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Abstract. We consider a V¢ interface model on a one-dimensional lattice with repulsion
from a hard wall. We suppose that the repulsion is of the form c¢=~!, where ¢, @ > 0 and ¢
denotes the height of the interface from the wall. We prove convergence of the equilibrium
fluctuations around the hydrodynamic limit to the solution of a SPDE with singular drift. If
¢ — 0 the system becomes the Funaki-Olla V¢ interface model with reflection at the wall,
whose equilibrium fluctuations converge to the solution of a SPDE with reflection. We give
a new proof of this result using the characterization of such solution as the diffusion gen-
erated by an infinite dimensional Dirichlet Form, obtained in a previous paper. Our method
is based on a study of integration by parts formulae w.r.t. the equilibrium measure of the
interface model and allows to avoid the proof of the so called Boltzmann-Gibbs principle. We
also obtain convergence of finite dimensional distributions of non-equilibrium fluctuations
around the stationary hydrodynamic limit 0.

1. Introduction

This paper concerns fluctuations of an interface near a hard wall. The system is
defined on the one-dimensional lattice 'y := {1, 2, ..., N} and the location of
the interface at time ¢ is represented by the height variables ¢; = {¢;(x),x € 'y} €
Q; := [0, 00)"'V measured from the wall I'y.

We consider two distinct behaviors of the microscopic interface near the wall:
reflection or repulsion. In the first case the evolution is determined by the SDE of
Skorohod’s type with normal reflection at the boundary of Q;:

1
dei(x) = — 3 (Vi (x) —pr(x = 1)) — V(i (x + 1) — ¢ (x))} dt
+dl; (x) + dw;(x), x ey, (1)
in the second case, for ¢, ¢ > 0, by the SDE:
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1
dgi(x) = = S {(V/($(x) =i (x = D) = V'@ (x + 1) = ¢ ()}t
el co 1
2 [ (x)]*H!

where in both equations (w(x) : x € I'y) is an independent family of Brown-
ian motions, we set ¢;(0) = ¢;(N + 1) = 0 as boundary conditions at 'y :=
{0, N + 1} and the potential V € C 2(R) is assumed to be even and strictly convex,
ie.c— < V” < cq forsome c_, cx > 0.

In (1) the reflecting process t — [;(x) prevents ¢, (x) from becoming negative.
In (2) the drift [¢ (x)]717* tends to +o0 as ¢(x) — 0 and every solution of (2)
satisfies ¢;(x) > O for all # > 0 and x € I'y. We call the solution of (1) and (2) a
V¢ interface model with reflection, respectively repulsion from the wall. As « |, 0
the solution of (2) tends to the solution of (1) with the same initial condition: with
an abuse of notation we interpret equation (1) as a particular case of equation (2)
with o = 0.

The model (1) has been already considered by T. Funaki and S. Olla in [8].
In this case the natural stationary distribution of the interface is the probability
measure on [0, oo)rN :

dt + dw,(x), x ey, ()

1
un(d9) == —— exp (~Hy(®)) [T 1ow=0dow),

xeFN
where Zy is a normalization constant and Hy is the Hamiltonian:

N+1

Hy(¢) = Z Vigx) —¢px—1), ¢0) :=¢N+1) :=0.
x=1

Notice that p is a Gibbs measure conditioned on [0, 00) In: see e.g. [3] for related
results. The stochastic dynamics defined by (2) admits as stationary distribution the
probability measure on (0, 00)"'V:

. 1 a=2 C
c,a a—<
Wy = =g exp [ -NT Y —— | un(dg).
zZy R

Notice that the density at ¢ of wy" wrt. py tends to 0 if ¢(x) — 0 for some
x € I'y. Moreover, uy" — uy asa — 0.

Suppose now that (¢;),>0 is the unique stationary solution of (1), respectively
(2). We introduce the macroscopic height variable:

hy(t,0) := %(l)Nz,(LNQJ + 1), 0e[0,1), >0,

where | - | denotes the integer part. Then £y converges to 0 in probability as N — oo
and it is interesting to study the fluctuation field ®y:

1

Dy(1,0) == v/Nhy(t,0) = Wi

onu(INO]+1), 6€[0,1). (3)



Fluctuations for a V¢ interface model with repulsion 317

The aim of this paper is to prove convergence results for the law of the equilibrium
fluctuation field ® . For all ¢ > 0, as N — oo, ® converges in law in a suitable
space of distributions to the unique stationary in time and non-negative solution
(u(,0),t >0,0 €0, 1]) of the Stochastic PDE:

ou qd*u ca 1 2w
=232 T3 e T 559
a>2: at 206 2 u ato0 )

u(,0)=u(,1)=0, >0

au_qazu ca 1 +82W
atao

9r 20802 1 2 ylta +e

a€l0,2): ut,0)=u@,1)=0, >0 ©

u>0,d¢>0, fudt=0

where W is a Brownian Sheet in [0, o) x [0, 1] and:

1
g ' = —/r2e_v(r)dr, K = / e VO ar.
K JR R

Notice that (5) is a SPDE with reflection of the Nualart-Pardoux type (see [11]), i.e.
¢ is a measure on (0, oo) x (0, 1), forcing u to remain non-negative. Moreover, in
(4) and (5) we have, fora > 0, u™!=* € L] ([0, 00) x (0, 1)), which makes the
unbounded non-linearity meaningful even at the points where u vanishes. Existence
and uniqueness of solutions of (4) and (5) have been proved in [17].

Notice that for « € (0, 2) the discrete variable ¢, (x) is a.s. strictly positive for
all + > 0, while the continuum variable u (¢, ) a.s. hits the wall for some ¢t > 0 and
need afterwards the reflection term ¢ in order to remain non-negative. For o« > 2

the repulsive drift u~!~¢ is strong enough to make the reflection term unnecessary.

In the critical case @ = 2, the rescaling N o in (2) becomes constant; the drift
[¢p: (x)]73 is invariant under the rescaling (3) which defines ® . In this case the
stationary distribution for (4) can be explicitly computed and is equal to the law
of q’l/ 2 times a Bessel bridge of dimension § between 0 and 0 over [0, 1], where
6 > 3is defined by (6 — 1)(§ — 3) = 8cgq, see [17].

We recall that the convergence of the fluctuations field for (1) has already been
proved by Funaki and Olla in [8]. The main technique in [8] is the penalization: the
reflection at the wall is substituted by a strong drift of the form (¢, (x)) ™ /€, € > 0,
the fluctuation result is proved for such equation, and finally the monotonicity in
€ allows to conclude the result for the interface on the wall. The main difficulty is
the proof of the so called Boltzmann-Gibbs Principle.

