not necessarily separable, Ba-
nach space X. Even if the general ideas of proving a relaxation theorem
are still present, the approach in [4] has a fundamental difference which
consists in the construction of the measurable selections of the multi-
function. This construction does not use classical selection theorems as
Kuratowsky and Ryll-Nardzewski ([7]) or Bressan and Colombo ([3]).

The aim of this paper is to extend the result in [4] to the more general
problem (1.1). We will prove the relaxation property of mild solutions
for problem (1.1) in an arbitrary space X. The proof of our main result
follows the general ideas in [4] and [9].

2. Preliminaries

Consider X an arbitrary real Banach space with norm ||.|| and let
P(X) be the space of all bounded nonempty subsets of X endowed with
the Hausdorff pseudometric

di(A, B) = max{d*(A, B),d*(B,A)}, d*(A,B)= sug d(a, B),

where d(z, A) = infoeq ||z —al|, AC X,z € X.

Let £ be the o-algebra of the (Lebesque) measurable subsets of R
and, for A € L, let u(A) be the Lebesque measure of A.

Let Y be a metric space. An open (resp. closed) ball in Y with center
y and radius r is denoted by By(y,r) (resp. By(y,r)). For any set
A CY we denote by €6A the closed convex hull of A. In what follows
B = Bx(0,1) and I = [0,1].

A multifunction F' : Y — P(X) with closed bounded nonempty values
is said to be dy-continuous at yy € Y if for every € > 0 there exists § > 0
such that for any y € By (yo,7) we have di(F(y), F(yo)) < e. F is called
dg-continuous if it is so at each point yo € Y.

Let A € £, with u(A) < co. A multifunction F : A — P(X) with
closed bounded nonempty values is said to be Lusin measurable if for
every € > 0 there exists a compact set K. C A, with u(A\K,) < € such
that F restricted to K, is dy-continuous.

It is clear that if ;G : A —» P(X) and f : A — X are Lusin mea-
surable then so are F restricted to B (B C A measurable), F' 4+ G and
t — d(f(t), F(t)). Moreover, the uniform limit of a sequence of Lusin
measurable multifunctions is also Lusin measurable.

As usual we denote by L!(I,X) the Banach space of all Bochner
integrable functions z(.) : I — X endowed with the norm ||z(.)||; =
J |lz(s)||ds. In what follows we shall use the following assumptions.
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Hypothesis 2.1. a) F : I x X — P(X) is a set-valued map with
closed bounded nonempty values and for any z € X, F(.,z) is Lusin

measurable on I.
b) There exists an integrable function k(.) € L!(I, R) such that

du(F(t,z), F(t,y) < k@)l —yll V()0 y) €I x X.

c) There exists q(.) € L*(I, R) such that for any continuous function
z(.) € C(I, D) and any t € I we have

F(t,z(t)) C q(t)B.

A family of bounded linear operators U(¢,s) on X, 0 < s <t <1
depending on two parameters is said to be an evolution system ([11]) if
the following conditions are satisfied

) U(s,s) =1, U, r)U(r,s) =U(t,s) 0<s<r<t<T

2) (t,8) — U(t, s) is strongly continuous, i.e.

imU(t,s)z =2z, VzeX.
t\.8

Hypothesis 2.2. a) X is a real Banach space and D C X is an open
nonempty set.

b) For any ueC(I, D) the family of linear operators {A(t,u), tel}
generates a unique strongly continuous evolution system U,(t,s),
0<s<t<T.

c) If w € C(I,D), the evolution system Uy,(t,s), 0 < s <t < T
satisfies:

there exists M > 0 such that ||Uy(t,s)]] < M, 0 < s <t < T,
uniformly in u;

for any u,v € C(I, D) and any w € D we have

[ (t, s)w — U (2, s)w| < M||w]] /: |lu(r) = o(7)]ld7.

By a mild solution of the Cauchy problem (1.1) we mean a function
z(.) : I — X satisfying the following conditons:

i) z(.) is continuous on I with z(0) = a

ii) there exists a Lusin measurable function f(.) : I — X, Bochner
integrable such that

f@) € F(t,z(t), Vtel,

st
2(t) = Us(t,0)a + /O Uy (t,5)f(s)ds, Vtel.
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According to [4] in the above definition the Lusin measurability of
f(.) is equivalent to the (strong) measurability of f(.).