This paper proposes a new proof of Funaki-Olla’s result and more generally a
new approach to convergence of fluctuations of reflected interfaces. First we char-
acterize the limit equation in terms of a simpler object, namely a Dirichlet Form (a
static object); then, in order to identify the weak limits of (®y)y, we prove that
the limits of the associated resolvent operators are the resolvent of the limit.
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‘We use two main technical tools. The first one is a static information, i.e. con-
cerning only the unique invariant measure wpy, defined above, of the reflected
interface. We call this step a static Boltzmann-Gibbs Principle: we prove conver-
gence of the non-linear discrete Laplacian to the linear continuum Laplacian in a
weak sense w.r.t. uy: see Theorem 1 below. This is obtained by proving that an
integration by parts formula (IbPF) for i converges, under rescaling, to the IbPF
for the Bessel bridge of dimension 3, first proved in [16]. In particular, the finite-
dimensional boundary term converges to the infinite-dimensional one, giving a new
independent proof of the IbPF for the 3-d Bessel bridge, based on the invariance
principle.

The second tool is a dynamical information, consisting in an estimate, inde-
pendent of N, on a smoothing property of the transition semigroup of the reflected
interface: see Lemma 5 below. This formula is based on a random walk representa-
tion for the gradient of the transition semigroup, introduced in [4] and extended to
reflected SDEs in [5], and on an upper bound for the kernel of time-inhomogeneous
random walks, proved in [2].

This approach presents two main advantages: we bypass the difficult proof of
the Boltzmann-Gibbs principle and we make no use of monotonicity properties.
Moreover we prove directly the convergence for the fluctuation field of the reflected
interface, rather than for approximating processes. This seems to be promising for
applications to interfaces with different behavior at the wall, like sticky reflection,
for which monotonicity possibly fails.

The convergence of the fluctuations of (2) follows from the result for the re-
flected case, adding to equation (1) a drift of the form co/[2(€ + ¢ (x))”“], € >0,
and passing to the limit as € — 0, using mainly the techniques of [8].

Our method gives also convergence of finite-dimensional distributions of non-
stationary fluctuations around the stationary hydrodynamic limit O: we consider
solutions of (1), resp. (2), with arbitrary initial distribution converging weakly in
L2(0, 1) under the scaling (3). The macroscopic height 4 still tends to O, but the
fluctuation field ® y is no more stationary. The limit equation is the same as for the
equilibrium case: see point 2 in Theorems 2 and 3.

The paper is organized as follows. After introducing the reflected interface in
section 2, we prove the so-called static Boltzmann-Gibbs principle in section 3 and
we give a smoothing property of the transition semigroup of the reflected interface
in section 4. In section 5 and 6 we prove the convergence of the fluctuations of the
interface with reflection and, respectively, repulsion from the wall.

We fix some notations. We introduce the Hilbert space H := L?(0, 1) with the
canonical scalar product (-, -) and associated norm || - ||. We define:

Ty := {l,..., N}, QY = 10,00V, K :=1{keH:k>0}.

We denote by Cp, respectively Cg, spaces of bounded uniformly continuous func-
tions, resp. bounded and uniformly continuous together with the first Fréchet deriv-
ative. We denote by C.(0, 1) the set of continuous functions with compact support in
(0, 1), by CC2 (0, 1) the set of twice continuously differentiable functions in C(0, 1)
and by D ([0, 1]) the set of cadlag functions from [0, 1] to R, endowed with the Sko-
rohod topology. We define Exp(H) as the linear span of {cos({#, -)), sin({A, -)) :
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he C?(O, 1)}.If J C H is a closed linear subspace, [ € Cg(l) and h € J we set

d
hfx) =(Vfx),h) = " fx+eh), xel.
e=0

2. The reflected interface

Let {(w;(x));>0 : x € N} be an independent sequence of standard Brownian
motions and U : [0, co) +— [0, oo) be bounded, convex, continuously differentia-
ble and monotone non-increasing. The dynamics of (¢;(x) : x € I'y)s>0, height

from the wall of the reflected interface, is governed by the stochastic differential
equation of the Skorohod type:

1 t
¢i(x) = ¢o(x) — 5/0 {V/(9s(x) = s (x = 1)) = V(s (x + 1) — ¢5(x)) } ds

-3,2

t
+1(x) [ v (v 0) ds + o, ©)

for all x € I'y, subject to the conditions:

¢r(x) = 0, t > I;(x) continuous and non — decreasing, lo(x) =0,

o0
f ¢r(x) dli(x) =0, x €'y,
0
and to the boundary conditions at 9Ty := {0, N + 1}:

¢(0) = ¢(N+1) =0, t>0.

The Funaki-Olla model (1) corresponds to U = 0. In section 6 approximations of
the solution of (2) are constructed by means of smooth potentials U. Throughout
the paper the potential V satisfies the following conditions:

(V1) V e C’(R),
(V2) (symmetry), V(—r) =V (r),r € R,
(V3) (strict convexity), c— < V"(r) < c4,r € R, for some c_, c1 € (0, 00).

By (V3),exp(—V) isintegrable over R. For notational convenience we also suppose
that:

(V4) (normalization), [ exp(=V(r))dr = 1.

Notice that the normalization (V4) does not affect equations (2) and (6), where only
V' appears.
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Lemma 1. For all ¢y € Ky there exists a unique pazr (¢s, l,),>0, solution of (6).
We set U (t, o) := ¢y, t > 0. Forallt > 0 and ¢o, g € Q1

_ 2 et —
> V0w — e a0 @[ = WY |w — g @

xel'y xel'y

Proof. The existence follows from [14], the uniqueness from (7), which we prove
now. WesetforfeRrN Dy f(x) —f(x+1)—f(x) x =0,...,N, with
fQ) == f(N+1) := 0. Let (¢,/) and (¢ 1) be solutions of (6) w1th initial
condition $o, TeSp. ¢y. Setting ¥, := ¢, — ¢,, by Itd’s formula we obtain:

N
Y dlyi P = =) Dyyi(x) [V/(Dngi (x) — V' (D, (x))] dt

xel'y x=0
= Y BN (VN P - UV, () de
xel'y
+ Y 29 ()l (x) — dly(x))
xel'y

N
< —co Y IDnvPdr = =15 Y7 [P dr,

x=0 xel'y

since U’ is monotone non-decreasing and for any real ay, . ..ay and ag = O:

2

N N[ N
D@y => "> @—ajin| =N (@—a-1) 0
i=1

i=1 | j=1 i=1

We define the following probability measures for a > O:

exp {—Hy.a@)} [ lowz0 dox)

xel'y

1
d/iAha = 7

N,a
where for ¢ € SZ;, Hpy , is the Hamiltonian :

Hya(@) == Y V@@ —¢px—1),  ¢0):=¢(N+1):=+vNa

xely
and Zy , is a normalization constant. Moreover we set:
KN = IN,0, ZN = Zn.. ®

We consider a sequence of i.i.d. real random variables (X;);cn, such that X; has
density exp(—V)dr on R. We set:

o= (e[
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Forn € Nweset S, := X| + -+ X,, Xo := 0. We denote by Py the law of
(S1, ..., Sy) under the conditioning {Sy+1 = 0}. Then uy = Py(- |§2 ). We
also set:

auf = et — 3 U (N 00) Haun@).

xel'y

The Markov process (¢U (t, ¢0)),20, e} is the diffusion generated by the sym-

metric Dirichlet Form in L(Q};, u¥), closure of:

ChQf) 3 Frs NU(F F) = /FN >

+x1"

a¢<x> Ay,

and ¢V is reversible w.r.t. its unique invariant probability measure /,LIL\/], see [7]. We
denote by (@Y (1))s>0 the unique stationary solution of (38).
For all N € N we define the map Ay : RT'V — H:

1
An(P)(O) = ﬁmwm +1., 6€[0.D),

where |-| denotes the integer part, and we define the spaces
Hy :=Ay@®R™)CH,  Ky:=AnNQ})=KNHy.
We denote by 1) the indicator function of 7 (x), where
I0) =I(N+1) =0, I(x) == [(x—1)/N,x/N), x¢€Tly.

Notice that Hy can be identified with the space of functions on [0, 1) being con-
stant on / (x) for all x € I'y and K with the set of non-negative elements of Hy.
Finally, we denote by I1y : H — Hpy the orthogonal projection.

For all k € Ky and t > 0 we define now the rescaled reflected interface @%

and the associated invariant measure m 1‘\/,:

oY1, k) == Ay <¢U <N2t, A,—Vl(k))), oY1) = Ay (¢U <N2t>),

Lo
my = A, my = AR R = e YO my k.
N

Notice that N - Ay is a linear isometry between Hilbert spaces, i.e.

AN @)1 /|AN<¢><9)|2de N2 Do lp@I>, ¢ eR™. (10)

XEFN
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Forall f € C}(Hy) wehave f o Ay € CL(R'V) and:

2

xel'y

d(f o An)
3¢ (x)

2
1
= 7 1V o ANl (1)

By (11), dDII\], is the diffusion generated by the symmetric Dirichlet Form £V-V in
L*(Ky,mg):

1
EVU(F, f) = E/K IVFI2dmY = N>eNU(f o Ay, f o An).

3. Static Boltzmann-Gibbs Principle

Let now (er)re[o,1] be the normalized Brownian excursion, i.e. the Bessel bridge
of dimension 3 between 0 and 0 over [0, 1]: see [13]. We denote by m the law of
g~ ?e, where g is defined by (9). The relevance of m in our contest is made clear
by the following result, proven at the end of the section.

Lemma 2. my converges weakly in the Skorohod topology to m.
This section is devoted to the proof of the following:

Theorem 1. Forall h € H there exist a Lipschitz map ,B,/lv : Ky — Rand a finite

measure 2 }Il\/ concentrated on 0K y, topological boundary of K, such that for all
feCy(H)

BY fdmN—/ fdzy. (12)

Kn

f omyn) fdmy = —
Kn

Kn

Sincemy(0Ky) =0, (ﬁflv, E;lv) is unique. Moreover for all f € Cp(H):

lim BY fdmy = / Bn fdm, YheCX0,1), (13)
N—o0 Ky K
lim/ fdx,f:/fdzh, Y h e C.0,1) (14)
N—oo Kn K

where B, : K — R,

bq'"2he)

Bnk) = qik,h"), Zp(dk) = m(dk | k(r) = 0)dr.
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Theorem 1 is applied in Section 5 to the proof of the convergence of the fluctuation
field @%. Formula (13) is the static Boltzmann-Gibbs principle mentioned in the
introduction: 8 }le is the scalar product between / and the non-linear drift of the dis-
crete SPDE satisfied by the rescaled interface ®Y, By, is clearly the scalar product
between A and the linear drift of (5) with « = 0, and (13) states that ,3,11\’ converges
to By in a weak sense.

Notice that (12) is an Integration by Parts Formula (IbPF) for my. We recall
that in [16] the following IbPF for m is proved:

/Kahfdm - —/Kﬁhfdm—/dezh, (15)

forallh € C 62 0,1, fecC g (H). Therefore Theorem 1 is a strengthening of the
invariance principle of Lemma 2: the law of the random walk with jumps distribu-
tion exp(—V), V convex, conditioned to be non-negative, induces an IbPF, which
converges in the scaling limit to the IbPF of m.

Theorem 1 also gives a new proof of (15). Indeed, in the particular case V (r) =
Vo(r) = r?/2, we have fork € K, h € C2(0, 1):

N
B = N> >tk L) (b Ligerny + Ligeny = 2 Liw) —> (k. ")

xel'y

and (13) follows easily from the convergence of my to m and from the estimate
given in Lemma 4 below. Moreover the proof of (14) is direct for any choice of V.
Therefore, (15) follows from (13)-(14) for V = V; and from Lemma 2.

However, in the general case V' # Vj our proof of (13) is not direct, but follows
from (14), (15) and the convergence of the 1.h.s. of (12).

Let us prove Theorem 1. First we compute explicitly the IbPF for uy and my.
Then we prove (14) by explicit computations on X }]lv and Xj, and finally we deduce
(13) with a density argument.

Letus start with the computation of the IbPF for u . Notice that 1 y is absolutely
continuous w.r.t. the Lebesgue measure on RY %, with a smooth strictly positive den-
sity exp(—Hy,0)/ Zn - The classical Divergence Theorem gives forall F € cl b (Q )
and a € RI'V:

— 16
fZ )aqs()“N (10

N+1
= / Y (ax) —alx — 1) V() — (x — 1) F($) un(dg)
N x=I1
a(x)
=) — F(¢*) exp {—Hn 0(¢") Lp=0d¢ (),

where a(0) := a(N + 1) := 0, ¢*(y) := ¢(y) if y # x and ¢*(x) := 0. Notice
that the last term in the r.h.s. of (16) is a boundary term and by the definition of
Hy o it can be written as:
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Zo 1 ZN s
- a2 | F (61,0, 2) 1) ® ey (debo),

xely Qy1 XQN—x

(17)
where for (¢, ¢2) € Qj_l X Qﬁ—x’ (¢1,0,9) € Q‘A", and fory € I'y:
(01,0,902)(y) := ¢1(¥) Liy<x—1) + 0-1y=y) + d2(y — X) 1y=xt1)-
By the definition of Ay, forall f € C}(H)and h € H:

d(f o An)