We recall some results we shall use in the sequel.
Lemma 2.3. ([4]) Let F : I x X — P(X) be a set-valued map with
closed bounded nonempty values that satisfies Hypothesis 2.1. Then, for
any z(.) : I — X continuous, u(.) : I — X measurable and € > 0 we
have:

a) the multifunction t — F(t,z(t)) is Lusin measurable on I.

b) the multifunction G : I — P(X) defined by

G(t) := (F(t,z(t)) + eB) N Bx (u(t), d(u(t), F(t,z(t))) + €)

has a Lusin measurable selection f: 1 — X.
Lemma 2.4. ([9]) Suppose that Hypothesis 2.2 is satisfied and that each
quasi-linear Cauchy problem

xh(t) € A, zn(t))zn(t) + f(t), a.e.([0,T]), z,(0)=a,

n € N, has a mild solution
t
2n(t) = Us, (£, 0)a + / Uy, (t,5)fo(s)ds, tel.
0

Suppose, also, that there exists x € C(I,X) and f € L*(I,X) such
that ¢, — = in C(I,X), fon— f in LY(I,X) and the set {f} U{fn}nen
is integrably bounded by a function m € L'(I,X). Then,

2(t) = Uy(t, 0)a + /0 Ut 5)f(s)ds, Viel.

3. The main result

In order to prove our main result we need the following lemma which

is a quasi-linear version of Lemma 4.2 in [4], obtained for linear differ-
ential inclusions. The proof can be easily performed through the same
arguments employed to establish Lemma 4.2 in [4].
Lemma 3.1. We assume that Hypotheses 2.1-2.2 are satisfied. Let
a € X and let y(.) : I — X be a mild solution of the relazed problem
(1.2). Then, for any 0 < o < 1 there exists a mild solution zo(.) : I — X
of the Cauchy problem

' ()€ A(t, z(1)z()+F (¢, x(t)+¢s () B, a.e.([0,T]), z(0)=a, (3.1)
where ¢,(.) € LY(I,[0,00)) with [} ¢,(t)dt < 20, such that

[lzo(t) —y(t)|| <o, Vtel.
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Our main result states that the set of mild solutions of the problem
(1.1) is dense in the set of mild solutions of the convexified (relaxed)
problem (1.2).

Theorem 3.1. We assume that Hypotheses 2.1-2.2 are satisfied. Let
a€ X andlety(.): I — X be a mild solution of the convezified problem
(1.2). Then, for every € > 0 there ezists a mild solution z(.) : I — X of
the problem (1.1) such that:

lz(t) —y(@®Il <e, Vel
Proof. Let y(.) : I — X be an arbitrary mild solution of the Cauchy
problem (1.2) and let 0 < € < 1. We define
¢
L(t) := /0 M(|lal| + llalls + ¢ + k(s))ds, tel.

Fix o such that 0 < 0 < Let ¢o(.) € L(I,[0,00)) such

that [ ¢o(t)dt < 20.
By Lemma 3.1 there exists a mild solution z¢(.) : I — X of the

problem (3.1) such that:
[lzo(t) —y(®)|| < o,Vt € I. (3.2)

€
(3BM+1)el()”

By definition of mild solution zo(.) is continuous, z¢(0) = a and there
exists a Lusin measurable function fy(.) : I — X, Bochner integrable
such that

fo(t) € F(t,2o(t)) + ¢o(£)B, t€, (3.3)

2o (t) = Uy, (t,0)a + /Ot Uzo(t, s)fo(s)ds, tel. (3.4)
Let 0 = 55z and po(t) := d(fo(t), F(t, wo(t))), t € I.

Since zo(.) is continuous, by Lemma 2.3 there exists a Lusin measu-
rable function fi(.) : I — X satisfying, for t € I,

fi(8) € (F (¢ zo(t) + e1.B) N Bx (fo(t), d(fo(t), F'(t, zo(t))) + 01)
Hence fi1(.) is also Bochner integrable on I. Define z;1(.) : I — X by
z1(t) = Uy, (t,0)a + /Ot Uz (t,8) f1(s)ds, Vte .