— nN3/2 N
[Bnm F1AN @) = N2 3 i, 1) =5 20

XEFN

(). (18)

Then by (16), (17) and (18) we have that the IbPF for m y (12) holds with

N+1
BY (k) = — N3/? Z (hy iy = Lie—1y) V'’ (N3/2(k, iy — 11(x—1))),

x=1

Zy_1ZN—
=N = N2 Zm,hww

xel'y

ch,x [mx—l & mN—x] s (19)

where Ty x : K x K — K and fort € [0, 1]:

[Tn x (k1 k2)](T) =

x—lk Nt | n /N—xk Nr—x1
N 1 Y —1 (Nt=<x—1) N 2 N —x (N t>x)-

By the Markov property and the Brownian scaling of (e;):¢[0,1] we have:

b4 ho)

DI _—
0 2nr3(1 —r)3

T¥[m @ mldr (20)

where T, : K x K — K and for t € [0, 1]:

r 1—r

(T, (61, k) )(D) = ik (5) Ty + VT —sz(T _r> P

ByLemma2 forallr € (0, 1): Tlf,’LN” [mLN,J_l ® mN_LN,J] tends to 7, [m @m]
as N — oo. Therefore (14) follows from (19), (20) and the following

Lemma 3. Forall§ € (0, 1/2):

i N3/ 2N ZN-inn q'/?
N—>o0 Zy V23 =r)3

uniformly inr € [8, 1 — §].
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Lemma 3 is proven at the end of the section. By (12), (14) and Lemma 2, now (13)
holds forall f € C ,1 (H). In order to get convergence for all f € Cy(H), auniform
estimate on ﬂfl\’ is enough. This is the content of the next Lemma, proved at the end
of the section.

Lemma 4. Forallh € C? (0, 1) there exists C, < 0o such that:
/ IBN1?dmy < Cy,  ¥NeN.
Kn
Forall f € Cp(H), h € Ccz(O, 1) and N € N we set now:

HOESS BY fdmy + i fdsy,
N N

T(f) = /Kﬂhfdm+/dezh.

If we prove that T (f) converges to T(f) forall f € Cp,(H) as N — oo, then by
(14) also (13) is proved. By the IbPF’s (15) and (12) we have:

Tv(f) = — /K Sty f dmy.  T(f) = — fK oufdm.  YfeCLH).
N

Therefore formula (13) holds for all f € C ;(H ) by Lemma 2 and (14). In [10] it

is proved that C Il (H) is dense in Cp(H) in the uniform convergence. By Lemmas
3 and 4 we have:

sup [Ty | < oo,
N

where | Tn | := sup{|Tn(f)| : f € Cp(H), supy |f]| < 1}. Then the family of
linear bounded functionals (Ty )y on Cp(H) is equicontinuous and converges to
the continuous functional 7 on a dense subset, so that it converges to 7" on the
whole Cp(H) and (13) is proved. This completes the proof of Theorem 1. |

Werecall now the notation S, := X1+ - -+ X,,, (X;); i.i.d. with X; ~ exp(—V)dr,
Py :=1law of (S, ..., Sy) conditioned on {Sy4+; = 0}.

Proof of Lemma 2. We sketch a proof which has been suggested by Jean Bertoin.
We denote by (b;).¢[0,1] a standard Brownian bridge between 0 and 0 over [0, 1].
By Donsker’s Theorem and the Local Limit Theorem for the density of Sy / VN,
see [12, Th. 15 p. 206], the law of A y under Py converges weakly in the Skorohod
topology to the law of ¢ ~'/2b.

Under Py the random variables {¢i+1 — ¢;, i = 0,..., N}, with ¢g =
¢n+1 := 0, are exchangeable. Moreover Py-a.s. ¢; # ¢; fori # j, so that

T(p) :=ief0,...,N) <= ¢ < ¢j, Vj=1,...,N

is well defined. Moreover ZZNZ 0(@i+1 — @) = 0. Therefore we obtain:
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un(A)
N+1’

Py (@ionT — @1)icry €A, T=j)= Py(p e A, T =0) = (21)
where @y denotes the sum mod N + 1 and A C R~ is Borel. Therefore T and
(¢i@yT —@1); are independent under Py, T is uniformly distributedon {0, ... , N}
and (¢;@,7 — ¢7)i has law py. We define now measurable maps:

¢ : D(0,1]) — [0, 1], {(w) = inf {s el0,1]: w(s) = [ionlf]w}’

A : D([0, 1)) =~ D([O, 1]), Ar(w) = wgr — oz, T €[0,1],

where @ denotes the sum modulo 1 and inf@ := 0. By (21), my is the law of
A o Ay under Py. Moreover, by [15] m is the law of A(q_l/zb).

We denote by D¢, respectively Da, the set of @ € D([0, 1]) such that ¢, resp.
A, is discontinuous at w in the Skorohod topology. Since m-a.e. w is strictly positive
over (0, 1), it is easy to see that P(g—'%b € D¢) = P(g~'?b € Do) = 0. Since
Ay under Py converges in law to ¢~ !/?b, by the Mapping Theorem (see e.g.
Theorem 2.7 in [1]) we obtain the thesis. |

Proof of Lemma 3. Notice first that:

1
Py = — M@ [T dp), zn ::/r et ® TT dgx).
R'N

N xel'y xel'n

Since ity = Py (| Q) and Py (Q}) = Py(T = 0) = (N + 1)~! by (21), then:

IN
N+1

Zy = [ M0 [T o) = o Py(@) =
QN

xely

The thesis follows if we prove that:

q )1/2 —1/2
= (—=— N .
N (27TN o( )

By the change of variable y; := ¢; — ¢;_1,i = 1,... , N, we obtain:

2y = E[exp(=V(Sy)] = /I;Rexp (—V (aM)) py(a)da,

where py denotes the distribution density of \/q/N Sy under P. Note that we have
the following expansion, uniformly in a € R

1 —1/2
pn(a) = qola) + qu(a) + o(N"/9),

where gqq is the density of N'(0, 1), g1 = c¢1 goH3, 1 is a constant and Hj is the
Chebyshev-Hermite polynomial of degree 3, cf. pp. 138 and 206 of [12]. Then,
setting:

I = N_i/Z/ exp (—v <a,/N/q)) gi@da, i=0,1,
-1.1]
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we obtain by (V3) above: |zy — Ip — 11| = oN“V2 I, = O(N7D,
_ (2 \'"? -172

IO_(an> + o(N7I12). o
We recall now the random walk representation, introduced in [4] and extended to
reflected systems in [5]. Let £ denote the set D ([0, 00); I'y) of I'y-valued cadlag
functions and £ the coordinate process in E. Let ¢ = ¢! be the unique solution of
(6) with ¢g € Q‘}\', and set ¢;(x) := 0 forallr > 0, x € Z\I'y. We denote by Pfo
the law of the continuous time random walk (&;);>0 in Z which jumps from x to y
at time ¢ with rate

ar(x,y) = V(¢ (x) — ¢: () L(jy—x|=1)
and such that Pfo (&0 = x0) = 1. We set:

xely

T = < inf inf{t >0:¢,(x)=0,& = x}) Ainf{tr >0:& € dl'y}. (22)

For F € CJ(R"™) we set dF (x, ¢) := dF/d¢(x) for x € I'y. Then it has been
proved in Theorem 2 of [5] that for all F € C g (RTN):

8¢>§(y)E [F(¢U(t, ¢o))] =E [Ef aF (gt, oV, ¢0)) 1(,«)] _

Consider now the case U = 0. We denote by C as the spaceofall g : I'y x Q; such
that g(x,-) € C ;(Q;) for all x € I'y. Then the homogeneous Markov process
(¢°, &) is associated with the closure of the pre-Dirichlet Form:

N
Tug.0) = 5 [ {19 9P+ [V/Dve) 1Dngt 617 0] dian.
x=0

where g € C, g(0,)) := g(N+1,) := 0, Dy : R'V » RIV Dy f(x) :=
fx+1D)—f(x),x=0,...,N,with f(0) := f(N +1) := 0. Moreover, arguing
like in Lemma 2.2 of [4] we obtain:

/F2dMN - ([quzv>2

T
= / OF (x, $)E [Ei’ f 0F (§.¢°(s.9)) ds} un(de).  (23)
xely 0
Proof of Lemma 4. We follow the proof of Lemma 5.6 in [9]. We set D3, : RIN
RFN,DI’t,f(x) = fx=-D—=f(x),x=1,..., N+1,with f(0) := f(N+1) :=0.
Moreover we denote by (— Dy D ~) 1 the inverse of — D3}, Dy with Dirichlet bound-
ary conditions on dI" . We set now

N+1

G@) = ) [h(x) = h(x = D] V'(@(x) — p(x — 1)),

x=1

where i (x) := N3/2(h, 17(x)). Then:
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N+1

G@) =Yy {(Dyh)- V' (Dy¢)} ),

x=1

IG(x,9) = — Dy {(DNh) - V' (DN} (x),  x €T.

By (23) and the variational characterization of the Dirichlet Form Zy:

szdMN - [/ de]z

sup{2 Y f [¢(x. $) G (x, §) — In(g. &)1 un (dh)
gEC xely

IA

Cc_
< sup 12y [g(x,as)ac(x,@—7|DNg(-,¢)|2<x)} i (de)
geC | xery
< = [ ¥ 06wo)[Drom 966 0)] 0 uviao)
- xel'y
2 N+1 _ _ 5 5
= = " [h) =Rt = 1) f[V”<¢<x)—¢(x— D] v (dg)
T ox=1
2 N+1
<= 2C+ Z hG) — R = D[ < ||h loo-

We estimate now the average of G w.r.t. . By the definition of ﬂflv ,G = ,B}’lv oAN.
Setting F = 1 and a(x) := h(x) in (16), by Lemma 3:

Zi 1 ZN—x N—> ! 172 p
/Gd,U«N — Z N3/2 (h,](x)> x—1 £L&N—x N_)OO q (l")
Zy 0 /2731 —r)3

)CEFN

and the thesis follows, since & has compact support in (0, 1). O
4. Equicontinuity of resolvents

We denote by (Rf\v’U)bo the resolvent of EV-U:

o0
RNU f(k) = /0 e ME [f (cb%(;, k))] di,  felLl’m%). keKy.
Forall J C H and f : J — R we set:

FlLom = sup [ f(h) — fK)]
P nkeshtk IR —kI
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This section is devoted to the proof of the following:

Lemma 5. There exists a constant C = C(c—, c+) > 0 such that for all N € N,
A>0and f € Cp(Ky):

RYY Flpay < CA V41 flloos VA > 0. (24)

Proof. 1t has been proved in Theorem 2 of [5] that for all F € Cp, (RTV):

d 1 !
E[F@Uw 0| = ~E| FO .60 Y / N, ) dws (x) |
d¢o(y) t SJo
N

where n;(x, y) = P? (& = x, 5 < 1), see (22) above. This is a Bismut-Elwor-
thy’s formula, i.e. a probabilistic representation for the gradient of the transition
semigroup of the Markov process ¢!, depending on the function F but not on its
derivatives. Then:

2 2 t
< ”iﬂmfo > E[inste )R] ds.

xely

‘ 30y B[O @ o]

By (1.2) in [2] there exist c1, ¢ > 0, depending only on (c_, ¢4 ), such that:

0 < ns(x,y) < P& =x) < c1ptleas, y,x),

where p* is the transition probability of the continuous time random walk in Z with
jump rate from y to x equal to 1(jx_y|=1), X, ¥ € Z. Then:

Y @ = Y [pres. . 0] = o pres. .

xel'y xel'y

by the Markov property and the symmetry p*(s, y,x) = p*(s, x, y). Now by
Lemma B.2 in [9]: p*(s,y) < ¢3 57172 for some ¢3 = c3(c_, c4+) > 0. Then:

2

yelly

> N(esllFlloo)?
B[Feuon]| =TT

d¢o(y)

for some ¢4 = c4(c—, c+) > 0. In particular for all ¢, ¢’ € Ky:

[E[F@V . 000] ~E[F@" 00| < % 0 — Sollzer -

If now F = f o Ay, k = An(¢o) and k' = An(¢y), then by (10):

E[r@fe 0] ~E[r@§u i) < Wy py, N}ézjiN er)

which yields the thesis after taking the Laplace transform in time. O
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5. Convergence of the reflected interface

In this section we prove convergence of the fluctuation field Cb%. We introduce the
probability measure on K:

mY = Le7<U(k)’l)m(dk), zV = / eiW(k)’])m(dk).
zv K
We recall the following result, proved in [16]:
Proposition 1. Denote by (v, ¢) be the solution of the SPDE with reflection:

gt lU/()+82W+§
_ = — = = v [
ar 20802 2 3136

v0,)=ke K, vt,0) =v(# 1) =0 (26)

v>0,d; >0, [vd; =0,

where (W(t, 6)):>0,0¢[0,1] is a Brownian sheet, v := (0, 00) x [0, 1] — R is con-
tinuous and ¢ is a radon positive measure on (0, 00) x (0, 1): see [11]. We write
vV (t, k) :=v(t,-). Then:

1. The Markov process WY@, k))i>0.kex is the diffusion generated by the sym-
metric Dirichlet Form (EY, D(EY)) in L2(mY), closure of:

Exp(H) > ¢, ¢ — %f (Vo, Vi) dmY.
K

2. mY isthe unique invariant probability measure of(vU (t, k))t>0,kek - We denote
by (vU(t)),Zo the unique stationary solution of (26).
3. The space Lip(K) of Lipschitz functions on K is contained in D(EY).