By reccurence, we construct a sequence {zn }n of continuous functions
zn I — X,n > 2 given by

n(t) = Us._ (£, 0)a + [: U (t5)fnls)ds, teI, (35
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with fp(.) : I — X a Lusin measurable function satisfying, for ¢ € I,

Fa(O)E(F (¢, Tn—1(8))+0a B)NBx (fr-1(8), d(fa-1(2), F (2, xn—l(t)))+(0:))n%~)

From (3.6), for n > 2, we obtain
fn(t) = fa1 (DI < d(fn-1(8), F (¢ on-1(2))) + on <

d(fr-1(t), F(t; #n-2(1))) + da(F (¢, 2n-2(t)), F(t, 2n-1(t))) + on
< on—1 + k(®)||zn-1() — Tp—2(t)l] + on.

Since 0,,—1 + on < op—o we deduce, for n > 2, that
1fa(®) = fa—1(Ol] £ on—2 + k(t)||zn-1(t) — zn20®)||.  (3.7)

Define 7(t) :== M [i(po(s) +0)ds, tel.
One has

|21 (2) — zo(B)]] </ e (2, 5) F1(8) — Uso (2, 5) fo(s)llds <

< M/ (po(s) + o)ds =r(t)
0
Clearly, by (3.3) po(t)<éo(t), Vt€I, hence [y po(t)dt< f) ¢o(t)dt<2o.

Thus, 7(1) = M [, (po(s) + o)ds < 3Mo.
By reccurence, we shall prove that, for n > 1, one has

n—1
lon(®) = s N S 7O A2 VT (39)

For n = 1 the inequality is already proved.
Assuming that (3.8) is valid for n, we show that (3.8) holds for n+ 1.

Using (3.5)-(3.8) one has
lZnt1() = 2n()] < |Uhe, (8, 0)a — Us,,_, (2, 0)al|+

[ W69 s1(5) = U () 5} ds <
<Ml [ Von(s)=n-s(6)ds | 1oy () s (5)~Le (1) s+
[ e (551 (5) = Uy 6515 <

<Milal] [ llzn(s) = za-s(lids + M [ l1fnis(s) = fa(s) s+
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+ [ MUREI lzals) = n-s(o)ds)er <
<Ml [ lon(s)=n-1(S)lds+M [ (on-15(6)llon(s) 01 () s+
[ Mllal+owlizn(s)~an-1(s)lldss | (1 loll il +on-2)+
+ME(O)fn(s) = n-s(llds < [ 2(6)lfen(s) = na(s)lds <

n—1 n
/L’(s)r(s)((( ))) s < r(t) EOL

From (3.8) we obtain

llen(®) — 2ol < X llzw(t) — ze1 (D] <

k>1

n—1
<rip) 3
k=1

'))k < r(l)eL(l).

Therefore
[z (t) — zo(t)|] < 3MelWo, tel. (3.9)

On the other hand, from (3.4) it follows that
L(1))"
lowa(®) —za0)l) < rEDL v (3.10)

From (3.10) it follows that the sequence {zp}n converges uniformly
on I to a continuous function, z(.) : I — X.
In view of of (3.7) we have

)"

nl

Fn41() = fn(O]] < o1 + E(@)r (1)

which implies that the sequence {f,}n converges to a Lusin measurable
function f(.) : I — X. From (3.6) it follows that

, tel, (3.6)

@I < llg@®lf+1 Veel,neN,

hence f is Bochner integrable on 1.

Letting n — oo and using Lemma 2.4 we conclude that z(.) is a mild
solution of the Cauchy problem (1.1).

From (3.9) we infer that

l|z(t) — zo(t)|| < 3Me*Wo ¢ e 1. (3.9)
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Finally, from the last estimation, (3.2) and the choice of o we deduce

lz(t) — y(@)I < () — 2o + llzo(t) — y(B)I| <

<@BM+1)efWo < e tel

and the proof is complete.

Remark 3.3. When the operator A depends neither on t nor on w
problem (1.1) reduces to problem (1.3) and Theorem 3.1 yields known
results, namely Theorem 4.1 in [4].
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