We introduce the space H 7 (0, 1), y > 0, completion of H w.r.t. the norm:
o
L2, =D a7 [{f en)?
n=1

where e, (0) := +/2 sin(n76), 6 € [0, 1]. Then the main result of this section is the
following:

Theorem 2.

1. ForallT > 0andy > 1, (CIDII\],(I)),E[(),T] weakly converges to (vU(t)),E[OQTl
inC(0,T]; HY(0,1))as N — oc.

2. Let yn be any Ky-valued rv. independent of CD% and y any K-valued r.v.
independent of v, such that yy — y in distribution in L*(0, 1). Then for all
fFeECLHK™),0<t] <+ <ty:

N—o0

E[f(@,l{,(ti,ylv),iz 1. ,n)] V=2 IE[f(vU(t,-,y),iz 1. ,n)].
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Tightness of (CD%) ~ is proved in Lemma 7. The identification of limit points is
based on the Markov property and on the identification of the one time marginals.
To this aim, the main technical step is the following:

Lemma 6. Forallk € K, f € Cp(K) and A > 0 we have:

N—o00

/Ooe—“E[f(@%(z,nNk))]dt =g fooe‘“E[f(vU(t,kD]dﬁ 27
0 0

In the following proofs we use a number of times without further mention the
following easily proven fact: if E is a Polish space, (M, : n € N U {o0}) is a
sequence of probability measures on E, such that M,, converges weakly to M, and
(fn : n € NU{oo}) is an equi-bounded and equi-continuous sequence of functions
on E, such that f; converges pointwise to f, then f g JndMy, — f g JoodMy as
n — oQ.

Proof of Lemma 6. First we outline the proof. Let us fix A > 0 and set:

Fy(k) = /OOO e*“E[f(op%(t, l'INk))] dt, keKk,

VY (g, ) = A/ ovdml + %V p). ¢y e DEVY).

Kn
We recall that Fy is the unique function in D(EN-Y) such that:
&V(Fn. g) = / fedmy,  VgeDEMY). (28)
Kn
Suppose that Fy converges pointwise to F' € Cp(K) and:
eV (Fy, g) =50 EV(Fg), Vg € Exp(H). (29)
Then, by (28) and the weak convergence of m% tomY:
x/ FgdmY + EY(F, g) = / fgdmY, Vg € Exp(H). (30)
K K
By point 1 of Proposition 1, Exp(H) is a core of D(E Uy, so that (30) implies:
o
Fk) = / e—“E[f(vU(t,k))]dz, mU —aekek, G1)
0
and, by continuity, pointwise on K, which concludes the proof.
The problem in the proof of (29), is that the L.h.s. involves the gradient of Fy.
On the other hand, we can integrate by parts and shift all derivatives on the test
function g: in this way we rewrite (28) as an equality where Fy appears but none

of its derivatives does, and we can apply Theorem 1 and Lemma 5. To this aim, we
set forall h € CE(O, 1):
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1
¥ (dk) := ﬁe_(U(k)’l) Sa(dk) + (U’ (k), hy mY (dk),

I _
sV dk) = ¢ WO-D s N (@dky + (U (k), hy m§(dk).
N
Then by (15) and (12) we have IbPF’s for mY and m%: for all f € C,i(H) and
h e C%(0,1)

/ onfdmY = —/ ,Bhfde—/ fdz=v, (32)
K K K

BY fdm]({,—/ fasyv. (33)

Ky Kn

/ driymy f dmy = —
Kn

Step 1. By Lemmas 2-3 and by (14), for all & € CCZ(O, 1) there exists a sequence
of compact sets (J,), in K such that:

lim sup U (1 + ‘ﬂ,’f’) dmy + B (K\J,,)} — 0. (34)
n—o0o K\Jy
Set J := U, J,. Since m(J) = 1 and m is the law of a Bessel Bridge, then J is
dense in K. By Lemma 5: supy || Fylloo + [FnlLip(k) < o0. Let (N;); be any
sequence in N. With a diagonal procedure, by Ascoli-Arzela’s Theorem we can find
a subsequence (Nj;); and a function F : J +— R such that:

lim sup |Fy; — F| = 0, vn. 35)
LA '

Moreover, F can be extended uniquely to a bounded Lipschitz function on K which
we still denote by F' and Fy — F pointwise on K.

Step 2. For all h € CLZ.(O, 1), let g, : K — C, gn(k) := exp(i(h, k)), where
i € Candi? = —1. Notice that for all k € Hy: gn(k) = gmyn) (k). Moreover
Vgn =i h gp. The IbPF (33) yields:

1 , 1 .
&V = 5 [ Fn (X bl ) endm— 3 [ Fxigaz),
2 Ky 2 Ky
where c){vh =214 ||TInh ||2. By (34) and (35) we can prove that along the subse-
quence (N};); we have convergence of the r.h.s. of the last formula to:

3 | Flen—ig)gant - 5 [ Figasy = e

2 Jk 2 Jk

where ¢; j == 21 + ||k |> and in the last equality we have applied the IbPF (32).
Then, we obtain (29) along the subsequence (Nj,); and, arguing as above, F is
equal to the r.h.s. of (27). Since this is true for any subsequence (N;) ;, the thesis
is proven. o
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We recall that the Hilbert-Schmidt norm of the inclusion H — H ™! (0, 1) is finite,
and the inclusion H=1(0,1) — H~Y(0, 1) is compact for all y > 1. Then we
have:

Lemma 7. For all p > 1 there exists C, € (0, 00), independent of U, such that
forall N € N:

1
Ui aU P p ot
(E[chN(t) CDN(S)HHI(O,UD < Cplt—sl’, t.s=0. (36

In particular, for all y > 1, (P]f,])N is tight in C([0, T]; HY (0, 1)).
Proof. Fix N € Nand T > 0. By the Lyons-Zheng decomposition, see e.g. [7, Th.
5.7.1], we have for t € [0, T']:

1

1
R (D) — 0f(0) = 3 M) — 3 (M% —M%_t), PY —as.

where M’ is a Hy-valued (F);-martingale, i = 1,2, F} := o(®Y(s), s <) and
.7-'12 = cr(CIJII{,(T—s), s < t). Moreover, the quadratic variations are: (M), = t-1Iy,
where I is the identity matrix in Hy. By the Burkholder-Davis-Gundy inequality
we can find ¢, € (0, oo) for all p > 1 such that:

U U/anll? , 1
El[efo-ofo)| < ey Nooor It =512, 1,5 €[0,T],

where Ny_,_; is the Hilbert-Schmidt norm of the inclusion H — H~1(0, 1).

-1o,n

Since the law mll\], of @%(0) converges by Lemma 2, tightness of CD% follows e.g.
by Theorem 7.2 in Chap. 3 of [6]. O

Proof of Theorem 2. We prove first point 1. For all T > 0, we denote by PAL,’ the
law of (@%(t)),e[oj] on C([0,T]; K). By Lemma 7 we only have to identify
any limit point of PY with the law PV of (vY(#)),ej0,7). We set for all 1 > 0:
X;:C(0, T]; K) = K, X(w) := w(t). Let f1,..., fn € Cp(K). Arguing by
induction on n and using Lemmas 5 and 6 we obtain for all A1, ..., A, € (0, 00):

Jim. / m @k RV (FRVY (f--- RV (£ - ) (Tk)

= /m”(dk) RIGARL (fa- RE(f)) (k). VkeK,

where (Rij )a=0 is the resolvent of EV. Let now (N;); be a subsequence such that
P/ has a weak limit P. Then:

n
'/(0 e i1ty / Jo(Xo) l_[ fj (Xt1+~~+t.,~) dPdt ---dt,
,00)"

j=1

n
= / o™ Zi=1 M1 f foXo) [ [ i Xnygte) dPY dty - - dt,
(0,00)”

j=I1

and by the uniqueness of the Laplace transform the thesis follows.
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Let us now prove point 2. First notice that by (7), a.s.
1R (1. k) — @{ @ K) < e 2k =K. 120, kK eKy. (7

By (37) and by the independence of yy and CD% it is enough to consider determinis-
ticy =k € K and yy = [Iyk. Let f € Cp(K). We consider the spectral measure

v,{, of the generator of £V associated with (the restriction to K of) f:

0
/fPtN’dem% =/ e vldx),  1=0,

—00

where (P,N’U) >0 denotes the transition semigroup of dD%. The convergence of the
resolvents as N — oo and Lemma 5 imply that forall > > 0, £ € N:

0 1 l
[ mv{,(dx) - /f(RiV’U) fdmy

0

N—>oo ¢ 1
— /f(Rg) fdmY =/_wmv‘f(dx)’

where v/ is the spectral measure of the generator of £V associated with f. By
the Stone-Weierstrass theorem, the vector space spanned by the set of functions
(x > (L =x)"t A > 0, £ € N} is dense in the set Co((—00, 0]) of continu-
ous functions on (—o0, 0] vanishing at —oo. Therefore, using also (25) and the
polarization identity, we have

ngfN’”fdm% gy fg PYU fdmY

where (PY);>0 denotes the transition semigroup of v¥ and g € C,(K). Arguing
as in the proof of Lemma 6 we can extract from ([P,N U f1oIly)n subsequences
converging pointwise and, using the last formula, identify all possible limits with
PV f. Using (25) and the Markov property we obtain the thesis. O

6. Interface with repulsion

In this section we introduce the interface model with repulsion from the wall, solu-
tion of (2) above, and prove convergence of the associated fluctuation field. The
proof is obtained considering first the reflected interface ¢U¢, where for € > 0,
¢ > 0and a > 0 we set:

Ucr) =cle+r)"% r>0, Uo(r) == cr ™, r>0.

Since U, is convex, bounded, non-negative and non-increasing on [0, 00),
Theorem 2 can be applied to ¢pU<. Moreover, U.(r) 1 Uy(r) for all r > 0 as
€ | 0. Using monotonicity arguments analogous to those of [8] and [17] we extend
Theorem 1 to the interface with repulsion.
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Since Uy > 0 the following probability measure is well defined:

1 1 _
HAD) = e exp i =1 0 Vo (NT26(0)) b inaldd), a=0.
' Zya N
, xel'y

Lemma$8. Letc,a > 0,a > 0.

1. Forall ¢y € Q"A} there exists a unique process (¢;);>0 in Q. such that a.s. for
allt > 0: ¢ (x) > 0, fylgs(x)]7!7%ds < o0,

1 t
¢ (x) =¢o(x) — 5/0 (V' (s(x) = ps(x — 1)) = V(@5 (x + 1) — ¢5(x))}ds

a2 ca [!

a2 1
+ N2 ? A st+wt(x)v x €', (3%)

and ¢;(0) = ¢;(N + 1) = /N a. We write ¢5* (t, o) := ¢r.

2. ,u;}aa is the unique invariant probability measure of ¢3*: we denote by

(¢pa"” (t))r>0 the unique stationary solution of (38).
3. Fora = 0 and for all ¢y € Q3 we have ¢pU< (¢, ¢o) 1 ¢y (t, po) as € | 0 a.s.
and (¢5% (1))s=0 is the limit in law of ($U< (1)):>0.
Proof. Pathwise uniqueness of solutions of (38) for any initial condition ¢ € Q;
follows arguing as in the proof of Lemma 1. Let now C > 0 be a constant such that
a2 co 1 1
2 2rl+az;—C, Vr € (0, 00).

By the Girsanov Theorem, for all x € Iy there exists a solution p(x) of

t

pe(x) = ¢o(x) + / ds =Ct + wi(x), =0,
0

ps(x)
and the law of p(x) is absolutely continuous w.r.t. the law of a Bessel process of
dimension 3, so that a.s. p;(x) > 0 for all r > 0, see [13]. For ¢ > 0 we introduce
now (z§ (x));>0, solution of the SDE with reflection:

-2 ca ! 1

() = do@) + N'T —  ermer= Yt [£(x) + w(x), 1>0.

By a monotonicity argument, we find that a.s. the maps € — z (x), € > € +z§ (x),

€ > If(x) are monotone and bounded, and the limits (z,1) := lim¢ (¢, [€)
satisfy:
w2 co 1 1
z(x) = ¢o(x) + N 2T — | —————ds + L;(x) + w;(x), t>0.

2 Jo [zs(o)]t+e

Applying It6’s formula to y; := ) [(os(x) — zs (x) 112, we find by the choice of
C that a.s. z > p, so that z,(x) > O for all # > 0 and in particular [ = 0. By the
Girsanov Theorem we can now construct a solution of (38). |
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We recall that b denotes a standard Brownian bridge over [0, 1]. The following
result is proved in [17].

Proposition 2. Leta >0,¢c>0,a¢ >0, k € K.

1. Foro > 2, there exists a unique non-negative u, continuous on (0, co) x [0, 1],
withu='"% e L ([0, 00) x (0, 1)), such that

loc

ou qd*u ca 1 2w
_:__2_|__1__|__
at 200 2 wlte 39196 (39)

u@©,)=k, ut,0)=u(t,1)=a

We write uy“ (¢, k) := u(t, -).

2. For0 < o < 2, there exists a unique (u, ¢), with u non-negative continuous on
(0, 00) x [0, 1], = L}OC([O, o0) x (0, 1)), ¢ non-negative radon measure
on (0, 00) x (0, 1), such that

u g 2u  ca 1 2w

o 2 T e e T8

(40)
u@, )=k, u(t,0) =u(t,1) =a, /ud( =0

We write uy® (¢, k) 1= u(t, -). With positive probability, ¢ ([0, t] x [0, 1]) > 0
for some t > Q.

3. Forall o > 0 there exists a unique invariant measure mg* for (39), resp. (40).
We denote by (g (t))r>0 the unique stationary solution of (39), resp. (40). If
a > 0 then:

. 1
my% (dw) = Zoa exp(—(Up(w), 1)) m“(dw), (41)

where m is the law of (a +q~'/%b) conditioned on K. Moreover mg® — mg*

and mYe — mg’a weakly in K as a, e — 0.

We can finally state and prove the convergence result for the fluctuations of the
interface with repulsion. We set for > 0,k € Ky and a > O:

Y k) = An@SU (N1, AR (K))), G5 (1) == ANn(P5*(N?1)),

e~ W01 A% (L ) (dk).

i = ARG = 5oz

N,a
We denote by K, the set K endowed with the weak topology of L2(0, 1) and by
Cp(Ky) C Cp(K) the space of functions on K, bounded and uniformly continuous

w.r.t. the weak topology.
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Theorem 3. Let o, c > 0.

1. ForallT >0,y > 1, (CD;’,?‘O(I)),E[(),T] converges in law to (uy® (t))iefo, 1] in
C(0, T]; HY(0,1))as N - oc.

2. Let yn be any Ky-valued r.v. independent of <I>§\}f¥0 and y any K -valued r.v.
independent ofug’“, such that yy — v in distribution in L*(0, 1). Then for all
feCuKy),0<t) <--- <ty

E[f@;f‘o(ti,ym,i —1,... ,n)] X B[ @S, y)i=1,...,m)].

Proof. We apply Theorem 2 to the reflected interface cD]L\/; and, using the monoto-
nicity arguments of [11] and [17], we obtain the thesis letting ¢ — O.

Let H be L2(0, 1) or L2((0, T) x (0, 1)). Given two probability measures u
and v on ‘H, we say that u > v if [,, Fdu > [ Fdv for all Borel bounded
F : H — Rsuchthat k > k" in H implies F (k) > F(k’). We divide the proof into
several steps.

Step 1. We prove first that my’, converges to mgy® in K. We follow the proof of
Lemma 3.1 of [8]. We first recall that tightness in K, of a sequence of probability
measures (M, ), is equivalent to: lim;_, o sup, M, (k : ||k]| > L) = 0.1Ifa > 0
for m*-a.e. w we have w > 0 over [0, 1]. Then by (41) it is easy to prove that m?vaa
converges to mg'“ as N — oo in D([0, 1]). Let

Wy = (@5 k) — BRI TIP + (R (2, k) — D5, )T,

where ()T :=rv0andt > 0,k € Ky.Applying the Itd formula to ¥ and arguing
as in the proof of (7), we obtain d W, /dt < 0 and therefore:

L0 = O K = O (k) 120 keKy. (42

By the ergodicity this implies m®, > my’; > m%‘. In particular we obtain tight-
ness of (m;?‘O)N in K. Let /i1 be any limit point of (m;}""o) ~. By the above con-
siderations: mg® > i > mY¢, a, € > 0. By point 3 of Proposition 2, mYc — mg“
ase€ — O0and mg® — my® asa — 0, so that i = mg“.

Step 2. We prove now point 1, following the proof of Theorem 1.1 in [8]. Tightness
of (CDf\}iXO (t))zef0,1] follows from Lemma 7, since the estimate in (36) is uniform in

(Ue)e>0, and from the tightness of (my’))n in K.

By the second inequality in (42), we have that Py* > Plf,/f , where Py;“ and ij,/‘
denote, respectively, the law of <I>f\’,‘j‘0 and @%‘. If P is any weak limit of (Py*)n,
then by point 1 of Theorem 2: P > PYc := law of vY¢. By the results of [17],
as € — 0 we have vYe — u(®. Therefore we obtain the dynamical lower bound:
P > P% :=law of ug”.

On the other hand, since the law of ®3%(r) is m", for all N, then we have
by the previous step the static equality: P(®(t) € -) = m©* = PY(D(¢r) € -),
where @ is the coordinate process on C ([0, co) x H™Y (0, 1)). The dynamical lower
bound and the static equality yield the result.
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Step 3. We prove now point 2. By (37) it is enough to consider deterministic y =
k € K and yy = Iyk. By point 1, ((d>§\}?’0(ti),i =1,...,n)y is tight in K/,
so that, by (37), (P (i, kn),i = 1,...,n)y is tight in K. Notice that for all
h € K,the map K > k — exp(—(h, k)) =: ¢ (k) is monotone non-increasing.
Setfork € K:

Fy(k) = El[pn (P, TInk)], Fy.e(k) := Elpn(®y (¢, TIyk))].

By (25), arguing like in the proof of Lemma 6 from every subsequence of (F)y we
can extract a sub-subsequence, which we still denote by (Fx) y, converging point-
wise to afunction F € Cp(K). Sincek +— Qf\’,‘?‘o (t, k) isamonotone non-decreasing
map, then Fj is monotone non-increasing. By (42) and the weak convergence in
H of (mf%)y and (m}y)n:

m&*(F) = lil{/nmf\}aa(FN) < limNinfmf\}?’O(FN)
< limNsupm;}?‘O(FN) < 11191,71%(5\,) = mY(F)

and letting a, ¢ — 0 we obtain mf\’,?‘o(FN) N> my“ (F) by point 3 of Proposition

2. Therefore
/ Fdmg® = tim / Py = lim / o dmS, = / on dmS®

= / E [pn (g * (1, k)] mg® (@k). 43)
Now, by point 2 in Theorem 2 and (42):

Fk) "2 Fyky) < Fy.e(ky) "=5° Elgn Y (t, b)),

so that letting € — 0: F(k) < E[gn(vy® (7, k))]. Therefore by (43): F(k) =
Elgn (vy* (, k)] for my*-a.e. k and, by continuity, for all k € K. This allows by
(25), the Markov property and the uniqueness of the Laplace transform in K7, to
obtain the thesis. |
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